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• ■st A = ∑∞n=0 λn(·, φn)φn ♠✐t ❡✐♥❡♠ ❖rt❤♦♥♦r♠❛❧s②st❡♠ (φn)n∈N ✉♥❞ λn ∈ C✱
❞❛♥♥ ❣✐❧t
e−tA =
∞∑
n=0
e−λnt(·, φn)φn.
■♠ ❆❧❧❣❡♠❡✐♥❡♥ ✐st ❡s ♥✐❝❤t ♠ö❣❧✐❝❤ ❞✐❡ ❍❛❧❜❣r✉♣♣❡ (e−tA)t≥0 ❡①❛❦t ❛♥③✉❣❡❜❡♥✳ ❉❡s✲
❤❛❧❜ ✐st ❡s ♥♦t✇❡♥❞✐❣ ❣✉t❡ ❆❜s❝❤ät③✉♥❣❡♥ ❛♥ s✐❡ ③✉ ✜♥❞❡♥✳ ❉✐❡s❡ ❆r❜❡✐t ❜❡s❝❤ä❢t✐❣t s✐❝❤
❞❛♠✐t s♦❧❝❤ ♦❜❡r❡ ❆❜s❝❤ät③✉♥❣❡♥ ③✉ ✜♥❞❡♥✳ ❊✐♥❡ ▼ö❣❧✐❝❤❦❡✐t ❤✐❡r❢ür ✐st ❞✐❡ ❖♣❡r❛t♦r✲
♥♦r♠ ❛❜③✉s❝❤ät③❡♥✳ ❲❡♥♥ e−tA ❡✐♥ ■♥t❡❣r❛❧♦♣❡r❛t♦r ✐st✱ ❦❛♥♥ ♠❛♥ ❛✉❝❤ ❙❝❤r❛♥❦❡♥ ❛♥
❞❡♥ ❡♥ts♣r❡❝❤❡♥❞❡♥ ❑❡r♥ ❛♥❣❡❜❡♥✳
■st ❞✐❡ ❍❛❧❜❣r✉♣♣❡ L1✲❦♦♥tr❛❦t✐✈✱ ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞ ✉♥❞ s✐♥❞ ❜❡st✐♠♠t❡ ❘❡❣✉❧❛r✐✲
täts✈♦r❛✉ss❡t③✉♥❣❡♥ ❡r❢ü❧❧t✱ s♦ ❦❛♥♥ ♠✐t ✐❤r ❡✐♥ st♦❝❤❛st✐s❝❤❡r Pr♦③❡ss ❛ss♦③✐✐❡rt ✇❡r❞❡♥
❬▼❖❘✾✺✱ ❈▼✼✻❪✳ ■♥ ❞✐❡s❡♠ ❋❛❧❧ ✐st ❡s ♠ö❣❧✐❝❤ st♦❝❤❛st✐s❝❤❡ ▼❡t❤♦❞❡♥ ③✉r ❆❜s❝❤ät③✉♥❣
❞❡r ❍❛❧❜❣r✉♣♣❡ ❛♥③✉✇❡♥❞❡♥✱ s✐❡❤❡ ✉♥t❡r ❛♥❞❡r❡♠ ❬●❚✵✶✱ ▼❙✵✵✱ ❈❑✵✸✱ ❇❑✵✽✱ ❇●❑✵✾✱
❈❑❙✶✵❪ ✉♥❞ ❞✐❡ ❞❛r✐♥ ❡♥t❤❛❧t❡♥❡♥ ❘❡❢❡r❡♥③❡♥✳
❊✐♥❡ ❛♥❞❡r❡ ♦❢t ✈❡r✇❡♥❞❡t❡ ▼❡t❤♦❞❡ ✐st ❉❛✈✐❡s✬ ▼❡t❤♦❞❡✱ ❞✐❡ ❡rst♠❛❧s ✶✾✽✼ ✈❡rö❢✲
❢❡♥t❧✐❝❤t ✇✉r❞❡✳ ❉✐❡ ❣r✉♥❞sät③❧✐❝❤❡ ■❞❡❡ ✐st s❡❤r ❡✐♥❢❛❝❤ ✉♥❞ ❛❧❧❣❡♠❡✐♥ ❛♥✇❡♥❞❜❛r ✉♥❞
❜❛s✐❡rt ❞❛r❛✉❢✱ ❣❧♦❜❛❧❡ ❆❜s❝❤ät③✉♥❣❡♥ ❛♥ ❡✐♥❡ ❣❡stört❡ ❍❛❧❜❣r✉♣♣❡ (φ−1 e−tA φ)t≥0 ③✉
✶❉✐❡s❡ ❇❡✐s♣✐❡❧❡ s✐♥❞ ❬●r✐✵✶❪ ❡♥t♥♦♠♠❡♥✳
✶
③❡✐❣❡♥✱ ✉♠ ❞❛r❛✉s ❧♦❦❛❧❡ ❆❜s❝❤ät③✉♥❣❡♥ ❛♥ ❞✐❡ ✉♥❣❡stört❡ ❍❛❧❜❣r✉♣♣❡ ③✉ ❡r❤❛❧t❡♥✳ ●❧♦✲
❜❛❧❡ ❆❜s❝❤ät③✉♥❣❡♥ ❤✐♥❣❡❣❡♥ s✐♥❞ ♦❢t ❡✐♥❢❛❝❤❡r ③✉ ❡r❤❛❧t❡♥✿ ❊✐♥❡ ◆♦r♠❛❜s❝❤ät③✉♥❣ ❞❡r
❍❛❧❜❣r✉♣♣❡ ❡r❤ä❧t ♠❛♥ ❛✉s ❡✐♥❡r s✐♠♣❧❡♥ ❆❜s❝❤ät③✉♥❣ ❞❡s ❙♣❡❦tr✉♠s ❞❡s ❊r③❡✉❣❡rs A✳
❊✐♥❡ ❣❧♦❜❛❧❡ ❙❝❤r❛♥❦❡ ❛♥ ❞❡♥ ❑❡r♥ ✐st äq✉✐✈❛❧❡♥t ③✉r ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät ❞❡s ③✉❣❡❤ör✐✲
❣❡♥ ■♥t❡❣r❛❧♦♣❡r❛t♦rs✱ ❡✐♥ ✐♠ ❑♦♥t❡①t ❞❡r ❍❛❧❜❣r✉♣♣❡♥ s❡❤r ❣✉t ✈❡rst❛♥❞❡♥❡s ❑♦♥③❡♣t✳
❊s ❣✐❜t ❡✐♥❡ ❣❛♥③❡ ❘❡✐❤❡ ✈♦♥ ❱❡r❢❛❤r❡♥✱ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät ♠✐t ❍✐❧❢❡ ✈♦♥ ❋✉♥❦t✐♦♥❛❧✉♥✲
❣❧❡✐❝❤✉♥❣❡♥ ♥❛❝❤③✉✇❡✐s❡♥✳ ❉❛❢ür ✇❡r❞❡♥ ♦❢t L1✲ ✉♥❞ L∞✲❆❜s❝❤ät③✉♥❣❡♥ ❞❡r ❍❛❧❜❣r✉♣♣❡
❜❡♥öt✐❣t✳
❉❛✈✐❡s✬ ▼❡t❤♦❞❡ ✇✉r❞❡ ✈♦r ❛❧❧❡♠ ❛✉❢ ❞✐❡ ❢♦❧❣❡♥❞❡♥ ❙✐t✉❛t✐♦♥❡♥ ❛♥❣❡✇❡♥❞❡t✿
• ▲❛♣❧❛❝❡✲❖♣❡r❛t♦r❡♥ ✐♠ Rd ✉♥❞ ❛✉❢ ▼❛♥♥✐❣❢❛❧t✐❣❦❡✐t❡♥ ✭③✳❇✳ ❬❉❛✈✽✼✱ ❊❘❙❩✵✻❪✮✳
• ●r❛♣❤❡♥✱ ✐♥s❜❡s♦♥❞❡r❡ ❢ür ◆♦r♠❛❜s❝❤ät③✉♥❣❡♥ ✭③✳❇✳ ❬❈❑❙✽✼✱ ❉❛✈✾✸❪✮✳
• ❙♣r✉♥❣♣r♦③❡ss❡ ✐♠ Rd ✭③✳❇✳ ❬❈❑❙✽✼✱ ❈❑✵✽❪✮✳
❋ür ❞✐❡ ❧❡t③t❣❡♥❛♥♥t❡ ❙✐t✉❛t✐♦♥ ❜❡♥öt✐❣t ♠❛♥ ③✉sät③❧✐❝❤ ❡✐♥ ✇❡✐t❡r❡s ❙tör✉♥❣sr❡s✉❧t❛t✱
❞❛ s✐❝❤ ❉❛✈✐❡s✬ ▼❡t❤♦❞❡ ❞♦rt t②♣✐s❝❤❡r✇❡✐s❡ ♥✐❝❤t ❞✐r❡❦t ❛✉❢ ❞✐❡ ❡♥ts♣r❡❝❤❡♥❞❡♥ ❍❛❧❜✲
❣r✉♣♣❡♥ ❛♥✇❡♥❞❡♥ ❧ässt✳ ❉✐❡s❡s ❙tör✉♥❣sr❡s✉❧t❛t ✇✉r❞❡ ✐♥ ❬❈❑✵✽❪✱ ❛✉❢❜❛✉❡♥❞ ❛✉❢ ❞❡r
❩❡r❧❡❣✉♥❣ st♦❝❤❛st✐s❝❤❡r Pr♦③❡ss❡ ♥❛❝❤ ▼❡②❡r ❬▼❡②✼✺❪✱ ❜❡✇✐❡s❡♥✳
❇✐s❤❡r ✇✉r❞❡♥ ❛✉ss❝❤❧✐❡ß❧✐❝❤ ❙tör✉♥❣❡♥ φ ❜❡tr❛❝❤t❡t✱ ❞✐❡ ❞✉r❝❤ ❡✐♥❡ ♥❛tür❧✐❝❤❡ ▼❡✲
tr✐❦ ❡r③❡✉❣t ✇❡r❞❡♥✿ ❢ür ❞✐❡ ▲❛♣❧❛❝❡✲❖♣❡r❛t♦r❡♥ ❞✐❡ ✐♥tr✐♥s✐s❝❤❡ ▼❡tr✐❦✱ ❢ür ●r❛♣❤❡♥ ❞✐❡
●r❛♣❤❡♥♠❡tr✐❦ ✉♥❞ ❢ür ❞✐❡ ❙♣r✉♥❣♣r♦③❡ss❡ ✐♠ Rd ❞✐❡ ❡✉❦❧✐❞✐s❝❤❡ ▼❡tr✐❦✳ ■♥ ❞❡r ✈♦r❧✐❡✲
❣❡♥❞❡♥ ❆r❜❡✐t ✇✐r❞ ❉❛✈✐❡s✬ ▼❡t❤♦❞❡ ③✉♥ä❝❤st ❛❜str❛❦t ✉♥❞ ❢ür ❛❧❧❣❡♠❡✐♥❡s φ ❢♦r♠✉❧✐❡rt✱
s♦ ❞❛ss ❞✐❡ ♥♦t✇❡♥❞✐❣❡♥ ❱♦r❛✉ss❡t③✉♥❣❡♥ ❦❧❛r❡r ❤❡r✈♦rtr❡t❡♥✳ ❙♦ ③❡✐❣t s✐❝❤✱ ❞❛ss ♥✐❝❤t
♥✉r ❞✐❡ ❘❛✉♠❣❡♦♠❡tr✐❡ ✐♥ ❞❡r ❙tör✉♥❣ φ ❛❜❣❡❜✐❧❞❡t ✇❡r❞❡♥ ❦❛♥♥✱ s♦♥❞❡r♥ ❛✉❝❤ ✈✐❡❧❡
✇❡✐t❡r❡ ■♥❢♦r♠❛t✐♦♥❡♥✱ ✇✐❡ ❡✐♥ ✈♦r❤❛♥❞❡♥❡s P♦t❡♥t✐❛❧ ♦❞❡r ❘❛♥❞❜❡❞✐♥❣✉♥❣❡♥✳
❉❛s ✇✐❝❤t✐❣st❡ ❆♥✇❡♥❞✉♥❣s❢❡❧❞ ✐♥ ❞❡r ✈♦r❧✐❡❣❡♥❞❡♥ ❆r❜❡✐t✱ ✇✐❡ ❛✉❝❤ ✐♥ ❞❡r ü❜r✐❣❡♥
▲✐t❡r❛t✉r✱ s✐♥❞ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ✉♥❞ ❞✐❡ ❞❛③✉ ❛ss♦③✐✐❡rt❡♥ ❖♣❡r❛t♦r❡♥✳ ■♥ ❬❋▲❲✶✵❪ ✇✉r✲
❞❡♥ ❢ür ❞✐❡s❡ ❋♦r♠❡♥ ✈❡rs❝❤✐❡❞❡♥❡ ❊♥❡r❣✐❡♠❛ß❡ ❞❡✜♥✐❡rt ✉♥❞ ❜❡❦❛♥♥t❡ ❑♦♥③❡♣t❡✱ ✇✐❡
❞✐❡ Pr♦❞✉❦t✲ ♦❞❡r ❑❡tt❡♥r❡❣❡❧ ✈❡r❛❧❧❣❡♠❡✐♥❡rt✳ ❆✉ß❡r❞❡♠ ✇✉r❞❡♥ ❞♦rt ❇❡❞✐♥❣✉♥❣❡♥
❛♥❣❡❣❡❜❡♥✱ ✉♥t❡r ❞❡♥❡♥ ❞❛s Pr♦❞✉❦t ③✇❡✐❡r ❋✉♥❦t✐♦♥❡♥ ✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ❞❡r ❋♦r♠
✇✐❡❞❡r ✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ❧✐❡❣t✳ ❩✉r ❱♦r❜❡r❡✐t✉♥❣ ❞❡r ❍❛❧❜❣r✉♣♣❡♥❛❜s❝❤ät③✉♥❣❡♥ ❢ür
❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ✇✉r❞❡♥ ❞✐❡s❡ ❙ät③❡ ✇❡✐t❡r ✈❡r❛❧❧❣❡♠❡✐♥❡rt✳ ▼✐t ❞❡r❡♥ ❍✐❧❢❡ ❡r❣❡❜❡♥ s✐❝❤
❢ür ❞✐❡ ◆♦r♠❛❜s❝❤ät③✉♥❣❡♥ ❞❡r ❍❛❧❜❣r✉♣♣❡ s❡❤r ❡✐♥❢❛❝❤ ③✉ ❢♦r♠✉❧✐❡r❡♥❞❡ ❇❡❞✐♥❣✉♥❣❡♥
❛♥ ❞✐❡ ❙tör✉♥❣ φ✳ ❆✉❝❤ ❞❡♥ ❑❡r♥❛❜s❝❤ät③✉♥❣❡♥ ❦♦♠♠❡♥ ❞✐❡s❡ ❱♦rü❜❡r❧❡❣✉♥❣❡♥ ③✉❣✉t❡✳
❉✐❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r P♦s✐t✐✈✐täts❡r❤❛❧t✉♥❣ ✉♥❞ ❞❡r L1✲ ✉♥❞ L∞✲❑♦♥tr❛❦t✐✈✐tät s♣✐❡✲
❧❡♥ ❢ür ❑❡r♥❛❜s❝❤ät③✉♥❣❡♥ ❡✐♥❡ ✇✐❝❤t✐❣❡ ❘♦❧❧❡✳ ❙♦ ✐st ❞❡r ❑❡r♥ ❡✐♥❡r ♣♦s✐t✐✈✐täts❡r❤❛❧✲
t❡♥❞❡♥ ❍❛❧❜❣r✉♣♣❡ ❛✉t♦♠❛t✐s❝❤ ♣♦s✐t✐✈✳ L1✲ ✉♥❞ L∞✲❆❜s❝❤ät③✉♥❣❡♥ ✇❡r❞❡♥✱ ❥❡ ♥❛❝❤
✈❡r✇❡♥❞❡t❡r ▼❡t❤♦❞❡✱ ③✉♠ ◆❛❝❤✇❡✐s ❞❡r ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät ❜❡♥öt✐❣t✳ ❋ür ❞✐❡ ❛♣♣r♦①✐✲
♠✐❡r❡♥❞❡♥ ❋♦r♠❡♥✱ ❞✐❡ ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡ ❍❛❧❜❣r✉♣♣❡♥ ❡r③❡✉❣❡♥✱ ✐st ❜❡❦❛♥♥t✱ ❞❛ss
s✐❡ ❡✐♥❡ ▼❛ß❞❛rst❡❧❧✉♥❣ ❜❡s✐t③❡♥✳ ❉✐❡s ✇✐r❞ ✐♥ ❞❡r ✈♦r❧✐❡❣❡♥❞❡♥ ❆r❜❡✐t ❛✉❝❤ ❢ür ❞✐❡ ❋♦r✲
♠❡♥ ❜❡✇✐❡s❡♥✱ ❞✐❡ ❡✐♥❡ L1✲ ♦❞❡r L∞✲❦♦♥tr❛❦t✐✈❡ ❍❛❧❜❣r✉♣♣❡ ❡r③❡✉❣❡♥✳ ❆✉ß❡r❞❡♠ ✇✐r❞
❞❛s ♦❜❡♥ ❡r✇ä❤♥t❡ ❙tör✉♥❣sr❡s✉❧t❛t✱ ❞❛s ③✉r ❆❜s❝❤ät③✉♥❣ ❞❡r ❙♣r✉♥❣♣r♦③❡ss❡ ✐♠ Rd
✈❡r✇❡♥❞❡t ✇✐r❞ ❛❧❧❣❡♠❡✐♥ ❢ür ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡ ❍❛❧❜❣r✉♣♣❡♥ ❜❡✇✐❡s❡♥✳
✷
■♥ ❞✐❡s❡r ❆r❜❡✐t ✇✐r❞ ❞❡r ❇❡❣r✐✛✱ ❞❡s ✭✉♥❜❡s❝❤rä♥❦t❡♥✮ ❦♦♠♣❧❡①❡♥ ▼❛ß❡s ✈❡r✇❡♥❞❡t
❢ür ❞✐❡ ❋♦r♠✉❧✐❡r✉♥❣ ❞❡r ▼❛ß❞❛rst❡❧❧✉♥❣❡♥✱ ✉♠ ❞❛s ❊♥❡r❣✐❡♠❛ß ❢ür ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ③✉
❞❡✜♥✐❡r❡♥ ✉♥❞ ✐♠ ❇❡✇❡✐s✱ ❞❛ss ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät äq✉✐✈❛❧❡♥t ③✉ ❡✐♥❡r ❣❧♦❜❛❧❡♥ ❙❝❤r❛♥❦❡
❛♥ ❞❡♥ ❑❡r♥ ✐st✳ ❉✐❡s❡r ❇❡❣r✐✛ ✇✐r❞ ❦♦♥❢♦r♠ ③✉r ▼❛ßt❤❡♦r✐❡ ❞❡✜♥✐❡rt ✉♥❞ ❞✐❡ ❣r✉♥❞❧❡✲
❣❡♥❞❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥ ✇❡r❞❡♥ ❜❡✇✐❡s❡♥✳
❉✐❡ ❆r❜❡✐t ❣❧✐❡❞❡rt s✐❝❤ ❢♦❧❣❡♥❞❡r♠❛ß❡♥✿ ❉❛s ❡rst❡ ❑❛♣✐t❡❧ ❜❡s❝❤ä❢t✐❣t s✐❝❤ ♠✐t ❞❡r ❛❧❧✲
❣❡♠❡✐♥❡♥ ❚❤❡♦r✐❡ ✐♥ ❍✐❧❜❡rt✲❘ä✉♠❡♥✳ ❩✉❡rst ✇❡r❞❡♥ ❞✐❡ ❣r✉♥❞❧❡❣❡♥❞❡♥ ✐♥ ❞✐❡s❡r ❆r❜❡✐t
✈❡r✇❡♥❞❡t❡♥ ❇❡❣r✐✛❡ ✉♥❞ ✐❤r❡ ❩✉s❛♠♠❡♥❤ä♥❣❡ ❡r❧ä✉t❡rt✿ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠❡♥✱ ❖♣❡r❛t♦✲
r❡♥ ✉♥❞ ✐❤r❡ ❘❡s♦❧✈❡♥t❡♥ ✉♥❞ ❍❛❧❜❣r✉♣♣❡♥✳ ❉❛♥❛❝❤ ✇✐r❞ ❡✐♥❡ ▼ö❣❧✐❝❤❦❡✐t ❛♥❣❡❣❡❜❡♥✱
❙❡sq✉✐❧✐♥❡❛r❢♦r♠❡♥ ❞✉r❝❤ st❡t✐❣❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠❡♥ ③✉ ❛♣♣r♦①✐♠✐❡r❡♥✳ ❉✐❡s❡ s♦ ❣❡♥❛♥♥✲
t❡ ❛♣♣r♦①✐♠✐❡r❡♥❞❡ ❋♦r♠ st❡❧❧t ❡✐♥ ✇✐❝❤t✐❣❡s ❍✐❧❢s♠✐tt❡❧ ③✉r ❆r❜❡✐t ♠✐t ❙❡sq✉✐❧✐♥❡❛r❢♦r✲
♠❡♥ ❞❛r✳ ❩✉❧❡t③t ✇✐r❞ ❞✐❡ ■♥✈❛r✐❛♥③ ❜❡st✐♠♠t❡r ❦♦♥✈❡①❡r ▼❡♥❣❡♥ ❛♥❤❛♥❞ ✈♦♥ ❊✐❣❡♥✲
s❝❤❛❢t❡♥ ❞❡r ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ ❝❤❛r❛❦t❡r✐s✐❡rt✳ ❉❛♠✐t ❦ö♥♥❡♥ ✇❡s❡♥t❧✐❝❤❡ ❊✐❣❡♥s❝❤❛❢t❡♥
❞❡r ❍❛❧❜❣r✉♣♣❡ ❛♥ ❞❡r ③✉❣❡❤ör✐❣❡♥ ❋♦r♠ ❛❜❣❡❧❡s❡♥ ✇❡r❞❡♥ ✉♥❞ ✉♠❣❡❦❡❤rt ❛♥❤❛♥❞ ✈♦♥
❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r ❍❛❧❜❣r✉♣♣❡ ❙tr✉❦t✉r✐♥❢♦r♠❛t✐♦♥❡♥ ü❜❡r ❞✐❡ ❋♦r♠ ❡r❧❛♥❣t ✇❡r❞❡♥✳
■♠ ♥ä❝❤st❡♥ ❑❛♣✐t❡❧ ✇❡r❞❡♥ ❞✐❡ ❊r❣❡❜♥✐ss❡ ❞❡s ❡rst❡♥ ❑❛♣✐t❡❧s ❢ür ❋✉♥❦t✐♦♥❡♥rä✉♠❡
♠✐t ✐❤r❡r ♥❛tür❧✐❝❤❡♥ ❱❡r❜❛♥❞sstr✉❦t✉r ❦♦♥❦r❡t✐s✐❡rt✳ ❩✉❡rst ✇❡r❞❡♥ ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥✲
❞❡ ❍❛❧❜❣r✉♣♣❡♥ ✉♥t❡rs✉❝❤t✳ ❉✐❡s❡ ❤❛❜❡♥ ❞✐❡ ❜❡s♦♥❞❡r❡ ❊✐❣❡♥s❝❤❛❢t✱ ❞❛ss ❯♥❣❧❡✐❝❤✉♥❣❡♥
✉♥t❡r ❆♥✇❡♥❞✉♥❣ ❞❡r ❍❛❧❜❣r✉♣♣❡ ❡r❤❛❧t❡♥ ❜❧❡✐❜❡♥✳ ❉✐❡s❡ ❊✐❣❡♥s❝❤❛❢t ✇✐r❞ ♠✐t ❞❡♥ ❘❡✲
s✉❧t❛t❡♥ ❞❡s ❡rst❡♥ ❑❛♣✐t❡❧s ❛♥❤❛♥❞ ❞❡r ❛ss♦③✐✐❡rt❡♥ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ ❝❤❛r❛❦t❡r✐s✐❡rt✳
❲❡✐t❡r❤✐♥ ✇✐r❞ ❞✐❡ ❛♣♣r♦①✐♠✐❡r❡♥❞❡ ▼❛ß❞❛rst❡❧❧✉♥❣ ❢ür ❞✐❡s❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠❡♥ ❜❡✇✐❡✲
s❡♥✳ ❉❛r❛✉s ❧❛ss❡♥ s✐❝❤ q✉❛❧✐t❛t✐✈❡ ❆✉ss❛❣❡♥ ü❜❡r ❞✐❡ ❡♥ts♣r❡❝❤❡♥❞❡♥ ❋♦r♠❡♥ ❛❜❧❡s❡♥✳
❊s ❢♦❧❣t ❞❛s ❙tör✉♥❣sr❡s✉❧t❛t ❢ür ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡ ❍❛❧❜❣r✉♣♣❡♥✱ ♠✐t ❍✐❧❢❡ ❞❡ss❡♥
❞✐❡ ❑❡r♥❡ ③✇❡✐❡r ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡r ❍❛❧❜❣r✉♣♣❡♥ ❣❡❣❡♥❡✐♥❛♥❞❡r ❛❜❣❡s❝❤ät③t ✇❡r❞❡♥
❦ö♥♥❡♥✳ ❉✐❡s ✐st ❞❛s ❡rst❡ ❘❡s✉❧t❛t ❛✉s ❞❡♠ s✐❝❤ ❆❜s❝❤ät③✉♥❣❡♥ ❛♥ ❞✐❡ ❍❛❧❜❣r✉♣♣❡♥ ❣❡✲
✇✐ss❡r ❖♣❡r❛t♦r❡♥ ❢♦❧❣❡r♥ ❧❛ss❡♥✳
■♠ ③✇❡✐t❡♥ ❚❡✐❧ ❞✐❡s❡s ❑❛♣✐t❡❧s ✇❡r❞❡♥ ❞❛♥♥ L∞✲ ✉♥❞ ü❜❡r ❞✐❡ ❆❞❥✉♥❣✐❡rt❡ ❛✉❝❤ L1✲
❦♦♥tr❛❦t✐✈❡ ❍❛❧❜❣r✉♣♣❡♥ ❜❡tr❛❝❤t❡t ✉♥❞ ❝❤❛r❛❦t❡r✐s✐❡rt✳ ❲✐❡ ❜❡r❡✐ts ✐♠ ❡rst❡♥ ❚❡✐❧ ❞❡s
❑❛♣✐t❡❧s ✇✐r❞ ❛✉❝❤ ❢ür ❞✐❡s❡ ❍❛❧❜❣r✉♣♣❡♥ ❞✐❡ ❛♣♣r♦①✐♠✐❡r❡♥❞❡ ▼❛ß❞❛rst❡❧❧✉♥❣ ❜❡✇✐❡s❡♥✳
❉❛s ❑❛♣✐t❡❧ s❝❤❧✐❡ßt ♠✐t ❡✐♥❡♠ ❙tör✉♥❣sr❡s✉❧t❛t ❢ür ❞✐❡ ◆♦r♠❡♥ ✈♦♥ ❍❛❧❜❣r✉♣♣❡♥✳ ▼✐t
❞✐❡s❡♠ ❘❡s✉❧t❛t ❦ö♥♥❡♥ ❛✉s ❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r ❋♦r♠ ❙❝❤r❛♥❦❡♥ ❛♥ ❞✐❡ L1✲ ✉♥❞ L∞✲
◆♦r♠❡♥ ❞❡r ❍❛❧❜❣r✉♣♣❡ ♥❛❝❤❣❡✇✐❡s❡♥ ✇❡r❞❡♥✱ ❡✐♥ ✇✐❝❤t✐❣❡r ❙❝❤r✐tt ✉♠ ❆❜s❝❤ät③✉♥❣❡♥
❞❡r ❯❧tr❛❦♦♥tr❛❦t✐✈✐täts♥♦r♠ ③✉ ❡r❤❛❧t❡♥✳
❉❛s ❞r✐tt❡ ❑❛♣✐t❡❧ ✇✐❞♠❡t s✐❝❤ ❞❡♠ ✇✐❝❤t✐❣st❡♥ ❆♥✇❡♥❞✉♥❣s❣❡❜✐❡t ❞✐❡s❡r ❆r❜❡✐t✿
❞❡♥ s②♠♠❡tr✐s❝❤❡♥ ▼❛r❦♦✈✲❍❛❧❜❣r✉♣♣❡♥ ✉♥❞ ❞❡♥ ❞❛③✉ ❛ss♦③✐✐❡rt❡♥ s②♠♠❡tr✐s❝❤❡♥ ❉✐✲
r✐❝❤❧❡t✲❋♦r♠❡♥✳ ❉✐❡s❡ ✈❡r❡✐♥❡♥ ❛❧❧❡ ❞r❡✐ ✈♦r❤❡r ❣❡♥❛♥♥t❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥✿ ❞✐❡ P♦s✐t✐✈✐täts✲
❡r❤❛❧t✉♥❣ ✉♥❞ ❞✐❡ L1✲ ✉♥❞ L∞✲❑♦♥tr❛❦t✐✈✐tät✳ ❑♦♥s❡q✉❡♥t❡r✇❡✐s❡ ❣✐❜t ❡s ❛✉❝❤ ❤✐❡r ❡✐♥❡
❛♣♣r♦①✐♠✐❡r❡♥❞❡ ▼❛ß❞❛rst❡❧❧✉♥❣ ❛✉s ❞❡r s✐❝❤ ✈✐❡❧❡ ✇❡✐t❡r❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ✈♦♥ ❉✐r✐❝❤❧❡t✲
❋♦r♠❡♥ ❛❜❧❡s❡♥ ❧❛ss❡♥✳ ■♠ ❋❛❧❧ r❡❣✉❧är❡r ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❡①✐st✐❡rt s♦❣❛r ❡✐♥❡ ❞✐r❡❦t❡
■♥t❡❣r❛❧❞❛rst❡❧❧✉♥❣✱ ❞✐❡ ❉❛rst❡❧❧✉♥❣s❢♦r♠❡❧ ✈♦♥ ❇❡✉r❧✐♥❣✲❉❡♥②✳ ❋ür ✈✐❡❧❡ ❆♥✇❡♥❞✉♥❣❡♥
s♣✐❡❧❡♥ ❞✐❡ ❙tör✉♥❣❡♥ r❡❣✉❧är❡r ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ♠✐t ♠❛ß✇❡rt✐❣❡♥ ▼✉❧t✐♣❧✐❦❛t✐♦♥s♦♣❡✲
r❛t♦r❡♥ ❡✐♥❡ ✇✐❝❤t✐❣❡ ❘♦❧❧❡✳ ◆❛❝❤ ❡✐♥❡r ❦✉r③❡♥ ❊✐♥❢ü❤r✉♥❣ ü❜❡r ❞✐❡s❡ ❙tör✉♥❣❡♥ ✇✐r❞
❞❡t❛✐❧❧✐❡rt❡r ❛✉❢ ❞❛s ❊♥❡r❣✐❡♠❛ß ❡✐♥❣❡❣❛♥❣❡♥✳ ❊s ✇❡r❞❡♥ ❡✐♥✐❣❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ✕ ❛✉❝❤ ✐♠
❑♦♥t❡①t ❞❡r ❋✉♥❦t✐♦♥❡♥ ❧♦❦❛❧ ✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ✕ ❛✉❢❣❡③❡✐❣t ✉♥❞ ❜❡✇✐❡s❡♥✱ ✇✐❡ ③✉♠
✸
❇❡✐s♣✐❡❧ ❞✐❡ Pr♦❞✉❦t✲ ✉♥❞ ❞✐❡ ❑❡tt❡♥r❡❣❡❧✳ ❲❡✐t❡r❤✐♥ ✇✐r❞ ❞✐❡ ❋r❛❣❡ ❞✐s❦✉t✐❡rt✱ ✇❛♥♥
❞❛s Pr♦❞✉❦t ③✇❡✐❡r ❋✉♥❦t✐♦♥❡♥ ✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ✇✐❡❞❡r ✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ❧✐❡❣t✳
❉✐❡s ✐st ❡✐♥❡ ❞❡r ✇✐❝❤t✐❣❡♥ ❱♦r❛✉ss❡t③✉♥❣❡♥ ③✉r ❆♥✇❡♥❞✉♥❣ ✈♦♥ ❉❛✈✐❡s✬ ▼❡t❤♦❞❡✳
◆✉♥♠❡❤r ✇❡r❞❡♥ ✐♠ ✈✐❡rt❡♥ ❑❛♣✐t❡❧ L2✲◆♦r♠❛❜s❝❤ät③✉♥❣❡♥ ❛♥ ❞✐❡ ❍❛❧❜❣r✉♣♣❡ ✉♥❞
❆❜s❝❤ät③✉♥❣❡♥ ❞❡r ❑❡r♥❡ ✈♦♥ ❍❛❧❜❣r✉♣♣❡♥ ❜❡✇✐❡s❡♥✳ ❉✐❡s ❣❡s❝❤✐❡❤t ♠✐t ❍✐❧❢❡ ❞❡r ▼❡✲
t❤♦❞❡ ✈♦♥ ❉❛✈✐❡s✳ ❉❛ ❢ür ❞✐❡ ❆❜s❝❤ät③✉♥❣ ❞❡r ❑❡r♥❡ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät ❞✐❡ ✇❡s❡♥t❧✐❝❤❡
❱♦r❛✉ss❡t③✉♥❣ ✐st✱ ✇✐r❞ ❞✐❡s❡ ✐♥ ❞❡r ③✇❡✐t❡♥ ❍ä❧❢t❡ ❞✐❡s❡s ❑❛♣✐t❡❧s ✐♥t❡♥s✐✈❡r ❞✐s❦✉t✐❡rt
✉♥❞ ❡s ✇❡r❞❡♥ ✈❡rs❝❤✐❡❞❡♥❡ ▼❡t❤♦❞❡♥ ❛✉❢❣❡③❡✐❣t✱ ♠✐t ❋✉♥❦t✐♦♥❛❧✉♥❣❧❡✐❝❤✉♥❣❡♥ ❞❡r ❋♦r♠
❯❧tr❛❦♦♥tr❛❦t✐✈✐tät ❞❡r ❍❛❧❜❣r✉♣♣❡ ♥❛❝❤③✉✇❡✐s❡♥✳
❱❡rs❝❤✐❡❞❡♥❡ t❡✐❧✇❡✐s❡ s❡❤r ❦♦♥❦r❡t❡ ✉♥❞ t❡✐❧✇❡✐s❡ ❛❜str❛❦t❡r❡ ❇❡✐s♣✐❡❧❡ ❢ür ❞✐❡ ❣❡✲
♥❛♥♥t❡♥ ❘❡s✉❧t❛t❡ ✇❡r❞❡♥ ❞❛♥♥ ✐♠ ❢ü♥❢t❡♥ ❑❛♣✐t❡❧ ♣räs❡♥t✐❡rt✳ ❇❡✐ ❞❡r ❆✉s✇❛❤❧ ✇✉r❞❡
❞❛r❛✉❢ ❣❡❛❝❤t❡t✱ ❡✐♥❢❛❝❤❡✱ ✈✐❡❧❢ä❧t✐❣❡ ✉♥❞ ✐♥ ❞✐❡s❡♠ ❩✉s❛♠♠❡♥❤❛♥❣ ♥❡✉❡ ✉♥❞ s♦♠✐t ✐♥✲
t❡r❡ss❛♥t❡ ❇❡✐s♣✐❡❧❡ ❞❛r③✉st❡❧❧❡♥✳
❆❧s ❡rst❡s ✇❡r❞❡♥ ❞✐❡ ❘❡s✉❧t❛t❡ ❛✉❢ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥✱ ❞✐❡ ❞✉r❝❤ ▼❛ß❡ ❣❡stört ✇✉r❞❡♥✱
❛♥❣❡✇❡♥❞❡t✳ ❉✐❡ ❜❡s♦♥❞❡r❡ ❙tr✉❦t✉r ❞❡r s②♠♠❡tr✐s❝❤❡♥ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❡r♠ö❣❧✐❝❤t ❡s✱
❡✐♥❢❛❝❤❡ ✉♥❞ ❛❧❧❣❡♠❡✐♥❣ü❧t✐❣❡ ❍❛❧❜❣r✉♣♣❡♥❛❜s❝❤ät③✉♥❣❡♥ ③✉ ❢♦r♠✉❧✐❡r❡♥✳ ❉✐❡ ❆♥✇❡♥❞✲
❜❛r❦❡✐t ❞✐❡s❡r L2✲◆♦r♠❛❜s❝❤ät③✉♥❣❡♥ ✉♥❞ ❑❡r♥❛❜s❝❤ät③✉♥❣❡♥ ✇✐r❞ ❞✉r❝❤ ❡✐♥❢❛❝❤❡✱ t❡✐❧✲
✇❡✐s❡ ♥❡✉❡ ❇❡✐s♣✐❡❧❡ ❡r❧ä✉t❡rt✳
❉✐❡ ✇❡✐t❡r❡♥ ❇❡✐s♣✐❡❧❡ s✐♥❞ ❦♦♥❦r❡t❡r❡r ◆❛t✉r ✉♥❞ s✐♥❞ ❣rößt❡♥t❡✐❧s ❡❜❡♥❢❛❧❧s ❉✐r✐❝❤❧❡t✲
❋♦r♠❡♥✿ ❩✉♥ä❝❤st ✇❡r❞❡♥ ❑❡r♥❛❜s❝❤ät③✉♥❣❡♥ ❢ür ❉✐✛❡r❡♥t✐❛❧♦♣❡r❛t♦r❡♥ ③✇❡✐t❡r ❖r❞✲
♥✉♥❣ ❛✉❢ ●❡❜✐❡t❡♥ ❞❡s Rd ❜❡✇✐❡s❡♥✳ ❇❡s♦♥❞❡r❡s ❆✉❣❡♥♠❡r❦ ✇✐r❞ ❞❛❜❡✐ ❛✉❢ ❞❡♥ ❊✐♥✢✉ss
❞❡r ❉r✐❢tt❡r♠❡ ❛✉❢ ❞❡♥ ❑❡r♥ ❞❡r ❍❛❧❜❣r✉♣♣❡ ❣❡❧❡❣t✳ ❉❛♥♥ ✇❡r❞❡♥ ❞✐❡ L2✲❆❜s❝❤ät③✉♥❣❡♥
❢ür ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❛✉❢ ●r❛♣❤❡♥ ❦♦♥❦r❡t✐s✐❡rt ✉♥❞ ❞✐❡s❡ ❛♥❤❛♥❞ ✈♦♥ ❇❡✐s♣✐❡❧❡♥ ❡r❧ä✉✲
t❡rt✳ ❆❧s ◆ä❝❤st❡s ✇❡r❞❡♥ ❑❡r♥❛❜s❝❤ät③✉♥❣❡♥ ❢ür ❞✐❡ ❍❛❧❜❣r✉♣♣❡♥ ❛❧❧❣❡♠❡✐♥❡r❡r ❙❡s✲
q✉✐❧✐♥❡❛r❢♦r♠❡♥ ❛✉❢ ❛❜③ä❤❧❜❛r❡♥ ▼❡♥❣❡♥ ✉♥t❡r ❞❡r ❩✉s❛t③✈♦r❛✉ss❡t③✉♥❣ ❡✐♥❡r ◆❛s❤✲
❯♥❣❧❡✐❝❤✉♥❣ ❜❡✇✐❡s❡♥✳ ❲❡✐t❡r❤✐♥ ❢♦❧❣t ❡✐♥ ❆♥✇❡♥❞✉♥❣s❜❡✐s♣✐❡❧ ❢ür ❞❛s ❙tör✉♥❣sr❡s✉❧t❛t
❛✉s ❑❛♣✐t❡❧ ✷✳ ❩✉❧❡t③t ✇❡r❞❡♥ ♥♦❝❤ ❑❡r♥❛❜s❝❤ät③✉♥❣❡♥ ❢ür ❡✐♥❡ s✐♥❣✉❧är❡ ❉✐✛✉s✐♦♥ ❛✉❢
R ❜❡✇✐❡s❡♥✳
❆✉❢❣r✉♥❞ ❞❡r ❋ü❧❧❡ ❛♥ ▼ö❣❧✐❝❤❦❡✐t❡♥ ✐st ❡s ✐♥ ❞✐❡s❡r ❆r❜❡✐t ♥✐❝❤t ♠ö❣❧✐❝❤ ❡✐♥❡♥ ✈♦❧❧✲
stä♥❞✐❣❡♥ Ü❜❡r❜❧✐❝❦ ü❜❡r ❞✐❡ ❆♥✇❡♥❞✉♥❣❡♥ ③✉ ❧✐❡❢❡r♥✳ ❉✐❡ ❛✉s❣❡✇ä❤❧t❡♥ ❇❡✐s♣✐❡❧❡ s✐♥❞
r❡✐♥ ❡①❡♠♣❧❛r✐s❝❤ ③✉ ✈❡rst❡❤❡♥✳
■♠ ❧❡t③t❡♥ ❑❛♣✐t❡❧ ✇❡r❞❡♥ ✇❡✐t❡r❡ ❋♦rs❝❤✉♥❣s♠ö❣❧✐❝❤❦❡✐t❡♥ ✉♥❞ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣❡♥
❢ür ❞✐❡ ❤✐❡r ❜❡♥✉t③t❡♥ ▼❡t❤♦❞❡♥ ❛✉❢❣❡③❡✐❣t✳ ❊s ✇✐r❞ ❛✉❢ ❞✐❡ ❇❡❞❡✉t✉♥❣ ❞❡r L1✲❙❝❤r❛♥❦❡♥
❢ür ❍❛❧❜❣r✉♣♣❡♥ ❡✐♥❣❡❣❛♥❣❡♥✱ ❡✐♥❡ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ✈♦♥ ❉❛✈✐❡s✬ ▼❡t❤♦❞❡ ❣❡③❡✐❣t ✉♥❞
❞✐❡ ❇❡❞✐♥❣✉♥❣ ❞❡r ❩✉❧äss✐❣❦❡✐t ❛✉s ❑❛♣✐t❡❧ ✹ ❞✐s❦✉t✐❡rt✳
■♠ ❆♥❤❛♥❣ ✇❡r❞❡♥ ❞✐❡ ✐♥ ❞✐❡s❡r ❆r❜❡✐t ❛♥ ✈❡rs❝❤✐❡❞❡♥❡♥ ❙t❡❧❧❡♥ ❜❡♥✉t③t❡♥ ❦♦♠♣❧❡①❡♥
▼❛ß❡ ❡r❦❧ärt✳ ❉❡s ❲❡✐t❡r❡♥ ❣✐❜t ❡s ❡✐♥❡ ❆✉✢✐st✉♥❣ ❞❡r ✐♥ ❞✐❡s❡r ❆r❜❡✐t ✈❡r✇❡♥❞❡t❡♥
❙②♠❜♦❧❡ ✉♥❞ ❙t❛♥❞❛r❞❜❡③❡✐❝❤♥❡r ✉♥❞ ✐❤r❡ ❇❡❞❡✉t✉♥❣✳ ❆✉❢ ❞❡♥ ❊✐♥s❛t③ ✈♦♥ ❋✉ß♥♦t❡♥
✇✉r❞❡ ✇❡✐t❡st❣❡❤❡♥❞ ✈❡r③✐❝❤t❡t✳ ❲❡✐t❡r❢ü❤r❡♥❞❡ ❍✐♥✇❡✐s❡✱ ❩✉s❛♠♠❡♥❤ä♥❣❡ ③✉ ❛♥❞❡r❡♥
❚❤❡♠❡♥❣❡❜✐❡t❡♥ ✉♥❞ ▲✐t❡r❛t✉r❛♥❣❛❜❡♥ ❞✐❡ ❞❡♥ ▲❡s❡✢✉ss ❜❡❤✐♥❞❡r♥ ❦ö♥♥t❡♥ ✜♥❞❡♥ s✐❝❤
❛♠ ❊♥❞❡ ❥❡❞❡s ❆❜s❝❤♥✐tts✳
✹
❉❛♥❦s❛❣✉♥❣
▼❡✐♥ ❉❛♥❦ r✐❝❤t❡t s✐❝❤ ❛♥ ♠❡✐♥❡♥ ❇❡tr❡✉❡r P❡t❡r ❙t♦❧❧♠❛♥♥ ❢ür s❡✐♥❡ ❜❡stä♥❞✐❣❡ ❯♥t❡r✲
stüt③✉♥❣ ❜❡✐ ♠❡✐♥❡r ❋♦rs❝❤✉♥❣ ✉♥❞ ❜❡✐♠ ❊rst❡❧❧❡♥ ❞✐❡s❡r ❆r❜❡✐t ✉♥❞ ❢ür ❞✐❡ ❲❡rts❝❤ät✲
③✉♥❣✱ ❞✐❡ ❡r ♠✐r ✉♥❞ ♠❡✐♥❡r ❆r❜❡✐t ❡♥t❣❡❣❡♥❜r✐♥❣t ✉♥❞ ❡♥t❣❡❣❡♥❣❡❜r❛❝❤t ❤❛t✳ ❲❡✐t❡r
❞❛♥❦❡ ✐❝❤ ❉❛♥✐❡❧ ▲❡♥③ ❢ür ❞✐❡ ❣✉t❡ ❩✉s❛♠♠❡♥❛r❜❡✐t✳
■❝❤ ❞❛♥❦❡ ❈❤r✐st✐❛♥ ❙❡✐❢❡rt ❢ür ❞✐❡ ✈✐❡❧❡♥ ❉✐s❦✉ss✐♦♥❡♥ ✉♥❞ ❢ür s❡✐♥❡ ❡♥❞❧♦s❡ ●❡❞✉❧❞
✉♥❞ ❑♦rr❡❦t✉r✱ ▼❛r❝❡❧ ❍❛♥s♠❛♥♥ ❢ür ❞❛s ❑♦rr❡❦t✉r❧❡s❡♥ ❞✐❡s❡r ❆r❜❡✐t✱ s♦✇✐❡ ❛❧❧❡♥ ❛♥✲
❞❡r❡♥ ▼✐t❣❧✐❡❞❡r♥ ❞❡r ❆r❜❡✐ts❣r✉♣♣❡ ❆♥❛❧②s✐s ✉♥❞ ▼❛t❤❡♠❛t✐s❝❤❡ P❤②s✐❦✳
■❝❤ ❞❛♥❦❡ ❞❡r ●r❛❞✉✐❡rt❡♥❢ör❞❡r✉♥❣ ❞❡s ❋r❡✐st❛❛t❡s ❙❛❝❤s❡♥ ❢ür ❞✐❡ ✜♥❛♥③✐❡❧❧❡ ❯♥t❡r✲
stüt③✉♥❣✳
❩✉❧❡t③t ❞❛♥❦❡ ✐❝❤ ❛❧❧❡♥✱ ❞✐❡ ♠✐❝❤ ❛✉❢ ♠❡✐♥❡♠ ❲❡❣ ③✉r Pr♦♠♦t✐♦♥ ❜❡❣❧❡✐t❡t ❤❛❜❡♥✱
✐♥s❜❡s♦♥❞❡r❡ ♠❡✐♥❡r ❋❛♠✐❧✐❡✱ ♠❡✐♥❡♥ ❋r❡✉♥❞❡♥ ✉♥❞ ❞❡♥ ❉♦③❡♥t❡♥ ✉♥❞ ❑♦❧❧❡❣❡♥ ❞❡r
❆♥❛❧②s✐s ✉♥❞ ❆❧❣❡❜r❛ ❱♦r❧❡s✉♥❣✳
✺

❑❛♣✐t❡❧ ✶
❋✉♥❦t✐♦♥❛❧❛♥❛❧②t✐s❝❤❡ ●r✉♥❞❧❛❣❡♥
■♥ ❞✐❡s❡♠ ❑❛♣✐t❡❧ ✇❡r❞❡♥ ❞✐❡ ●r✉♥❞❧❛❣❡♥ ❞✐❡s❡r ❆r❜❡✐t ❞❛r❣❡st❡❧❧t✱ ❞✐❡ ❛❧❧❣❡♠❡✐♥ ✐♠
❑♦♥t❡①t ❞❡r ❍✐❧❜❡rt✲❘ä✉♠❡ ❢♦r♠✉❧✐❡rt ✇❡r❞❡♥ ❦ö♥♥❡♥✳ ❆❜s❝❤♥✐tt ✶✳✶ ❡r❧ä✉t❡rt ❞✐❡ ✈❡r✲
✇❡♥❞❡t❡♥ ❇❡❣r✐✛❡ ✉♥❞ ❡r❦❧ärt ❞✐❡ ❣r✉♥❞❧❡❣❡♥❞❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥✳ ■♥ ❆❜s❝❤♥✐tt ✶✳✷ ✇✐r❞
❞✐❡ ❛♣♣r♦①✐♠✐❡r❡♥❞❡ ❋♦r♠ ❡✐♥❣❡❢ü❤rt✱ ❡✐♥ ✇✐❝❤t✐❣❡s ▼✐tt❡❧ ❢ür ❞✐❡ ❆r❜❡✐t ♠✐t ❙❡sq✉✐❧✐♥❡✲
❛r❢♦r♠❡♥✳ ❩✉♠ ❙❝❤❧✉ss ✇❡r❞❡♥ ✐♥ ❆❜s❝❤♥✐tt ✶✳✸ ❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r ❍❛❧❜❣r✉♣♣❡ ü❜❡r ✐❤r❡
❙❡sq✉✐❧✐♥❡❛r❢♦r♠❡♥ ❝❤❛r❛❦t❡r✐s✐❡rt✱ ❞✐❡ ❞❛♥♥ ✐♠ ③✇❡✐t❡♥ ❑❛♣✐t❡❧ ❢ür ❋✉♥❦t✐♦♥❡♥rä✉♠❡
❦♦♥❦r❡t✐s✐❡rt ✇❡r❞❡♥✳
✶✳✶ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠❡♥ ✉♥❞ ❍❛❧❜❣r✉♣♣❡♥ ✐♥
❍✐❧❜❡rt✲❘ä✉♠❡♥
✶✳✶✳✶ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠❡♥
❙❡✐ H ❡✐♥ C✲❍✐❧❜❡rt✲❘❛✉♠ ♠✐t ❙❦❛❧❛r♣r♦❞✉❦t (·, ·)✳ ❊✐♥❡ ❆❜❜✐❧❞✉♥❣ a : D(a)×D(a)→ C
❤❡✐ßt ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ ✭♦❞❡r ❦✉r③ ❋♦r♠✮ ✐♥ H✱ ❢❛❧❧s D(a) ❡✐♥ ❧✐♥❡❛r❡r ❯♥t❡rr❛✉♠ ✈♦♥ H
✐st ✉♥❞ a(x, y) ❧✐♥❡❛r ✐♥ x ✉♥❞ ❦♦♥❥✉❣✐❡rt ❧✐♥❡❛r✶ ✐♥ y ✐st✳ ❉❛s ❙❦❛❧❛r♣r♦❞✉❦t (·, ·) ✐st ❡✐♥❡
s♣❡③✐❡❧❧❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠✳
❉✐❡ ❋♦r♠ a ❤❡✐ßt ❞✐❝❤t ❞❡✜♥✐❡rt✱ ❢❛❧❧s D(a) ❞✐❝❤t ✐♥ H ✐st✳ ❋❡r♥❡r ❤❡✐ßt a s②♠♠❡tr✐s❝❤✱
❢❛❧❧s a(x, y) = a(y, x) ❢ür ❛❧❧❡ x, y ∈ D(a) ❣✐❧t✱ ✉♥❞ a ❤❡✐ßt s❝❤✐❡❢s②♠♠❡tr✐s❝❤✱ ❢❛❧❧s
a(x, y) = −a(y, x) ❢ür ❛❧❧❡ x, y ∈ D(a) ❣✐❧t✳ ❉✐❡ ❛❞❥✉♥❣✐❡rt❡ ❋♦r♠ ③✉ a ✐st a∗(x, y) :=
a(y, x)✱ D(a∗) := D(a)✳
❙❡✐ γ ∈ C✳ ❉✐❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ γ ✐st ❞❡✜♥✐❡rt ❛❧s γ(x, y) = γ · (x, y)✳ ❲❡✐t❡r ❞❡✜♥✐❡rt
♠❛♥ aγ(x, y) := a(x, y) + γ(x, y)✳
❊✐♥❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ a ❤❡✐ßt ✈♦♥ ✉♥t❡♥ ❜❡s❝❤rä♥❦t ✭❞✉r❝❤ −γ ∈ R✮✱ ❢❛❧❧s ℜa(x, x) ≥
−γ‖x‖2 ❢ür ❛❧❧❡ x ∈ D(a)✳ ■♥ ❞✐❡s❡♠ ❋❛❧❧ s❝❤r❡✐❜t ♠❛♥ ❛✉❝❤ ❦✉r③ ℜa ≥ −γ✳
■st a s②♠♠❡tr✐s❝❤✱ ❞✳❤✳ a(x, x) ∈ R ❢ür ❛❧❧❡ x ∈ D(a)✱ a ≥ −γ ✉♥❞ D(a) ❜❡③ü❣❧✐❝❤ ❞❡s
❙❦❛❧❛r♣r♦❞✉❦t❡s a1+γ ❡✐♥ ❍✐❧❜❡rt✲❘❛✉♠✱ s♦ ❤❡✐ßt a ❛❜❣❡s❝❤❧♦ss❡♥✳
❊✐♥❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ a ❤❡✐ßt s❡❦t♦r✐❡❧❧✱ ❢❛❧❧s ❡s ❑♦♥st❛♥t❡♥ γ ∈ R ✉♥❞ C > 0 ❣✐❜t✱ s♦
❞❛ss ❢ür ❛❧❧❡ x ∈ D(a)
|ℑa(x, x)| ≤ Cℜaγ(x, x)
✶❉✳❤✳ a(x, λy1 + y2) = λa(x, y1) + a(x, y2) ❢ür ❛❧❧❡ x, y1, y2 ∈ D(a) ✉♥❞ λ ∈ C✳
✼
❑❛♣✐t❡❧ ✶ ❋✉♥❦t✐♦♥❛❧❛♥❛❧②t✐s❝❤❡ ●r✉♥❞❧❛❣❡♥
❣✐❧t✳ ■st a s❡❦t♦r✐❡❧❧✱ s♦ ✐st a˜ := 1
2
(a+ a∗) s②♠♠❡tr✐s❝❤ ✉♥❞ ✈♦♥ ✉♥t❡♥ ❜❡s❝❤rä♥❦t ✉♥❞ ❡s
❣✐❧t a˜(x, x) = ℜa(x, x) ❢ür ❛❧❧❡ x ∈ H✳ ■st a s❡❦t♦r✐❡❧❧ ✉♥❞ a˜ ❛❜❣❡s❝❤❧♦ss❡♥✱ s♦ ❤❡✐ßt ❛✉❝❤
a ❛❜❣❡s❝❤❧♦ss❡♥✳ ■♥ ❞✐❡s❡♠ ❋❛❧❧ ♥❡♥♥t ♠❛♥ ‖ · ‖2a := a˜1+γ(·, ·) ❞✐❡ ❋♦r♠♥♦r♠ ✈♦♥ a✳ ❉✐❡
❋♦r♠♥♦r♠ ✐st ✉♥❛❜❤ä♥❣✐❣ ✭✐♠ ❙✐♥♥❡ ❞❡r ◆♦r♠äq✉✐✈❛❧❡♥③✮ ✈♦♥ ❞❡r ❲❛❤❧ ✈♦♥ γ✱ ❞❡♥♥ ❡s
❡①✐st✐❡rt ❡✐♥❡ ❑♦♥st❛♥t❡ c ✭❞✐❡ ✈♦♥ C ✉♥❞ γ ❛❜❤ä♥❣t✮✱ s♦ ❞❛ss ❢ür ❛❧❧❡ x, y ∈ D(a)
|a(x, y)| ≤ c(‖x‖2a + ‖y‖2a). ✭✶✳✶✮
■st a ❛❜❣❡s❝❤❧♦ss❡♥✱ s♦ ❞❡✜♥✐❡rt (D(a), ‖ · ‖a) ❡✐♥❡♥ ❍✐❧❜❡rt✲❘❛✉♠ ✭♠✐t ❙❦❛❧❛r♣r♦❞✉❦t
a˜1+γ(·, ·)✮✳
❖❢t ✐st ❡s ✇✐❝❤t✐❣ ❢ür ❡✐♥ ❜❡st✐♠♠t❡s ❊❧❡♠❡♥t x ∈ H ♥❛❝❤③✉✇❡✐s❡♥✱ ❞❛ss x ❛✉❝❤ ✐♥
D(a) ❧✐❡❣t✳ ❉❛s ♥ä❝❤st❡ ▲❡♠♠❛ ③❡✐❣t ❡✐♥❡ ▼ö❣❧✐❝❤❦❡✐t ❞❛❢ür ❛✉❢✿
▲❡♠♠❛ ✶✳✶✳✶✳ ❙❡✐ a ❡✐♥❡ ❞✐❝❤t ❞❡✜♥✐❡rt❡✱ s❡❦t♦r✐❡❧❧❡ ❛❜❣❡s❝❤❧♦ss❡♥❡ ❋♦r♠✳ ❙❡✐ ✇❡✐t❡r
(xn) ❡✐♥❡ ❜❡③ü❣❧✐❝❤ ‖·‖a ❜❡s❝❤rä♥❦t❡ ❋♦❧❣❡ ✐♥ D(a)✱ ❞✐❡ ✐♥ H s❝❤✇❛❝❤ ❣❡❣❡♥ x ❦♦♥✈❡r❣✐❡rt✳
❉❛♥♥ ✐st x ∈ D(a)✱ (xn) ❦♦♥✈❡r❣✐❡rt ✐♥ D(a) s❝❤✇❛❝❤ ❣❡❣❡♥ x ✉♥❞
‖x‖a ≤ lim inf
n→∞
‖xn‖a.
❇❡✇❡✐s✳ ❉❛ (xn) ✐♠ ❍✐❧❜❡rt✲❘❛✉♠ D(a) ❜❡s❝❤rä♥❦t ✐st✱ ❡①✐st✐❡rt ❡✐♥❡ ✐♥ D(a) s❝❤✇❛❝❤
❦♦♥✈❡r❣❡♥t❡ ❚❡✐❧❢♦❧❣❡ (xnk) ♠✐t ●r❡♥③✇❡rt y ∈ D(a)✳ ❲❡✐❧ ❞✐❡ ❙❦❛❧❛r♣r♦❞✉❦t❡ a1+γ(·, ·)
✉♥❞ a2+γ(·, ·) äq✉✐✈❛❧❡♥t s✐♥❞✱ ❦♦♥✈❡r❣✐❡rt ❛✉❝❤ (xnk , z) → (y, z) ❢ür ❛❧❧❡ z ∈ D(a)✳ ❉❛
D(a) ❞✐❝❤t ✐♥ H ❧✐❡❣t✱ ❢♦❧❣t x = y✳
✶✳✶✳✷ ❩✉ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠❡♥ ❛ss♦③✐✐❡rt❡ ❖♣❡r❛t♦r❡♥
❊✐♥ ❧✐♥❡❛r❡r ❖♣❡r❛t♦r A : D(A) ⊂ H → H ❤❡✐ßt s❡❦t♦r✐❡❧❧✱ ❢❛❧❧s ❡s ❑♦♥st❛♥t❡♥ γ ∈ R
✉♥❞ C > 0 ❣✐❜t✱ s♦ ❞❛ss |ℑ(Ax, x)| ≤ C(ℜ(Ax, x) + γ‖x‖2) ❢ür ❛❧❧❡ x ∈ D(A)✳ A ❤❡✐ßt
♠✲s❡❦t♦r✐❡❧❧✱ ❢❛❧❧s A s❡❦t♦r✐❡❧❧ ✐st ✉♥❞ ❦❡✐♥❡ ❡❝❤t❡ s❡❦t♦r✐❡❧❧❡ ❊r✇❡✐t❡r✉♥❣ ❜❡s✐t③t✳
❙❡✐ a ❡✐♥❡ ❞✐❝❤t ❞❡✜♥✐❡rt❡✱ ❛❜❣❡s❝❤❧♦ss❡♥❡✱ s❡❦t♦r✐❡❧❧❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠✳ ❉❛♥♥ ❡①✐st✐❡rt
❡✐♥ ♠✲s❡❦t♦r✐❡❧❧❡r ❖♣❡r❛t♦r A✱ s♦ ❞❛ss✿
✐✮ D(A) ⊂ D(a) ✉♥❞ ❢ür ❛❧❧❡ x ∈ D(A) ✉♥❞ y ∈ D(a) ❣✐❧t
a(x, y) = (Ax, y).
✐✐✮ D(A) ❧✐❡❣t ❜❡③ü❣❧✐❝❤ ❞❡r ❋♦r♠♥♦r♠ ❞✐❝❤t ✐♥ D(a)✳
✐✐✐✮ ❙❡✐ D ⊂ D(a) ❞✐❝❤t ❜❡③ü❣❧✐❝❤ ❞❡r ❋♦r♠♥♦r♠✱ x ∈ D(a)✱ z ∈ H ✉♥❞
a(x, y) = (z, y)
❢ür ❥❡❞❡s y ∈ D✳ ❉❛♥♥ ✐st x ∈ D(A) ✉♥❞ Ax = z✳
✽
✶✳✶ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠❡♥ ✉♥❞ ❍❛❧❜❣r✉♣♣❡♥ ✐♥ ❍✐❧❜❡rt✲❘ä✉♠❡♥
A ✇✐r❞ ❞✉r❝❤ ✐✮ ❡✐♥❞❡✉t✐❣ ❜❡st✐♠♠t ✉♥❞ ❤❡✐ßt ❞❡r ③✉ a ❛ss♦③✐✐❡rt❡ ❖♣❡r❛t♦r✳ ■st ✉♠❣❡✲
❦❡❤rt A ♠✲s❡❦t♦r✐❡❧❧ ✉♥❞ D(A) ❞✐❝❤t ✐♥ H✱ s♦ ❣✐❜t ❡s ❣❡♥❛✉ ❡✐♥❡ ❞✐❝❤t ❞❡✜♥✐❡rt❡✱ ❛❜❣❡✲
s❝❤❧♦ss❡♥❡✱ s❡❦t♦r✐❡❧❧❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ a ③✉ ❞❡r A ❛ss♦③✐✐❡rt ✐st✳ ❉❡r ③✉ a∗ ❛ss♦③✐✐❡rt❡
❖♣❡r❛t♦r ✐st A∗✱ ❞✐❡ ❆❞❥✉♥❣✐❡rt❡ ✈♦♥ A✳
❙❡✐ a ❡✐♥❡ ❞✐❝❤t ❞❡✜♥✐❡rt❡✱ ❛❜❣❡s❝❤❧♦ss❡♥❡✱ s❡❦t♦r✐❡❧❧❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ ✉♥❞ A ❞❡r ❛ss♦✲
③✐✐❡rt❡ ❖♣❡r❛t♦r✳ ❲❡✐t❡r s❡✐ ℜa ≥ −γ ✉♥❞ β > γ✳ ❉❛♥♥ ❧✐❡❣t β ✐♥ ❞❡r ❘❡s♦❧✈❡♥t❡♥♠❡♥❣❡
✈♦♥ −A ✉♥❞
Rβ := (β + A)
−1, Rβ : H → D(A)
✐st ❡✐♥❡ ❘❡s♦❧✈❡♥t❡ ✈♦♥ −A✳ ❉✐❡ ❘❡s♦❧✈❡♥t❡♥ ✈♦♥ −A ✇❡r❞❡♥ ❞✉r❝❤ ❢♦❧❣❡♥❞❡ ●❧❡✐❝❤✉♥❣
❝❤❛r❛❦t❡r✐s✐❡rt✿
aβ(Rβx, y) = (x, y)
❢ür ❛❧❧❡ x ∈ H✱ y ∈ D(a)✳ ❲❡✐t❡r❤✐♥ ❣✐❧t
‖Rβ‖ ≤ 1
β − γ
✉♥❞
lim
β→∞
βRβx = x (x ∈ H).
❉❡r ●r❡♥③✇❡rt
e−tA x := lim
n→∞
(
t
n
A+ 1
)−n
x = lim
n→∞
(n
t
Rn
t
)n
x ✭✶✳✷✮
❡①✐st✐❡rt ❢ür ❛❧❧❡ x ∈ H ✉♥❞ t > 0✳ ❋ür t = 0 ❞❡✜♥✐❡r❡ e−tA x := x✳ ❉✐❡ s♦ ❞❡✜♥✐❡rt❡
❖♣❡r❛t♦r❡♥❢❛♠✐❧✐❡ (e−tA)t≥0 ✇✐r❞ ❞✐❡ ③✉ A ♦❞❡r a ❛ss♦③✐✐❡rt❡ ❍❛❧❜❣r✉♣♣❡ ❣❡♥❛♥♥t ✉♥❞
❡r❢ü❧❧t ❢♦❧❣❡♥❞❡ ❊✐❣❡♥s❝❤❛❢t❡♥✿
✐✮ ❋ür s, t ≥ 0 ❣✐❧t e−tA e−sA = e−(t+s)A✳
✐✐✮ ‖ e−tA ‖ ≤ eγt ✭t ≥ 0✮✳
✐✐✐✮ limtց0 e−tA x = x ✭x ∈ H✮✳
✐✈✮ ❋ür t > 0 ✐st e−tA x ∈ D(A)✳
✈✮ ❋ür x ∈ D(A) ✐st d
dt
e−tA x = −A e−tA x = − e−tAAx ✭t ≥ 0✮✳
❯♠❣❡❦❡❤rt ❧❛ss❡♥ s✐❝❤ ❞✐❡ ❘❡s♦❧✈❡♥t❡♥ ❛✉❝❤ ü❜❡r ❞✐❡ ▲❛♣❧❛❝❡✲❚r❛♥s❢♦r♠❛t✐♦♥ ❞❡r ❍❛❧❜✲
❣r✉♣♣❡ ❞❛rst❡❧❧❡♥✿ ✐st x ∈ H ✉♥❞ β > γ✱ s♦ ❣✐❧t
Rβx =
∞∫
0
e−βt e−tA x dt. ✭✶✳✸✮
✾
❑❛♣✐t❡❧ ✶ ❋✉♥❦t✐♦♥❛❧❛♥❛❧②t✐s❝❤❡ ●r✉♥❞❧❛❣❡♥
✶✳✶✳✸ ❍♦❧♦♠♦r♣❤❡ ❍❛❧❜❣r✉♣♣❡♥
❉✐❡ ❍❛❧❜❣r✉♣♣❡ (e−tA)t≥0 ❦❛♥♥ ❛✉❢ ❦♦♠♣❧❡①❡ ❲❡rt❡ ❡r✇❡✐t❡rt ✇❡r❞❡♥✿ ❙❡✐ a ❡✐♥❡ ❞✐❝❤t
❞❡✜♥✐❡rt❡✱ ❛❜❣❡s❝❤❧♦ss❡♥❡✱ s❡❦t♦r✐❡❧❧❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ ✉♥❞ A ❞❡r ❛ss♦③✐✐❡rt❡ ❖♣❡r❛t♦r✳
❙❡✐❡♥ γ ∈ R✱ C > 0 s♦ ❣❡✇ä❤❧t✱ ❞❛ss
|ℑa| ≤ Cℜaγ.
❉❛♥♥ ❜❡s✐t③t (e−tA)t≥0 ❡✐♥❡ ❤♦❧♦♠♦r♣❤❡ ❊r✇❡✐t❡r✉♥❣ ❛✉❢ S(C) ♠✐t
S(C) := {z ∈ C | |ℑz| < 1
C
ℜz}.
❊s ❣❡❧t❡♥ ❞✐❡ ❊✐❣❡♥s❝❤❛❢t❡♥
✐✮ ❋ür ❛❧❧❡ z1, z2 ∈ S(C) ❣✐❧t e−z1A e−z2A = e−(z1+z2)A✳
✐✐✮ ‖ e−zA ‖ ≤ eγℜz ✭z ∈ S(C)✮✳
✐✐✐✮ limz→0,z∈S(C) e−zA x = x ✭x ∈ H✮✳
✐✈✮ e−zA x ∈ D(A) ✭z ∈ S(C)✱ x ∈ H✮✳
✈✮ d
dz
e−zA x = −A e−zA x ✭z ∈ S(C)✱ x ∈ H✮✳
✈✐✮ ❋ür x ∈ D(A) ❣✐❧t A e−zA x = e−zAAx ✭z ∈ S(C)✮✳
❇❡♠❡r❦✉♥❣❡♥
❉❡r ❇❡❣r✐✛ ✒s❡❦t♦r✐❡❧❧✏ ✐st ✐♥ ❞❡r ▲✐t❡r❛t✉r ♥✐❝❤t ❡✐♥❤❡✐t❧✐❝❤ ❞❡✜♥✐❡rt✳ ❉✐❡ ❤✐❡r ❜❡♥✉t③t❡
❉❡✜♥✐t✐♦♥ ✇✉r❞❡ ❛✉s ❞❡♠ ❙t❛♥❞❛r❞✇❡r❦ ❬❑❛t✾✺❪ ü❜❡r♥♦♠♠❡♥ ✐♥ ❞❡♠ s✐❝❤ ❛✉❝❤ ❞✐❡
❇❡✇❡✐s❡ ❞❡r ❤✐❡r ❛✉❢❣❡❢ü❤rt❡♥ ❆✉ss❛❣❡♥ ✜♥❞❡♥✳
❉✐❡ ❍❛❧❜❣r✉♣♣❡ st❡❤t ✐♥ ❡♥❣❡r ❱❡r❜✐♥❞✉♥❣ ♠✐t ❛❜str❛❦t❡♥ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥✿
❙❡✐ A ❡✐♥ ♠✲s❡❦t♦r✐❡❧❧❡r ❖♣❡r❛t♦r ✉♥❞ ❢♦❧❣❡♥❞❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣ ❣❡❣❡❜❡♥✿ ●❡s✉❝❤t
✐st xt ∈ D(A) ♠✐t
d
dt
xt = −Axt (t > 0)
✉♥❞ ❆♥❢❛♥❣s✇❡rt x ∈ H✱ ❞✳❤✳ limtց0 xt = x✳ ❉❛♥♥ ❜❡s✐t③t ❞✐❡s❡ ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣
❡✐♥❡ ❡✐♥❞❡✉t✐❣❡ ▲ös✉♥❣ ✉♥❞ ❞✐❡s❡ ✐st
xt := e
−tA x.
❉✐❡ ❚❤❡♦r✐❡ ❞❡r st❛r❦ st❡t✐❣❡♥ ❖♣❡r❛t♦r✲❍❛❧❜❣r✉♣♣❡♥ ❣❡❤t ❛✉❢ ❍✐❧❧❡✱ P❤✐❧❧✐♣s ✉♥❞
❨♦s✐❞❛ ③✉rü❝❦✱ s✐❡❤❡ ❬❨♦s✹✽✱ ❍✐❧✹✽✱ P❤✐✺✸✱ ❍P✺✼✱ ❨♦s✽✵❪✳
✶✵
✶✳✷ ❆♣♣r♦①✐♠✐❡r❡♥❞❡ ❋♦r♠
✶✳✷ ❆♣♣r♦①✐♠✐❡r❡♥❞❡ ❋♦r♠
■♥ ❞✐❡s❡♠ ❆❜s❝❤♥✐tt ✇✐r❞ ❞✐❡ ❛♣♣r♦①✐♠✐❡r❡♥❞❡ ❋♦r♠ ✈♦r❣❡st❡❧❧t✳ ❙✐❡ st❡❧❧t ❡✐♥❡ ▼ö❣❧✐❝❤✲
❦❡✐t ❞❛r s❡❦t♦r✐❡❧❧❡ ❋♦r♠❡♥ ❞✉r❝❤ st❡t✐❣❡ ❋♦r♠❡♥ ③✉ ❛♣♣r♦①✐♠✐❡r❡♥✳ ❙✐❡ ✇✐r❞ ✐♠ ♥ä❝❤st❡♥
❆❜s❝❤♥✐tt ✈❡r✇❡♥❞❡t ✉♠ q✉❛❧✐t❛t✐✈❡ ❆✉ss❛❣❡♥ ü❜❡r ❞✐❡ ❙tr✉❦t✉r ❜❡st✐♠♠t❡r ❋♦r♠❡♥ ③✉
❡r❤❛❧t❡♥✳
❊s s❡✐ a ✇✐❡❞❡r ❡✐♥❡ ❞✐❝❤t ❞❡✜♥✐❡rt❡✱ ❛❜❣❡s❝❤❧♦ss❡♥❡✱ s❡❦t♦r✐❡❧❧❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠✱
γa ∈ R✱ ℜa ≥ −γa ✉♥❞ A ❞❡r ❛ss♦③✐✐❡rt❡ ❖♣❡r❛t♦r✳ ❙❡✐❡♥ Rβ ❘❡s♦❧✈❡♥t❡♥ ✈♦♥ −A
✉♥❞ (e−tA)t≥0 ❞✐❡ ❛ss♦③✐✐❡rt❡ ❍❛❧❜❣r✉♣♣❡✳
▼❛♥ ❜❡tr❛❝❤t❡ ♥✉♥ ❞✐❡ ❛♣♣r♦①✐♠✐❡r❡♥❞❡ ❋♦r♠ a(β) ✭β > γa✮✿
a(β)(x, y) := β(x− βRβx, y) = (AβRβx, y), D(a(β)) := H.
a(β) ✐st ❡✐♥❡ st❡t✐❣❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠✱ ❞✳❤✳ ❡s ❡①✐st✐❡rt ❡✐♥❡ ❑♦♥st❛♥t❡ C ♠✐t a(β)(x, y) ≤
C‖x‖‖y‖✱ ✉♥❞ ❞❡r ❛ss♦③✐✐❡rt❡ ❖♣❡r❛t♦r ✐st
A(β) := β − β2Rβ = AβRβ, D(A) := H.
❚❤❡♦r❡♠ ✶✳✷✳✶✳ ❊s ❣✐❧t✿
✐✮ ❢ür x ∈ H ✐st x ∈ D(a) ❣❡♥❛✉ ❞❛♥♥✱ ✇❡♥♥ lim supβ→∞ℜa(β)(x, x) <∞✱
✐✐✮ ❢ür x, y ∈ D(a) ✐st limβ→∞ a(β)(x, y) = a(x, y) ✉♥❞
✐✐✐✮ ✐st |ℑa| ≤ Cℜaγ ❢ür ❡✐♥ γ ∈ R ✉♥❞ C > 0✱ s♦ ❣✐❧t |ℑa(β)| ≤ C
(
ℜa(β) + γ+ β2
(β−γa)2
)
✳
❇❡✇❡✐s✳ ❆✉s ❞❡r ❉❡✜♥✐t✐♦♥ ❢ür a(β) ❡r❤ä❧t ♠❛♥
a(β)(x, x) = a(β)(x, βRβx) + β‖x− βRβx‖2
✉♥❞ ❞❛
a(β)(x, βRβx) = (AβRβx, βRβx) = a(βRβx, βRβx)
✐st✱ ❢♦❧❣t ❞✐❡ ●❧❡✐❝❤✉♥❣
a(β)(x, x) = a(βRβx, βRβx) + β‖x− βRβx‖2. ✭✶✳✹✮
✐✮ ❋ür x ∈ D(a) ✉♥❞ β > γ+a ❣✐❧t ❣❡♠äß ❞❡r ❉❡✜♥✐t✐♦♥ ✈♦♥ a(β) ✉♥❞ ●❧❡✐❝❤✉♥❣ ✭✶✳✶✮ ❞✐❡
❆❜s❝❤ät③✉♥❣
ℜa(β)(x, x) = ℜa(βRβx, x)
≤ 1
2
‖βRβx‖2a + 2c2‖x‖2a
≤ 1
2
ℜa(βRβx, βRβx) + γa + 1
2
‖βRβx‖2 + 2c2‖x‖2a
✶✶
❑❛♣✐t❡❧ ✶ ❋✉♥❦t✐♦♥❛❧❛♥❛❧②t✐s❝❤❡ ●r✉♥❞❧❛❣❡♥
✉♥❞ ✇❡✐t❡r ♠✐t ●❧❡✐❝❤✉♥❣ ✭✶✳✹✮
≤ 1
2
ℜa(β)(x, x) + γa + 1
2
‖βRβx‖2 + 2c2‖x‖2a.
❙♦♠✐t ❣✐❧t ❛✉❝❤ ❞✐❡ ❆❜s❝❤ät③✉♥❣
ℜa(β)(x, x) ≤ (γa + 1)‖βRβx‖2 + 4c2‖x‖2a.
❉❛r❛✉s ❢♦❧❣t✱ ❞❛ss ❢ür x ∈ D(a)
lim sup
β→∞
ℜa(β)(x, x) <∞.
❙❡✐ ♥✉♥ ✉♠❣❡❦❡❤rt x ∈ H ✉♥❞ lim supβ→∞ℜa(β)(x, x) <∞✳ ❉❛♥♥ ❣✐❧t ♠✐t ✭✶✳✹✮ ❛✉❝❤
lim sup
β→∞
‖βRβx‖a <∞,
✉♥❞ ❞❛ βRβx→ x ✐♥ H✱ s♦ ✐st ♥❛❝❤ ▲❡♠♠❛ ✶✳✶✳✶ ❛✉❝❤ x ∈ D(a) ✉♥❞ βRβx ❦♦♥✈❡r❣✐❡rt
✐♥ D(a) s❝❤✇❛❝❤ ❣❡❣❡♥ x✳
✐✐✮✿ ❉❛ βRβx ✐♥ D(a) s❝❤✇❛❝❤ ❣❡❣❡♥ x ❦♦♥✈❡r❣✐❡rt ❢♦❧❣t ✉♥♠✐tt❡❧❜❛r
a(β)(x, y)− a(x, y) = a(βRβx, y)− a(x, y)→ 0.
✐✐✐✮✿ ❙❡✐ β > γ+a ✳ ❉❛♥♥ ❣✐❧t ♠✐t ●❧❡✐❝❤✉♥❣ ✭✶✳✹✮
|ℑa(β)(x, x)| = |ℑa(βRβx, βRβx)| ≤ Cℜaγ(βRβx, βRβx)
≤ C (ℜa(βRβx, βRβx) + γ+‖βRβx‖2 + β‖x− βRβx‖2)
≤ C
(
ℜa(β)(x, x) + γ+
(
β
β − γa
)2
‖x‖2
)
.
❉❛s ♥ä❝❤st❡ ▲❡♠♠❛ ❜❡s❝❤r❡✐❜t ❞✐❡ ❘❡s♦❧✈❡♥t❡ ❞❡r ❛♣♣r♦①✐♠✐❡r❡♥❞❡♥ ❋♦r♠ ❛❧s ❚r❛♥s✲
❢♦r♠❛t✐♦♥ ❞❡r ❍❛❧❜❣r✉♣♣❡ ❞❡s ✉rs♣rü♥❣❧✐❝❤❡♥ ❖♣❡r❛t♦rs✳ ❉✐❡s ❆✉ss❛❣❡ ✇✐r❞ s♣ät❡r ✐♠
❇❡✇❡✐s ✈♦♥ ❙❛t③ ✶✳✸✳✶ ✈❡r✇❡♥❞❡t✳
▲❡♠♠❛ ✶✳✷✳✷✳ ❙❡✐ R
(β)
α := (A(β)+α)−1 ✭β > γa ✉♥❞ α ❤✐♥r❡✐❝❤❡♥❞ ❣r♦ß✮ ❡✐♥❡ ❘❡s♦❧✈❡♥t❡
✈♦♥ −A(β)✳ ❉❛♥♥ ✐st
R(β)α =
1
α + β
+
β2
(α + β)2
∞∫
0
e−
αβ
α+β
t e−tA dt.
✶✷
✶✳✸ ❑r✐t❡r✐❡♥ ❢ür ❞✐❡ ❍❛❧❜❣r✉♣♣❡
❇❡✇❡✐s✳ ❉❡r ❇❡✇❡✐s ❢♦❧❣t ❞✉r❝❤ ❡✐♥❢❛❝❤❡ ❛❧❣❡❜r❛✐s❝❤❡ ❯♠❢♦r♠✉♥❣❡♥✿
R(β)α = (α + β − β2Rβ)−1
= (β + A)(β + A)−1(α + β − β2(β + A)−1)−1
= (β + A)
(
(α + β)(β + A)− β2)−1
=
1
α + β
(β + A)
(
αβ
α + β
+ A
)−1
=
1
α + β
+
β2
(α + β)2
(
αβ
α + β
+ A
)−1
❉✐❡ ♦❜✐❣❡ ❉❛rst❡❧❧✉♥❣ ❢♦❧❣t ❛✉s ❞❡r ●❧❡✐❝❤✉♥❣ ✭✶✳✸✮✳
❇❡♠❡r❦✉♥❣❡♥
❉❡r ❇❡✇❡✐s ✈♦♥ ❚❤❡♦r❡♠ ✶✳✷✳✶ ✐✮✱ ✐✐✮ ✇✉r❞❡ ❛✉s ❬▼❘✾✷❪ ü❜❡r♥♦♠♠❡♥ ✉♥❞ ❛♥ ❞✐❡
❤✐❡r ❣❡❣❡❜❡♥❡ ❙✐t✉❛t✐♦♥ ❛♥❣❡♣❛sst✳
❚❤❡♦r❡♠ ✶✳✷✳✶ ✐✐✐✮ ✉♥❞ ▲❡♠♠❛ ✶✳✷✳✷✱ ❞✐❡ ❢ür ❞❡♥ ❇❡✇❡✐s ✈♦♥ ❚❤❡♦r❡♠ ✶✳✸✳✶ ✈✐✮
♥♦t✇❡♥❞✐❣ s✐♥❞✱ ✇✉r❞❡♥ ✐♥ ❞❡r ▲✐t❡r❛t✉r ♥✐❝❤t ❣❡❢✉♥❞❡♥✳
❊✐♥❡ ❛♥❞❡r❡ ❣❡❜rä✉❝❤❧✐❝❤❡ ❛♣♣r♦①✐♠✐❡r❡♥❞❡ ❋♦r♠ ✐st
a(t)(x, y) :=
1
t
(x− e−tA x, y).
✶✳✸ ❑r✐t❡r✐❡♥ ❢ür ❞✐❡ ❍❛❧❜❣r✉♣♣❡
■♥ ❞✐❡s❡♠ ❆❜s❝❤♥✐tt ✇✐r❞ ❞✐❡ ■♥✈❛r✐❛♥③ ❦♦♥✈❡①❡r ❚❡✐❧♠❡♥❣❡♥ ✈♦♥ H ✉♥t❡r ❆♥✇❡♥❞✉♥❣
❞❡r ❍❛❧❜❣r✉♣♣❡ ❛♥❤❛♥❞ ❞❡r ③✉❣❡❤ör✐❣❡♥ ❋♦r♠ ✉♥❞ ❞❡r ❛♣♣r♦①✐♠✐❡r❡♥❞❡♥ ❋♦r♠ ❝❤❛r❛❦✲
t❡r✐s✐❡rt✳ ❉❛s ❤✐❡r ❜❡s❝❤r✐❡❜❡♥❡ ❚❤❡♦r❡♠ ✜♥❞❡t s❡✐♥❡ ❆♥✇❡♥❞✉♥❣ ✐♠ ♥ä❝❤st❡♥ ❑❛♣✐t❡❧✱
✐♥ ❞❡♠ ❛✉❢ ✈❡rs❝❤✐❡❞❡♥❡ ❍❛❧❜❣r✉♣♣❡♥❡✐❣❡♥s❝❤❛❢t❡♥ ❡✐♥❣❡❣❛♥❣❡♥ ✇✐r❞✳
❙❡✐ C ❡✐♥❡ ♥✐❝❤t❧❡❡r❡✱ ❛❜❣❡s❝❤❧♦ss❡♥❡✱ ❦♦♥✈❡①❡ ❚❡✐❧♠❡♥❣❡ ✈♦♥ H ✉♥❞ P ❞✐❡ Pr♦❥❡❦t✐♦♥
❛✉❢ C✱ ❞✳❤✳
Px ∈ C ✉♥❞ ‖x− Px‖ = inf
y∈C
‖x− y‖.
❊s ✐st ✇♦❤❧❜❡❦❛♥♥t✱ ❞❛ss
ℜ(x− Px,Px− y) ≥ 0 ∀y ∈ C. ✭✶✳✺✮
❙❡✐ a ❡✐♥❡ ❞✐❝❤t ❞❡✜♥✐❡rt❡✱ ❛❜❣❡s❝❤❧♦ss❡♥❡✱ s❡❦t♦r✐❡❧❧❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠✱ γa ∈ R✱ ℜa ≥
−γa ✉♥❞ A ❞❡r ❛ss♦③✐✐❡rt❡ ❖♣❡r❛t♦r✳ ❙❡✐❡♥ Rβ ❘❡s♦❧✈❡♥t❡♥ ✈♦♥ −A ✉♥❞ (e−tA)t≥0 ❞✐❡
❛ss♦③✐✐❡rt❡ ❍❛❧❜❣r✉♣♣❡✳
❚❤❡♦r❡♠ ✶✳✸✳✶✳ ❉✐❡ ❢♦❧❣❡♥❞❡♥ ❇❡❞✐♥❣✉♥❣❡♥ s✐♥❞ äq✉✐✈❛❧❡♥t✿
✶✸
❑❛♣✐t❡❧ ✶ ❋✉♥❦t✐♦♥❛❧❛♥❛❧②t✐s❝❤❡ ●r✉♥❞❧❛❣❡♥
✐✮ e−tA C ⊂ C ❢ür ❛❧❧❡ t ≥ 0✱
✐✐✮ βRβC ⊂ C ❢ür ❛❧❧❡ β > γ+a ✭❜③✇✳ ❢ür ❛❧❧❡ β > β0 ≥ γ+a ✮✱
✐✐✐✮ P(D(a)) ⊂ D(a) ✉♥❞ ❢ür ❛❧❧❡ x ∈ D(a) ✐st ℜa(Px, x− Px) ≥ 0✱
✐✈✮ P(D(a)) ⊂ D(a) ✉♥❞ ❢ür ❛❧❧❡ x ∈ D(a) ✐st ℜa(x, x− Px) ≥ −γa‖x− Px‖2✱
✈✮ ❊s ❡①✐st✐❡rt ❡✐♥❡ ❞✐❝❤t❡ ❚❡✐❧♠❡♥❣❡ D ⊂ D(a) ✭❞✐❝❤t ❜③❣❧✳ ‖ · ‖a✮ ♠✐t P(D) ⊂ D(a)
✉♥❞ ❢ür ❛❧❧❡ x ∈ D ✐st ℜa(Px, x− Px) ≥ 0✱
✈✐✮ ❢ür ❛❧❧❡ x ∈ H ✉♥❞ β > γ+a ✐st ℜa(β)(Px, x− Px) ≥ 0✳
❇❡✇❡✐s✳ ✐✮ ⇒ ✐✐✮✿ ❙❡✐ ✐✐✮ ♥✐❝❤t ❡r❢ü❧❧t✳ ❉❛♥♥ ❣✐❜t ❡s ❡✐♥ β > γ+a ✉♥❞ ❡✐♥ x ∈ C✱ s♦ ❞❛ss
βRβx /∈ C✳ ▼✐t ❞❡♠ ❍❛❤♥✲❇❛♥❛❝❤ ❚❤❡♦r❡♠ ❢♦❧❣t ❞✐❡ ❊①✐st❡♥③ ❡✐♥❡r ❑♦♥st❛♥t❡♥ α ∈ R
✉♥❞ ❡✐♥❡s ❧✐♥❡❛r❡♥ st❡t✐❣❡♥ ❋✉♥❦t✐♦♥❛❧s φ✱ ❞❛s βRβx ✈♦♥ C tr❡♥♥t✱ ❞✳❤✳
ℜφ(βRβx) > α ≥ ℜφ(y)
❢ür ❥❡❞❡s y ∈ C✳ ▼✐t ❞❡r ❲❛❤❧ y = e−tA x ∈ C ✉♥❞ ❞❡r ●❧❡✐❝❤✉♥❣ ✭✶✳✸✮ ❢♦❧❣t ❞❡r ❲✐❞❡r✲
s♣r✉❝❤
ℜφ(βRβx) > α =
∞∫
0
β e−βt α dt
≥ ℜφ

 ∞∫
0
β e−βt e−tA x dt

 = ℜφ(βRβx).
✐✐✮ ⇒ ✐✮✿ ▼✐t ❞❡r ❉❡✜♥✐t✐♦♥ ❞❡r ❍❛❧❜❣r✉♣♣❡ ✭●❧❡✐❝❤✉♥❣ ✭✶✳✷✮✮ ✉♥❞ ❞❡r ❆❜❣❡s❝❤❧♦ss❡♥✲
❤❡✐t ✈♦♥ C ❡r❤ä❧t ♠❛♥ ✐✮✳
✐✐✮ ⇒ ✐✐✐✮✿ ❋ür β > β0 ✉♥❞ x ∈ D(a) ❣✐❧t
0 ≤ β‖Px− βRβPx‖2 = βℜ(Px− βRβPx,Px− βRβPx),
✉♥❞ ✇❡❣❡♥ ❯♥❣❧❡✐❝❤✉♥❣ ✭✶✳✺✮ ✉♥❞ ✇❡✐❧ βRβPx ∈ C ✐st✱ ❣✐❧t ❛✉❝❤
0 ≤ βℜ(Px− βRβPx, x− Px). ✭✶✳✻✮
❆❞❞✐❡rt ♠❛♥ ❜❡✐❞❡ ❯♥❣❧❡✐❝❤✉♥❣❡♥ ✉♥❞ ❜❡♥✉t③t I − βRβ = ARβ✱ s♦ ❡r❤ä❧t ♠❛♥
0 ≤ ℜa(βRβPx, x− βRβPx),
✉♥❞ ❞❡♠♥❛❝❤ ♠✐t ●❧❡✐❝❤✉♥❣ ✭✶✳✶✮
ℜa(βRβPx, βRβPx) ≤ ℜa(βRβPx, x)
≤ 1
2
‖βRβPx‖2a + 2c2‖x‖2a
≤ 1
2
ℜa(βRβPx, βRβPx) + γa + 1
2
‖βRβPx‖2 + 2c2‖x‖2a.
✶✹
✶✳✸ ❑r✐t❡r✐❡♥ ❢ür ❞✐❡ ❍❛❧❜❣r✉♣♣❡
❉❡♠❡♥ts♣r❡❝❤❡♥❞ ❣✐❧t ❛✉❝❤
ℜa(βRβPx, βRβPx) ≤ (γa + 1)‖βRβPx‖2 + 4c2‖x‖2a.
❆❧s♦ ✐st ‖βRβPx‖a ❜❡③ü❣❧✐❝❤ β ❜❡s❝❤rä♥❦t✳ ❉❛ βRβPx ✐♥ H ❣❡❣❡♥ Px ❦♦♥✈❡r❣✐❡rt ❢♦❧❣t
♠✐t ▲❡♠♠❛ ✶✳✶✳✶ ❛✉❝❤ Px ∈ D(a)✳
❉✐❡ ❯♥❣❧❡✐❝❤✉♥❣ ❢♦❧❣t ♥✉♥ s♦❢♦rt ♠✐t ❚❤❡♦r❡♠ ✶✳✷✳✶ ✐✐✮ ✉♥❞ ❯♥❣❧❡✐❝❤✉♥❣ ✭✶✳✻✮✱ ❞❡♥♥
ℜa(Px, x− Px) = lim
β→∞
ℜβ(Px− βRβPx, x− Px) ≥ 0.
✐✐✐✮ ⇒ ✐✈✮✿ ❉✐❡ ❇❡❤❛✉♣t✉♥❣ ❡r❣✐❜t s✐❝❤ ❛✉s
ℜa(x, x− Px) = ℜa(x− Px, x− Px) + ℜa(Px, x− Px).
✐✈✮ ⇒ ✐✐✮✿ ❙❡✐ β > γ+a ✉♥❞ x ∈ C✳ ❊s ✐st ARβ = I − βRβ ✉♥❞ s♦♠✐t ❛✉❝❤ a(Rβ·, ·) =
(·, ·)− (βRβ·, ·)✳ ✐✈✮ ❛♥❣❡✇❛♥❞t ❛✉❢ βRβx ❡r❣✐❜t ❤✐❡r♠✐t
0 ≤ γa‖βRβx− PβRβx‖2 + ℜa(βRβx, βRβx− PβRβx)
≤ γ+a (βRβx− PβRβx, βRβx− PβRβx)
+ βℜ(x− βRβx, βRβx− PβRβx)
= βℜ(x− PβRβx, βRβx− PβRβx)
+ (γ+a − β)(βRβx− PβRβx, βRβx− PβRβx)
❉✐❡ ❜❡✐❞❡♥ ❧❡t③t❡♥ ❙✉♠♠❛♥❞❡♥ s✐♥❞ ♥✐❝❤t♣♦s✐t✐✈ ✉♥❞ s♦♠✐t ◆✉❧❧✱ ❞❡♥♥ ❛✉❢❣r✉♥❞ ❞❡r
●❧❡✐❝❤✉♥❣ ✭✶✳✺✮ ❡r❣✐❜t s✐❝❤
ℜ(βRβx− PβRβx,PβRβx− y) ≥ 0 ∀y ∈ C.
❉❡♠♥❛❝❤ ✐st βRβx = PβRβx ∈ C✳
✐✐✐✮ ⇒ ✈✮✿ D := D(a) ❧❡✐st❡t ❞❛s ❱❡r❧❛♥❣t❡✳
✈✮ ⇒ ✐✐✐✮✿ ❙❡✐ x ∈ D(a) ✉♥❞ (xn) ❡✐♥❡ ❋♦❧❣❡ ✐♥ D✱ ❞✐❡ x ❜❡③ü❣❧✐❝❤ ‖ · ‖a ❛♣♣r♦①✐♠✐❡rt✳
❉❛♥♥ ✐st ♠✐t ●❧❡✐❝❤✉♥❣ ✭✶✳✶✮
ℜa(Pxn,Pxn) = ℜa(Pxn,Pxn − xn) + ℜa(Pxn, xn)
≤ ℜa(Pxn, xn)
≤ 1
2
‖Pxn‖2a + 2c2‖xn‖2
≤ 1
2
ℜa(Pxn,Pxn) + γa + 1
2
‖Pxn‖2 + 2c2‖xn‖2
✉♥❞ s♦♠✐t ❣✐❧t ❞✐❡ ❆❜s❝❤ät③✉♥❣
ℜa(Pxn,Pxn) ≤ (γa + 1)‖Pxn‖2 + 4c2‖xn‖2.
❉❛ ♥✉♥ ‖Pxn‖a ✐♥ n ❣❧❡✐❝❤♠äß✐❣ ❜❡s❝❤rä♥❦t ✐st ✉♥❞ Pxn → Px ✐♥ H ❦♦♥✈❡r❣✐❡rt ❢♦❧❣t
♠✐t ▲❡♠♠❛ ✶✳✶✳✶✱ ❞❛ss Px ∈ D(a) ✐st ✉♥❞ Pxn → Px s❝❤✇❛❝❤ ✐♥ D(a)✳ ❙❝❤❧✐❡ß❧✐❝❤ ✐st
ℜa(Px,Px) ≤ lim inf
n→∞
ℜa(Pxn,Pxn)
✶✺
❑❛♣✐t❡❧ ✶ ❋✉♥❦t✐♦♥❛❧❛♥❛❧②t✐s❝❤❡ ●r✉♥❞❧❛❣❡♥
✉♥❞ ♥❛❝❤ ❱♦r❛✉ss❡t③✉♥❣
≤ lim inf
n→∞
ℜa(Pxn, xn)
= lim inf
n→∞
(ℜa(Pxn, xn − x) + ℜa(Pxn − Px, x) + ℜa(Px, x))
= ℜa(Px, x).
✐✮⇒ ✈✐✮✿ ❉❡r ❇❡✇❡✐s ❢♦❧❣t ❛♥❛❧♦❣ ❞❡♠ ❇❡✇❡✐s ✈♦♥ ✐✮⇒ ✐✐✮✿ ❙❡✐ β > γ+a ✱ e−tA C ⊂ C✱ x ∈
C ✉♥❞ αR(β)α x /∈ C ✭α ❤✐♥r❡✐❝❤❡♥❞ ❣r♦ß✮✳ ❉❛♥♥ ❡①✐st✐❡r❡♥ ❡✐♥ st❡t✐❣❡s ❧✐♥❡❛r❡s ❋✉♥❦t✐♦♥❛❧
φ ✉♥❞ ❡✐♥ γ ∈ R ♠✐t
ℜφ(αR(β)α x) > γ ≥ ℜφ(y) ∀y ∈ C.
▼✐t ▲❡♠♠❛ ✶✳✷✳✷ ✉♥❞
α
α + β
+
αβ2
(α + β)2
∞∫
0
e−
αβ
α+β
t dt = 1
❢♦❧❣t ♥✉♥ ❞❡r ❲✐❞❡rs♣r✉❝❤
ℜφ(αR(β)α x) > γ =
α
α + β
γ +
αβ2
(α + β)2
∞∫
0
e−
αβ
α+β
t γ dt
≥ ℜφ

 α
α + β
x+
αβ2
(α + β)2
∞∫
0
e−
αβ
α+β
t e−tA x dt

 = ℜφ(αR(β)α x)
✉♥❞ s♦♠✐t αR(β)α C ⊂ C ❢ür α ❤✐♥r❡✐❝❤❡♥❞ ❣r♦ß✳ ❲❡♥❞❡t ♠❛♥ ♥✉♥ ❞✐❡ ❜❡r❡✐ts ❜❡✇✐❡s❡♥❡
❆✉ss❛❣❡ ✐✐✮ ⇒ ✐✐✐✮ ❛✉❢ a(β) ❛♥✱ s♦ ❢♦❧❣t ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
✈✐✮ ⇒ ✐✐✐✮✿ ❙❡✐ ℜa(β)(Px, x − Px) ≥ 0 ❢ür ❛❧❧❡ x ∈ D(a) ✉♥❞ β > γ+a ✳ ❩✉♥ä❝❤st ③❡✐❣t
♠❛♥✱ ❞❛ss ❢ür x ∈ D(a) ❛✉❝❤ Px ∈ D(a) ❧✐❡❣t✿ ❋ür β > γ+a + 1 ❣✐❧t
ℜa(β)(Px,Px) ≤ ℜa(β)(Px, x)
≤ 1
2
‖Px‖2a(β) + c‖x‖2a(β)
≤ 1
2
ℜa(β)(Px,Px) + γ
+
a + 1
2
β2
(β − γa)2‖Px‖
2 + c‖x‖2a(β)
✉♥❞ ♠✐t ❞❡♠ s❡❧❜❡♥ ❆r❣✉♠❡♥t ✇✐❡ ❜✐s❤❡r
≤ (γ+a + 1)
β2
(β − γa)2‖Px‖
2 + 2c‖x‖2a(β) .
❢ür c ❤✐♥r❡✐❝❤❡♥❞ ❣r♦ß ✭❛♥❛❧♦❣ ③✉r ❞❡♥ ❡♥ts♣r❡❝❤❡♥❞❡♥ ❆❜s❝❤ät③✉♥❣ ✐♥ ❞✐❡s❡♠ ❇❡✇❡✐s✱
❞❡♥♥ a(β) ✐st ❣❡♠äß ❚❤❡♦r❡♠ ✶✳✷✳✶ ❣❧❡✐❝❤♠äß✐❣ s❡❦t♦r✐❡❧❧✮✳ ❚❤❡♦r❡♠ ✶✳✷✳✶ ✐✮ ❧✐❡❢❡rt ♥✉♥
Px ∈ D(a)✳ ◆✉♥ ❢♦❧❣t ♦✛❡♥s✐❝❤t❧✐❝❤ ❛✉s ❚❤❡♦r❡♠ ✶✳✷✳✶ ✐✐✮ ❛✉❝❤ ℜa(Px, x−Px) ≥ 0✳
✶✻
✶✳✸ ❑r✐t❡r✐❡♥ ❢ür ❞✐❡ ❍❛❧❜❣r✉♣♣❡
❇❡♠❡r❦✉♥❣❡♥
❉✐❡s❡r ❆❜s❝❤♥✐tt ❢♦❧❣t ✐♠ ❲❡s❡♥t❧✐❝❤❡♥ ❬❖✉❤✵✺✱ ❆❜s❝❤♥✐tt ✷✳✶❪✳ ❉♦rt ✇✐r❞ ❞❛s ❚❤❡♦✲
r❡♠ ✶✳✸✳✶ ✐✮ ❜✐s ✈✮ ❛❧❧❡r❞✐♥❣s ♥✉r ❢ür γa ≤ 0 ❜❡✇✐❡s❡♥✳ ▼❛♥ ❜❡❛❝❤t❡✱ ❞❛ss ❞✐❡ ❞♦rt
❛♥❣❡❣❡❜❡♥❡ ❇❡❞✐♥❣✉♥❣
P(D(a)) ⊂ D(a) ✉♥❞ ❢ür ❛❧❧❡ x ∈ D(a) ✐st ℜa(x, x− Px) ≥ 0
❢ür γa > 0 ♥✐❝❤t äq✉✐✈❛❧❡♥t ③✉ ❞❡♥ ❛♥❞❡r❡♥ ✐♥ ❚❤❡♦r❡♠ ✶✳✸✳✶ ✐st✳ ❉✐❡s ③❡✐❣t ❢♦❧❣❡♥❞❡s
❇❡✐s♣✐❡❧✿ ❙❡✐ H = C2✱ A =
(
1 0−1 0
)
✉♥❞ C = {(x, y) | x, y ≥ 0}✳ ❍✐❡r s✐♥❞ ③✇❛r
✕ ✇✐❡ ❡✐♥❡ ❦✉r③❡ ❘❡❝❤♥✉♥❣ ③❡✐❣t ✕ ❞✐❡ ❇❡❞✐♥❣✉♥❣❡♥ ❛✉s ❚❤❡♦r❡♠ ✶✳✸✳✶ ❡r❢ü❧❧t✱ ❢ür
x = (−1,−2) ❣✐❧t ❛❜❡r ℜa(x, x− Px) = −1✳
❉✐❡ ❤✐❡r ❛♥❣❡❣❡❜❡♥❡ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❞❡s ❚❤❡♦r❡♠s ✶✳✸✳✶ ✐✮ ❜✐s ✈✮ ✜♥❞❡t s✐❝❤
❛✉❝❤ ✐♥ ❬▼❱❱✵✺❪✳ ❉✐❡ ➘q✉✐✈❛❧❡♥③ ✐✮ ③✉ ✈✐✮✱ ♠✐t ❞❡r❡♥ ❍✐❧❢❡ ✐♠ ♥ä❝❤st❡♥ ❑❛♣✐t❡❧ ❡✐♥
❉❛rst❡❧❧✉♥❣ss❛t③ ❢ür ❋♦r♠❡♥ ❜❡✇✐❡s❡♥ ✇✐r❞✱ ❞✐❡ L1✲ ❜③✇✳ L∞✲❦♦♥tr❛❦t✐✈❡ ❍❛❧❜❣r✉♣♣❡♥
❡r③❡✉❣❡♥✱ ✇✉r❞❡ ✐♥ ❞❡r ▲✐t❡r❛t✉r ♥✐❝❤t ❣❡❢✉♥❞❡♥✳
❋ür s♣❡③✐❡❧❧❡ ❲❛❤❧❡♥ ✈♦♥ C ✭✇✐❡ ✐♠ ♥ä❝❤st❡♥ ❑❛♣✐t❡❧✮ ❣❡❤❡♥ ❞✐❡s❡ ❑r✐t❡r✐❡♥ ❛✉❢
❇❡✉r❧✐♥❣ ✉♥❞ ❉❡♥② ③✉rü❝❦✱ ❞✐❡ ❛❧❧❣❡♠❡✐♥❡ ❤✐❡r ✈♦r❣❡st❡❧❧t❡ ❇❡❤❛♥❞❧✉♥❣ st❛♠♠t ✈♦♥
❖✉❤❛❜❛③ ✭s✐❡❤❡ ❬❖✉❤✵✺❪ ✉♥❞ ❞❛r✐♥ ❣❡♥❛♥♥t❡♥ ◗✉❡❧❧❡♥✮✳
✶✼

❑❛♣✐t❡❧ ✷
❙♣❡③✐❡❧❧❡ ❍❛❧❜❣r✉♣♣❡♥❡✐❣❡♥s❝❤❛❢t❡♥
■♥ ❞✐❡s❡♠ ❑❛♣✐t❡❧ ✇❡r❞❡♥ s♣❡③✐❡❧❧❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ✈♦♥ ❍❛❧❜❣r✉♣♣❡♥ ❛✉❢ ❋✉♥❦t✐♦♥❡♥rä✉✲
♠❡♥ ❜❡tr❛❝❤t❡t✳ ❉✐❡s❡ ❣r✉♥❞❧❡❣❡♥❞❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥ ❜✐❧❞❡♥ ❡✐♥❡ ✇✐❝❤t✐❣❡ ❇❛s✐s ❢ür ❞✐❡
❍❛❧❜❣r✉♣♣❡♥❛❜s❝❤ät③✉♥❣❡♥ ❞❡s ✈✐❡rt❡♥ ❑❛♣✐t❡❧s ✉♥❞ ❢ür ❞❛s ❱❡rstä♥❞♥✐s ❞❡r ❍❛❧❜❣r✉♣✲
♣❡♥ ✉♥❞ ✐❤r❡r ❋♦r♠❡♥✳
❙❡✐ ✐♥ ❞✐❡s❡♠ ❑❛♣✐t❡❧ (X,A,m) ❡✐♥ ▼❛ßr❛✉♠ ✉♥❞ H s❡✐ ❞❡r ❍✐❧❜❡rt✲❘❛✉♠ L2 :=
L2(X,A,m)✳ ❲❡✐t❡r s❡✐ ❡✐♥❡ ❞✐❝❤t ❞❡✜♥✐❡rt❡✱ ❛❜❣❡s❝❤❧♦ss❡♥❡✱ s❡❦t♦r✐❡❧❧❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠
a ❛✉❢H ❣❡❣❡❜❡♥✱ A ❞❡r ❛ss♦③✐✐❡rt❡ ❖♣❡r❛t♦r ✉♥❞ Rβ ❘❡s♦❧✈❡♥t❡♥ ✈♦♥−A♠✐t ③✉❣❡❤ör✐❣❡r
❍❛❧❜❣r✉♣♣❡ (e−tA)t≥0✳
■♠ ❡rst❡♥ ❆❜s❝❤♥✐tt ❣❡❤t ❡s ✉♠ ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡ ❍❛❧❜❣r✉♣♣❡♥✳ ❉❛♥❛❝❤ ❢♦❧❣t ❡✐♥
❆❜s❝❤♥✐tt ü❜❡r L1 ❜③✇✳ L∞✲❜❡s❝❤rä♥❦t❡ ❍❛❧❜❣r✉♣♣❡♥✳
■♠ ✇❡✐t❡r❡♥ ❱❡r❧❛✉❢ ✇❡r❞❡♥ ▼❛ß❞❛rst❡❧❧✉♥❣❡♥ ❢ür ❞✐❡ ❛♣♣r♦①✐♠✐❡r❡♥❞❡♥ ❋♦r♠❡♥ s♦❧✲
❝❤❡r ❍❛❧❜❣r✉♣♣❡♥ ❜❡✇✐❡s❡♥✳ ❉❛❢ür ✇✐r❞ ❢♦❧❣❡♥❞❡ ❩✉s❛t③❜❡❞✐♥❣✉♥❣ ❜❡♥öt✐❣t✳
✭❚❳✮ X ✐st ❡✐♥ ❧♦❦❛❧ ❦♦♠♣❛❦t❡r s❡♣❛r❛❜❧❡r ❍❛✉s❞♦r✛✲❘❛✉♠✱ A ❞✐❡ ❇♦r❡❧s❝❤❡ σ✲❆❧❣❡❜r❛
✉♥❞ m ❡✐♥ ❘❛❞♦♥✲▼❛ß✳
❉✐❡ ♠❡ss❜❛r❡♥ ▼❡♥❣❡♥ ❡♥❞❧✐❝❤❡♥ ▼❛ß❡s ✇❡r❞❡♥ ♠✐t Afin ❜❡③❡✐❝❤♥❡t✳ ●❧❡✐❝❤✉♥❣❡♥ ✉♥❞
❯♥❣❧❡✐❝❤✉♥❣❡♥ ♠✐t ♠❡ss❜❛r❡♥✱ ❛✉❢ ◆✉❧❧♠❡♥❣❡♥ ♥✐❝❤t ❞❡✜♥✐❡rt❡♥ ✭➘q✉✐✈❛❧❡♥③❦❧❛ss❡♥ ✈♦♥✮
❋✉♥❦t✐♦♥❡♥✱ s✐♥❞ ✐♠ ❢♦❧❣❡♥❞❡♥ ❡♥ts♣r❡❝❤❡♥❞ ❞❡s ❑♦♥t❡①t❡s ✐♠ ❙✐♥♥❡ ✈♦♥ ❢✳ü✳ ③✉ ✈❡rst❡✲
❤❡♥✱ ❛✉❝❤ ✇❡♥♥ ❞✐❡s ♥✐❝❤t ✐♠♠❡r ❣❡s♦♥❞❡rt ❡r✇ä❤♥t ✇✐r❞✳
❋ür p ∈ [1,∞] ❜❡③❡✐❝❤♥❡t ‖ · ‖p ❞✐❡ ◆♦r♠ ✐♥ Lp := Lp(X,A,m) ❜③✇✳ ❞✐❡ Lp✲❖♣❡r❛t♦r✲
♥♦r♠✳ ■♠ ❋❛❧❧❡ p = 2 ✇✐r❞ ❛✉❝❤ ❦✉r③ ‖ · ‖ ❣❡s❝❤r✐❡❜❡♥✳
✷✳✶ P♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡ ❍❛❧❜❣r✉♣♣❡♥
❉❡✜♥✐t✐♦♥ ✷✳✶✳✶✳ ❊✐♥ ❖♣❡r❛t♦r T : L2 → L2 ❤❡✐ßt r❡❡❧❧✱ ✇❡♥♥ ❢ür ❛❧❧❡ u ∈ L2 ❣✐❧t✿
ℑu = 0 ⇒ ℑTu = 0.
T ❤❡✐ßt ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞✱ ✇❡♥♥ ❢ür ❛❧❧❡ u ∈ L2 ❣✐❧t✿
u ≥ 0 ⇒ Tu ≥ 0.
❋ür r❡❡❧❧❡ ❍❛❧❜❣r✉♣♣❡♥ ❡r❣❡❜❡♥ s✐❝❤ ❢♦❧❣❡♥❞❡ ❩✉s❛♠♠❡♥❤ä♥❣❡✿
✶✾
❑❛♣✐t❡❧ ✷ ❙♣❡③✐❡❧❧❡ ❍❛❧❜❣r✉♣♣❡♥❡✐❣❡♥s❝❤❛❢t❡♥
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷✳ ❋♦❧❣❡♥❞❡ ❆✉ss❛❣❡♥ s✐♥❞ äq✉✐✈❛❧❡♥t✿
✐✮ e−tA ✐st ❢ür ❛❧❧❡ t ≥ 0 r❡❡❧❧✱
✐✐✮ Rβ ✐st ❢ür ❛❧❧❡ β > γ
+
a ✭❜③✇✳ ❢ür ❛❧❧❡ β > β0 ≥ γ+a ✮ r❡❡❧❧✱
✐✐✐✮ ❢ür ❛❧❧❡ u ∈ D(a) ❣✐❧t ℜu ∈ D(a) ✉♥❞ ℑa(ℜu,ℑu) ≤ 0✱
✐✈✮ ❢ür ❛❧❧❡ u ∈ D(a) ❣✐❧t ℜu ∈ D(a) ✉♥❞ ❢ür ❛❧❧❡ r❡❡❧❧❡♥ u, v ∈ D(a) ❣✐❧t ℑa(u, v) = 0✱
✈✮ ❢ür ❛❧❧❡ u ∈ D(A) ❣✐❧t ℜu ∈ D(A) ✉♥❞ ❢ür ❛❧❧❡ r❡❡❧❧❡♥ u ∈ D(A) ❣✐❧t ℑAu = 0✱
✈✐✮ e−tA
∗
✐st ❢ür ❛❧❧❡ t ≥ 0 r❡❡❧❧✳
❇❡✇❡✐s✳ ❉✐❡ ➘q✉✐✈❛❧❡♥③ ❞❡r ❆✉ss❛❣❡♥ ✐✮ ❜✐s ✐✐✐✮ ❢♦❧❣t ❛✉s ❚❤❡♦r❡♠ ✶✳✸✳✶ ♠✐t ❞❡r ❲❛❤❧
C := {u ∈ L2 | ℑu = 0}.
❉✐❡ ➘q✉✐✈❛❧❡♥③ ✈♦♥ ✐✐✐✮ ✉♥❞ ✐✈✮ ✐st ♦✛❡♥s✐❝❤t❧✐❝❤✳ ✐✈✮ ⇔ ✈✮ ❢♦❧❣t ❞❛r❛✉s✱ ❞❛ss A ③✉ a
❛ss♦③✐✐❡rt ✐st ✉♥❞ D(A) ✐♥ D(a) ❜③❣❧✳ ‖ · ‖a ❞✐❝❤t ❧✐❡❣t✳ ✐✮ ⇔ ✈✐✮ ❢♦❧❣t ❞✉r❝❤ ❆❞❥✉♥❣✐❡r❡♥✳
❋ür ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡ ❍❛❧❜❣r✉♣♣❡♥ ❢♦❧❣t✿
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✸✳ ❋♦❧❣❡♥❞❡ ❆✉ss❛❣❡♥ s✐♥❞ äq✉✐✈❛❧❡♥t✿
✐✮ e−tA ✐st ❢ür ❛❧❧❡ t ≥ 0 ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞✱
✐✐✮ Rβ ✐st ❢ür ❛❧❧❡ β > γ
+
a ✭❜③✇✳ ❢ür ❛❧❧❡ β > β0 ≥ γ+a ✮ ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞✱
✐✐✐✮ ❢ür ❛❧❧❡ u ∈ D(a) ❣✐❧t (ℜu)+ ∈ D(a) ✉♥❞ ℜa((ℜu)+, u− (ℜu)+) ≥ 0✱
✐✈✮ e−tA ✐st ❢ür ❛❧❧❡ t ≥ 0 r❡❡❧❧ ✉♥❞ ❢ür ❛❧❧❡ r❡❡❧❧❡♥ u ∈ D(a) ❣✐❧t u+ ∈ D(a) ✉♥❞
a(u+, u−) ≤ 0✱
✈✮ e−tA
∗
✐st ❢ür ❛❧❧❡ t ≥ 0 ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞✱
✈✐✮ | e−tA u| ≤ e−tA |u| ❢ür ❛❧❧❡ u ∈ L2✱ t ≥ 0✳
❇❡✇❡✐s✳ ❉✐❡ ➘q✉✐✈❛❧❡♥③ ❞❡r ❆✉ss❛❣❡♥ ✐✮ ❜✐s ✐✐✐✮ ❢♦❧❣t ✇✐❡ ❡❜❡♥ ❛✉s ❚❤❡♦r❡♠ ✶✳✸✳✶ ♠✐t
❞❡r ❲❛❤❧
C := {u ∈ L2 | u ≥ 0}.
❆✉s ✐✐✐✮ ❢♦❧❣t ✐✈✮✱ ❞❛ ❥❡❞❡r ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡ ❖♣❡r❛t♦r ❛✉❝❤ r❡❡❧❧ ✐st ✭♥✉t③❡ Pr♦♣♦✲
s✐t✐♦♥ ✷✳✶✳✷✮✳ ❆✉s ✐✈✮ ❢♦❧❣t ♠✐t ❞❡♥ ❆✉ss❛❣❡♥ ❛✉s Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✷ ❡❜❡♥s♦ ✐✐✐✮✳ ✐✮ ⇔ ✈✮
❢♦❧❣t ❞✉r❝❤ ❆❞❥✉♥❣✐❡r❡♥✳ ✐✮ ⇔ ✈✐✮ ❢♦❧❣t ♠✐t
| e−tA u| = sup
|c|=1
ℜc e−tA u ≤ e−tA |u|,
❞❛ ℜc e−tA u = e−tAℜcu ≤ e−tA |u|✳
✷✵
✷✳✶ P♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡ ❍❛❧❜❣r✉♣♣❡♥
■♠ r❡st❧✐❝❤❡♥ ❚❡✐❧ ❞✐❡s❡s ❆❜s❝❤♥✐tt❡s ✇✐r❞ ❡s ✉♠ ▼❛ß❞❛rst❡❧❧✉♥❣❡♥ ❢ür ❞✐❡ ❛♣♣r♦①✐♠✐❡✲
r❡♥❞❡♥ ❋♦r♠❡♥ ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡r ❍❛❧❜❣r✉♣♣❡♥ ❣❡❤❡♥✳ ❉✐❡ ❊①✐st❡♥③ ❞❡r ▼❛ß❡ ✇✐r❞
❞❛❜❡✐ ❛✉s ❞❡♠ ❢♦❧❣❡♥❞❡♥ ▲❡♠♠❛ ü❜❡r ❘❛❞♦♥✲▼❛ß✲❊r✇❡✐t❡r✉♥❣❡♥ ✈♦♥ ■♥❤❛❧t❡♥ ❢♦❧❣❡♥✳
❊✐♥ ✇❡s❡♥t❧✐❝❤❡r ❯♥t❡rs❝❤✐❡❞ ❞✐❡s❡s✱ ❛✉❢ ❞❡♠ ❉❛rst❡❧❧✉♥❣ss❛t③ ✈♦♥ ❘✐❡s③ ❛✉❢❜❛✉❡♥❞❡♥✱
▲❡♠♠❛s ③✉♠ ❊r✇❡✐t❡r✉♥❣ss❛t③ ✈♦♥ ❈❛r❛t❤é♦❞♦r② ✐st✱ ❞❛ss ❤✐❡r ❦❡✐♥❡ σ✲❆❞❞✐t✐✈✐tät ❛♥
❞❡♥ ■♥❤❛❧t ✈♦r❛✉s❣❡s❡t③t ✇✐r❞✳ ❉✐❡s❡ ❡r❣✐❜t s✐❝❤ ❛✉t♦♠❛t✐s❝❤ ❛✉s ❞❡♥ t♦♣♦❧♦❣✐s❝❤❡♥ ❊✐✲
❣❡♥s❝❤❛❢t❡♥ ❞❡s ■♥❤❛❧t❡s✳
❊✐♥ ■♥❤❛❧t µ ❛✉❢ ❡✐♥❡♠ ❘✐♥❣ R ✭✐♥ ❡✐♥❡♠ t♦♣♦❧♦❣✐s❝❤❡♠ ❘❛✉♠✮ ❤❡✐ßt ✈♦♥ ✐♥♥❡♥
r❡❣✉❧är✱ ✇❡♥♥ ❢ür ❥❡❞❡s M ∈ R ❡✐♥❡ ❋♦❧❣❡ ❦♦♠♣❛❦t❡r ▼❡♥❣❡♥ Kn ∈ R ❡①✐st✐❡rt ♠✐t
Kn ⊂M ✉♥❞ limn→∞ µ(Kn) = µ(M)✳ ❊✐♥ ❘❛❞♦♥✲▼❛ß ✐st ❡✐♥ ✈♦♥ ✐♥♥❡♥ r❡❣✉❧är❡s ▼❛ß✱
❞❛s ❛✉❢ ❦♦♠♣❛❦t❡♥ ▼❡♥❣❡♥ ♥✉r ❡♥❞❧✐❝❤❡ ❲❡rt❡ ❛♥♥✐♠♠t✳
▲❡♠♠❛ ✷✳✶✳✹✳ ❙❡✐ Y ❡✐♥ ❧♦❦❛❧ ❦♦♠♣❛❦t❡r ❍❛✉s❞♦r✛✲❘❛✉♠✱ B ❞✐❡ ❇♦r❡❧s❝❤❡ σ✲❆❧❣❡❜r❛
✈♦♥ Y ✉♥❞ R ⊂ B ❡✐♥ ❘✐♥❣✱ ❞❡r ❡✐♥❡ t♦♣♦❧♦❣✐s❝❤❡ ❇❛s✐s ✈♦♥ Y ❡♥t❤ä❧t✳ ❙❡✐ µ : R →
[0,∞) ❡✐♥ ✈♦♥ ✐♥♥❡♥ r❡❣✉❧är❡r ■♥❤❛❧t✳ ❉❛♥♥ ❡①✐st✐❡rt ❡✐♥ ❘❛❞♦♥✲▼❛ß µ˜ ❛✉❢ Y ♠✐t µ˜|R =
µ✳
❇❡✇❡✐s✳ ❉❡✜♥✐❡r❡ ❢ür f ∈ Cc(Y ) ❞❛s ❯♥t❡rs✉♠♠❡♥✐♥t❡❣r❛❧
φ(f) := sup
{
n∑
i=1
inf
x∈Mi
f(x)µ(Mi)
∣∣∣∣∣n ∈ N,Mi ∈ R, supp f ⊂ ·∪ni=1Mi
}
.
❊s ❡①✐st✐❡rt ❡✐♥❡ ▼❡♥❣❡ M ∈ R✱ s♦ ❞❛ss supp f ⊂M ✳ ❉❛ ❜❡✐ ❡✐♥❡r ❱❡r❢❡✐♥❡r✉♥❣ ❞❡r Mi
❞✐❡ ❙✉♠♠❡ ✐♥ ❞❡r ❉❡✜♥✐t✐♦♥ ✈♦♥ φ ❣röß❡r ✇✐r❞✱ ❦ö♥♥❡♥ ❞✐❡ Mi ⊂ M ❣❡✇ä❤❧t ✇❡r❞❡♥✳
❙♦♠✐t ❡①✐st✐❡rt φ ✉♥❞ ✐st ❡♥❞❧✐❝❤✱ ❞❡♥♥ ❞✐❡ ❙✉♠♠❡ ✐♥ ❞❡r ❉❡✜♥✐t✐♦♥ ✐st ❜❡s❝❤rä♥❦t ❞✉r❝❤
n∑
i=1
inf
x∈Mi
f(x)µ(Mi) ≤ sup
x∈Y
f(x)µ(M).
❆✉s ❞❡r ❦❧❛ss✐s❝❤❡♥ ■♥t❡❣r❛t✐♦♥st❤❡♦r✐❡ ✐st ❜❡❦❛♥♥t✱ ❞❛ss φ ❛✉❢ Cc(Y ) ❛❞❞✐t✐✈ ✐st✿ ❋ür
f, g ∈ Cc(Y ) ❣✐❧t ♦✛❡♥s✐❝❤t❧✐❝❤ φ(f + g) ≥ φ(f) + φ(g)✱ ❞❡♥♥
inf
x∈Mi
(f(x) + g(x)) ≥ inf
x∈Mi
f(x) + inf
x∈Mi
g(x),
✉♥❞ ❞✐❡ Mi ✐♥ ❞❡r ❉❡✜♥✐t✐♦♥ ✈♦♥ φ ❦ö♥♥❡♥ s♦ ❣❡✇ä❤❧t ✇❡r❞❡♥✱ ❞❛ss
supp f ∪ supp g ⊂ ·∪ni=1Mi.
❙❡✐ ǫ > 0 ❜❡❧✐❡❜✐❣✳ ▼✐t ❞❡♠ ❱❡r❢❡✐♥❡r✉♥❣s❛r❣✉♠❡♥t ✉♥❞ ❞❛ R ❡✐♥❡ t♦♣♦❧♦❣✐s❝❤❡ ❇❛s✐s
❡♥t❤ä❧t✱ ❦ö♥♥❡♥ ❞✐❡ Mi ✐♥ ❞❡r ❉❡✜♥✐t✐♦♥ s♦ ❣❡✇ä❤❧t ✇❡r❞❡♥✱ ❞❛ss
sup
x∈Mi
f(x)− inf
x∈Mi
f(x) ≤ ǫ
✐st✳ ❉❛♥♥ ❣✐❧t ❛✉❝❤
inf
x∈Mi
f(x) + inf
x∈Mi
g(x) ≥ inf
x∈Mi
(f(x) + g(x))− ǫ.
✷✶
❑❛♣✐t❡❧ ✷ ❙♣❡③✐❡❧❧❡ ❍❛❧❜❣r✉♣♣❡♥❡✐❣❡♥s❝❤❛❢t❡♥
❆❧s♦ ✐st φ(f + g) = φ(f) + φ(g)✳
φ ✐st ❛❧s♦ ❡✐♥ ♣♦s✐t✐✈❡s ❧✐♥❡❛r❡s ❋✉♥❦t✐♦♥❛❧ ❛✉❢ Cc(Y ) ✉♥❞ ❞❡r ❉❛rst❡❧❧✉♥❣ss❛t③ ✈♦♥
❘✐❡s③ ❧✐❡❢❡rt ❡✐♥ ❘❛❞♦♥✲▼❛ß µ˜ ♠✐t
φ(f) =
∫
X
f(x) µ˜(dx).
❇❡❤❛✉♣t✉♥❣ ✶ ✿ ■st M ∈ R r❡❧❛t✐✈ ❦♦♠♣❛❦t ✭❚❡✐❧♠❡♥❣❡ ❡✐♥❡r ❦♦♠♣❛❦t❡♥ ▼❡♥❣❡✮✱ s♦
❣✐❧t µ(M) = inf{µ(U) | M ⊂ U ∈ R, U ♦✛❡♥}✿ ❉❛ M r❡❧❛t✐✈ ❦♦♠♣❛❦t ✐st ❡①✐st✐❡rt
❡✐♥❡ ♦✛❡♥❡ ▼❡♥❣❡ U ∈ R✱ U ⊃ M ✉♥❞ ❛✉❢❣r✉♥❞ ❞❡r ✐♥♥❡r❡♥ ❘❡❣✉❧❛r✐tät ❡①✐st✐❡r❡♥
❦♦♠♣❛❦t❡ ▼❡♥❣❡♥ Kn ∈ R✱ Kn ⊂ U \M ✱ ❞✐❡ U \M ❜❡③ü❣❧✐❝❤ µ ❛♣♣r♦①✐♠✐❡r❡♥✳ ❆❧s♦
❢♦❧❣t µ(U \Kn)→ µ(M)✳
❉❛ ❢ür ❥❡❞❡s ♦✛❡♥❡ U ⊂ X✱ ❥❡❞❡s ❦♦♠♣❛❦t❡ K ⊂ U ✉♥❞ ❥❡❞❡ st❡t✐❣❡ ❋✉♥❦t✐♦♥ f ♠✐t
1K ≤ f ≤ 1U ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣❡♥ µ(K) ≤ φ(f) ≤ µ(U) ❡r❢ü❧❧t s✐♥❞ ✭✉♥❞ ✐♠♠❡r ❡✐♥❡
s♦❧❝❤❡ st❡t✐❣❡ ❋✉♥❦t✐♦♥ f ❡①✐st✐❡rt✮✱ ❢♦❧❣t ♠✐t ❇❡❤❛✉♣t✉♥❣ ✶✱ ❞❛ss
µ(K) = inf
f≥1K
φ(f) = µ˜(K)
❢ür ❛❧❧❡ ❦♦♠♣❛❦t❡♥ K ∈ R✳ ❉✐❡ ③✇❡✐t❡ ●❧❡✐❝❤❤❡✐t ❢♦❧❣t✱ ❞❛ µ˜ ❡✐♥ ❘❛❞♦♥✲▼❛ß ✐st✳ ❉❛ µ
✈♦♥ ✐♥♥❡♥ r❡❣✉❧är ✐st ❢♦❧❣t s♦❣❛r µ˜ ≥ µ ❛✉❢ R✳
❙❡✐ ♥✉♥ M ∈ R ♠✐t µ˜(M) > µ(M)✳ ❲❡✐❧ µ˜ ✈♦♥ ✐♥♥❡♥ r❡❣✉❧är ✐st✱ ❡①✐st✐❡rt ❡✐♥❡ ❦♦♠✲
♣❛❦t❡ ▼❡♥❣❡ K ∈ B✱ K ⊂ M ✱ s♦ ❞❛ss µ˜(K) > µ(M) ✐st✳ ❉❛ K ❡✐♥❡ r❡❧❛t✐✈ ❦♦♠♣❛❦t❡
❯♠❣❡❜✉♥❣ ✐♥ R ❜❡s✐t③t✱ ❦❛♥♥ M r❡❧❛t✐✈ ❦♦♠♣❛❦t ❛♥❣❡♥♦♠♠❡♥ ✇❡r❞❡♥✳ ▼✐t ❇❡❤❛✉♣✲
t✉♥❣ ✶ ❡①✐st✐❡rt ❡✐♥❡ ♦✛❡♥❡ ▼❡♥❣❡ U ∈ R✱ U ⊃ K✱ s♦ ❞❛ss ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣ µ˜(K) > µ(U)
❣✐❧t✳ ❉❡♥ ❲✐❞❡rs♣r✉❝❤ ❡r❤ä❧t ♠❛♥ ♥✉♥ ♠✐t ❡✐♥❡r ❋✉♥❦t✐♦♥ f ∈ Cc(Y )✱ 1K ≤ f ≤ 1U ✱
❞❡♥♥ ❞❛♥♥ ✐st
µ˜(K) ≤ φ(f) ≤ µ(U).
❆❧s♦ ✐st µ = µ˜ ✐♥ R✳
❆❧s ❡✐♥❡ ❆♥✇❡♥❞✉♥❣ ❞✐❡s❡s ▲❡♠♠❛s ❡r❤ä❧t ♠❛♥ ❢ür st❡t✐❣❡ ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡ ❖♣❡✲
r❛t♦r❡♥ ❡✐♥❡ ▼❛ß❞❛rst❡❧❧✉♥❣✿
▲❡♠♠❛ ✷✳✶✳✺✳ ❙❡✐ T ❡✐♥ st❡t✐❣❡r ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡r ❖♣❡r❛t♦r ❛✉❢ L2 ✉♥❞ s❡✐ ✭❚❳✮
❡r❢ü❧❧t✳ ❉❛♥♥ ❡①✐st✐❡rt ❡✐♥ ❘❛❞♦♥✲▼❛ß µ ❛✉❢ X2✱ s♦ ❞❛ss
(Tu, v) =
∫
X2
u(y)v(x) µ(dx, dy)
❢ür ❛❧❧❡ u, v ∈ L2 ❣✐❧t✳
❇❡✇❡✐s✳ ❋ür ❡✐♥ ▼❡♥❣❡♥s②st❡♠ F ❜❡③❡✐❝❤♥❡ r(F) ❞❡♥ ❞✉r❝❤ F ❡r③❡✉❣t❡♥ ❘✐♥❣✳ ❉❡✜♥✐❡r❡
❞❡♥ ■♥❤❛❧t µ ❛✉❢ ❞❡♠ ❘✐♥❣ R := r({E × F | E,F ∈ Afin}) ❞✉r❝❤
µ(E × F ) := (T1F ,1E).
✷✷
✷✳✶ P♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡ ❍❛❧❜❣r✉♣♣❡♥
❉❛ m ❡✐♥ ❘❛❞♦♥✲▼❛ß ✐st✱ ✐st µ ✈♦♥ ✐♥♥❡♥ r❡❣✉❧är✳ ▲❡♠♠❛ ✷✳✶✳✹ ❜❡s❛❣t ♥✉♥✱ ❞❛ss µ ❛✉❢
❡✐♥ ❘❛❞♦♥✲▼❛ß ✐♥ X2 ❡r✇❡✐t❡rt ✇❡r❞❡♥ ❦❛♥♥ ❢ür ❞❛s ❣✐❧t
(Tu, v) =
∫
X2
u(y)v(x) µ(dx, dy)
❢ür ❛❧❧❡ u, v ∈ lin{1E | E ∈ Afin} =: L✳ ❋ür 0 ≤ u, v ∈ L2(X) ❡①✐st✐❡r❡♥ ♠♦♥♦t♦♥
✇❛❝❤s❡♥❞❡ ❋♦❧❣❡♥ (un) ✉♥❞ (vn) ❛✉s L✱ ❞✐❡ u ✉♥❞ v ❛♣♣r♦①✐♠✐❡r❡♥✳ ▼✐t ❞❡r ❙t❡t✐❣❦❡✐t
✈♦♥ T ✉♥❞ ♠♦♥♦t♦♥❡r ❑♦♥✈❡r❣❡♥③ ❢♦❧❣t ♥✉♥ ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
◆❛❝❤ ❞✐❡s❡r ❱♦r❜❡r❡✐t✉♥❣ ❦❛♥♥ ♥✉♥ ❞❡r ❉❛rst❡❧❧✉♥❣ss❛t③ ❢ür ❞✐❡ ❛♣♣r♦①✐♠✐❡r❡♥❞❡♥
❋♦r♠❡♥ ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡r ❍❛❧❜❣r✉♣♣❡♥ ❜❡✇✐❡s❡♥ ✇❡r❞❡♥✳
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✻✳ ❙❡✐ e−tA ❢ür ❛❧❧❡ t ≥ 0 ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞ ✉♥❞ ✭❚❳✮ ❡r❢ü❧❧t✳ ❉❛♥♥
❣✐❜t ❡s ❡✐♥❡ ❋❛♠✐❧✐❡ ✈♦♥ r❡❡❧❧❡♥ s✐❣♥✐❡rt❡♥ ❘❛❞♦♥✲▼❛ß❡♥ µβ ❛✉❢ X
2 ✭β > γ+a ✮ ♠✐t
µβ|X2\d ≤ 0,
s♦ ❞❛ss
a(β)(u, v) =
∫
X2
u(y)v(x) µβ(dx, dy)
❢ür ❛❧❧❡ u, v ∈ L2 ❣✐❧t✳
❍✐❡r ❜❡③❡✐❝❤♥❡t d ❞✐❡ ❉✐❛❣♦♥❛❧❡ ✐♥ X2✱ ❛❧s♦ X2 \ d = {(x, y) ∈ X2 | x 6= y}✳
❇❡✇❡✐s✳ ❊s ✐st
a(β)(u, v) = β(u, v)− (β2Rβu, v)
✉♥❞
(u, v) =
∫
X2
u(y)v(x) δ(dx, dy)
♠✐t ❞❡♠ ❉✐❛❣♦♥❛❧♠❛ß
δ(M) = m({x ∈ X | (x, x) ∈M}).
❉❛ Rβ st❡t✐❣ ✉♥❞ ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞ ✐st✱ ❢♦❧❣t ❞✐❡ ❆✉ss❛❣❡ ♠✐t ▲❡♠♠❛ ✷✳✶✳✺✳
✷✳✶✳✶ ❊✐♥ ❙tör✉♥❣sr❡s✉❧t❛t ❢ür ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡
❍❛❧❜❣r✉♣♣❡♥
❆❧s ♥ä❝❤st❡s ✇✐r❞ ❡✐♥ ❙tör✉♥❣sr❡s✉❧t❛t ❢ür ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡ ❍❛❧❜❣r✉♣♣❡♥ ❢♦r♠✉❧✐❡rt
✉♥❞ ❜❡✇✐❡s❡♥✳ ❊s st❡❧❧t ❡✐♥❡♥ ❩✉s❛♠♠❡♥❤❛♥❣ ③✇✐s❝❤❡♥ ❞❡♠ ❱❡r❤ä❧t♥✐s ③✇❡✐❡r ♣♦s✐t✐✈✐✲
täts❡r❤❛❧t❡♥❞❡r ❍❛❧❜❣r✉♣♣❡♥ ✉♥❞ ❞❡♠ ❱❡r❤ä❧t♥✐s ✐❤r❡r ❡r③❡✉❣❡♥❞❡♥ ❖♣❡r❛t♦r❡♥ ❤❡r✳
❲✐❡ ❜✐s❤❡r s♣✐❡❧t ❛✉❝❤ ❤✐❡r ❞❡r ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ❡✐♥❡ ❡♥ts❝❤❡✐❞❡♥❞❡ ❘♦❧❧❡✳ ❊s ❢♦❧❣t ❡✐✲
♥❡ ❯♠❦❡❤r✉♥❣ ❞❡r ❆✉ss❛❣❡ ✉♥❞ ❡✐♥ ❑♦r♦❧❧❛r ü❜❡r ❞✐❡ ❑❡r♥❡ s♦❧❝❤❡r ❍❛❧❜❣r✉♣♣❡♥✳ ❊✐♥
❆♥✇❡♥❞✉♥❣s❜❡✐s♣✐❡❧ ❢ür ❞✐❡s❡s ❙tör✉♥❣sr❡s✉❧t❛t ✜♥❞❡t s✐❝❤ ✐♥ ❆❜s❝❤♥✐tt ✺✳✺✳
✷✸
❑❛♣✐t❡❧ ✷ ❙♣❡③✐❡❧❧❡ ❍❛❧❜❣r✉♣♣❡♥❡✐❣❡♥s❝❤❛❢t❡♥
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✼✳ ❙❡✐❡♥ a ✉♥❞ a0 ❞✐❝❤t ❞❡✜♥✐❡rt❡✱ ❛❜❣❡s❝❤❧♦ss❡♥❡✱ s❡❦t♦r✐❡❧❧❡ ❙❡sq✉✐✲
❧✐♥❡❛r❢♦r♠❡♥ ♠✐t ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡♥ ❍❛❧❜❣r✉♣♣❡♥ (e−tA)t≥0 ✉♥❞ (e−tA0)t≥0✳ ❊s ❡①✐s✲
t✐❡r❡ ❡✐♥❡ ❑♦♥st❛♥t❡ ω ∈ R ✉♥❞ ❡✐♥❡ ❑♦♥st❛♥t❡ Cω > 0✱ s♦ ❞❛ss ‖ e−tA |L1‖1 ≤ Cω eωt
✉♥❞ ‖ e−tA0 |L∞‖∞ ≤ Cω eωt ❢ür ❛❧❧❡ t ≥ 0✳ ❲❡✐t❡r❤✐♥ ❡①✐st✐❡r❡ ❡✐♥❡ ❑♦♥st❛♥t❡ Cb ≥ 0✱
s♦ ❞❛ss ❢ür ❛❧❧❡ u ∈ D(A) ∩ L1 ✉♥❞ v ∈ D(A∗0) ∩ L1 ♠✐t u, v ≥ 0 ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣
b(u, v) := (u,A∗0v)− (Au, v) ≤ Cb‖u‖1‖v‖1 ✭✷✳✶✮
❡r❢ü❧❧t ✐st✳
❉❛♥♥ ❣✐❧t ❢ür ❛❧❧❡ 0 ≤ u ∈ L2 ∩ L1 ✉♥❞ t ≥ 0
e−tA u ≤ e−tA0 u+ CbC2ω eωt t‖u‖1.
❇❡♠❡r❦✉♥❣ ✷✳✶✳✽✳ ■st b ✈♦♠ ❚②♣
b(u, v) = −
∫
X2
u(y)v(x) µ(dx, dy)
♠✐t µ ≥ 0✱ s♦ ✐st ✭✷✳✶✮ ❛✉t♦♠❛t✐s❝❤ ♠✐t Cb = 0 ❡r❢ü❧❧t✳
■st b ✈♦♠ ❚②♣
b(u, v) =
∫
X2
u(y)v(x)j(x, y)m2(dx, dy)
♠✐t 0 ≤ j ≤ Cb✱ s♦ ✐st ✭✷✳✶✮ ♠✐t ❞❡r ❑♦♥st❛♥t❡♥ Cb ❡r❢ü❧❧t✳
▼❛♥ ❜❡❛❝❤t❡✱ ❞❛ss ✭✷✳✶✮ ❡✐♥❡ ❇❡❞✐♥❣✉♥❣ ❛♥ ❞✐❡ ❋♦r♠❞❡✜♥✐t✐♦♥s❜❡r❡✐❝❤❡ ✐♠♣❧✐③✐❡rt ✉♥❞
b ✐♠ ❛❧❧❣❡♠❡✐♥❡♥ ♥✐❝❤t ✐❞❡♥t✐s❝❤ ③✉ a0 − a ✐st ✇✐❡ ❞❛s ♥❛❝❤❢♦❧❣❡♥❞❡ ❇❡✐s♣✐❡❧ ③❡✐❣t✳ ❋❛❧❧s
❛❧❧❡r❞✐♥❣s D(a) = D(a0) ✐st✱ s♦ ❣✐❧t ❛✉❝❤ b = a0 − a✳
❇❡✐s♣✐❡❧ ✷✳✶✳✾✳ ❙❡✐
a0(u, v) :=
1∫
0
u′(x)v′(x) dx D(a0) := H1([0, 1])
❞✐❡ ❦❧❛ss✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠ ❛✉❢ [0, 1] ♠✐t ◆❡✉♠❛♥♥✲❘❛♥❞❜❡❞✐♥❣✉♥❣ ✉♥❞
a(u, v) := a0(u, v) D(a) := {u ∈ H1 | u(0) = u(1)}.
❉❛♥♥ ✐st b(u, v) = u′(0)(v(1)− v(0)) ✉♥❞ b ✐st ♥✐❝❤t ✐❞❡♥t✐s❝❤ ③✉ a0 − a = 0✳ ❆✉ß❡r❞❡♠
❡r❢ü❧❧t b ❢ür ❦❡✐♥ Cb > 0 ●❧❡✐❝❤✉♥❣ ✭✷✳✶✮✳
❇❡✇❡✐s ❞❡r Pr♦♣♦s✐t✐♦♥✳ ❙❡✐ 0 ≤ u ∈ L2 ∩ L1 ✉♥❞ 0 ≤ s ≤ t✳ ❉❡✜♥✐❡r❡ us := e−sA u ≥ 0✱
s♦✇✐❡ vs := e−(t−s)A0 us ≥ 0✳ ❙❡✐ 0 ≤ w ∈ L2 ∩ L1 ❜❡❧✐❡❜✐❣✳ ◆❛❝❤ ❱♦r❛✉ss❡t③✉♥❣ ✐st
us ∈ L1 ✉♥❞ 0 ≤ e−(t−s)A∗0 w ∈ L1 ✉♥❞ ❡s ❣✐❧t
d
ds
(vs, w) = (A0 e
−(t−s)A0 us, w)− (e−(t−s)A0 Aus, w)
= (us, A
∗
0 e
−(t−s)A∗0 w)− (Aus, e−(t−s)A∗0 w)
≤ Cb‖us‖1‖ e−(t−s)A∗0 w‖1
≤ CbCω eωs ‖u‖1Cω eω(t−s) ‖w‖1
≤ CbC2ω eωt ‖u‖1‖w‖1
✷✹
✷✳✶ P♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡ ❍❛❧❜❣r✉♣♣❡♥
❢ür 0 < s < t✳ ❉✐❡ ❱❡rt❛✉s❝❤✉♥❣ ✈♦♥ ❉✐✛❡r❡♥t✐❛t✐♦♥ ✉♥❞ ❙❦❛❧❛r♣r♦❞✉❦t ✐st ♠ö❣❧✐❝❤✱ ❞❛
❞❡r ❉✐✛❡r❡♥③❡♥q✉♦t✐❡♥t ✈♦♥ vs ✐♠ L2✲❙✐♥♥❡ ❦♦♥✈❡r❣✐❡rt✳ ❲❡✐t❡r❤✐♥ ✐st (A0 e−(t−s)A0)∗ =
A∗0 e
−(t−s)A∗0 ✱ ✇❡✐❧ A0 e−(t−s)A0 ✉♥❞ A∗0 e
−(t−s)A∗0 st❡t✐❣ s✐♥❞ ✉♥❞ ❢ür u ∈ D(A∗0)
(A0 e
−(t−s)A0)∗u = e−(t−s)A
∗
0 A∗0u = A
∗
0 e
−(t−s)A∗0 u
❣✐❧t✳ ❉❛ vs st❡t✐❣ ✐♥ 0 ≤ s ≤ t ✐st✱ ❢♦❧❣t ♥✉♥ ♠✐t ❞❡♠ ▼✐tt❡❧✇❡rts❛t③
(e−tA u, w) = (vt, w) ≤ (v0, w) + CbC2ωt eωt ‖u‖1‖w‖1
= (e−tA0 u, w) + CbC2ω e
ωt t‖u‖1(1, w),
✉♥❞ s♦♠✐t ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
❇❡♠❡r❦✉♥❣ ✷✳✶✳✶✵✳ ❊s ❣✐❧t ❛✉❝❤ ❞✐❡ ❯♠❦❡❤r✉♥❣ ❞❡r Pr♦♣♦s✐t✐♦♥✿ ❙❡✐❡♥ a ✉♥❞ a0 ❞✐❝❤t ❞❡✲
✜♥✐❡rt❡✱ ❛❜❣❡s❝❤❧♦ss❡♥❡✱ s❡❦t♦r✐❡❧❧❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠❡♥ ♠✐t ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡♥ ❍❛❧❜✲
❣r✉♣♣❡♥ (e−tA)t≥0 ✉♥❞ (e−tA0)t≥0 ✉♥❞ s❡✐
e−tA u ≤ e−tA0 u+ C eωt t‖u‖1
❢ür ❛❧❧❡ 0 ≤ u ∈ L2 ∩ L1 ❡r❢ü❧❧t✳ ❉❛♥♥ ❣✐❧t
(u,A∗0v)− (Au, v) ≤ C‖u‖1‖v‖1
❢ür ❛❧❧❡ 0 ≤ u ∈ D(A) ∩ L1 ✉♥❞ 0 ≤ v ∈ D(A∗0) ∩ L1✳
❇❡✇❡✐s✳ ❆✉s ❞❡r ❯♥❣❧❡✐❝❤✉♥❣ ❢♦❧❣t(
u,
v − e−tA∗0 v
t
)
−
(
u− e−tA u
t
, v
)
≤ C eωt ‖u‖1‖v‖1
❢ür ❛❧❧❡ u ∈ D(A) ∩ L1 ✉♥❞ v ∈ D(A∗0) ∩ L1 ♠✐t u, v ≥ 0✳ ▲ässt ♠❛♥ ♥✉♥ t ❣❡❣❡♥ ◆✉❧❧
❦♦♥✈❡r❣✐❡r❡♥✱ s♦ ❡r❤ä❧t ♠❛♥ ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
❋♦r♠✉❧✐❡rt ♠❛♥ ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣ ❛✉s Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✼ ❛❧s ❯♥❣❧❡✐❝❤✉♥❣ ü❜❡r ❞✐❡ ❑❡r♥❡
✈♦♥ (e−tA)t≥0 ✉♥❞ (e−tA0)t≥0✱ s♦ ❡r❤ä❧t ♠❛♥ ❞❛s ❣❡✇ü♥s❝❤t❡ ❙tör✉♥❣sr❡s✉❧t❛t✿
❑♦r♦❧❧❛r ✷✳✶✳✶✶✳ ❙❡✐❡♥ ❞✐❡ ❇❡❞✐♥❣✉♥❣❡♥ ❛✉s Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✼ ❡r❢ü❧❧t✱ (X,A,m) σ✲
❡♥❞❧✐❝❤ ✉♥❞ e−tA0 ❜❡s✐t③❡ ❡✐♥❡♥ ♠❡ss❜❛r❡♥ ❑❡r♥ k0t : X
2 → [0,∞)✱ ❞✳❤✳ ❢ür ❛❧❧❡ u ∈
L2 ∩ L1 ❣✐❧t
(e−tA0 u)(x) =
∫
X
u(y)k0t (x, y)m(dy).
❉❛♥♥ ❜❡s✐t③t ❛✉❝❤ e−tA ❡✐♥❡♥ ❑❡r♥ kt ❢ür ❞❡♥ ❣✐❧t
kt ≤ k0t + CbC2ω eωt t.
✷✺
❑❛♣✐t❡❧ ✷ ❙♣❡③✐❡❧❧❡ ❍❛❧❜❣r✉♣♣❡♥❡✐❣❡♥s❝❤❛❢t❡♥
❇❡✇❡✐s✳ ❉❡✜♥✐❡r❡ ❞❡♥ ■♥❤❛❧t µ ❛✉❢ R := r({E × F | E,F ∈ Afin}) ❞✉r❝❤
µ(E × F ) := (e−tA 1E,1F ).
❊s ✐st ♥❛❝❤ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✼ µ ≤ µ∗ ❢ür
µ∗(M) :=
∫
M
(
k0t (x, y) + CbC
2
ω e
ωt t
)
m2(dx, dy).
▼✐t ▲❡♠♠❛ ❆✳✺ ❢♦❧❣t ♥✉♥✱ ❞❛ss µ ❛✉❢ ❡✐♥ ❜❡③ü❣❧✐❝❤m2 ❛❜s♦❧✉tst❡t✐❣❡s ▼❛ß µ˜ ❡r✇❡✐t❡r❜❛r
✐st✳ ❙♦♠✐t ❡①✐st✐❡rt ❡✐♥ ❑❡r♥ kt ≤ k0t + CbC2ω eωt t ♠✐t
(e−tA u, v) =
∫
X2
u(y)v(x)kt(x, y)m
2(dx, dy)
❢ür ❛❧❧❡ u, v ∈ lin{1E | E ∈ Afin}✳ ▼✐t ❙t❡t✐❣❦❡✐t ✈♦♥ e−tA✱ ♠♦♥♦t♦♥❡r ❑♦♥✈❡r❣❡♥③ ✉♥❞
❋✉❜✐♥✐ ❢♦❧❣t ❞❡r ❘❡st✳
❇❡♠❡r❦✉♥❣❡♥
❉✐❡ ❇❡❞✐♥❣✉♥❣❡♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✸ ♥❡♥♥t ♠❛♥ ❛✉❝❤ ❞❛s ❡rst❡ ❇❡✉r❧✐♥❣✲❉❡♥② ❑r✐✲
t❡r✐✉♠ ✭s✐❡❤❡ ❬❘❙✼✽✱ ❚❤❡♦r❡♠ ❳■■■✳✺✵❪✮✳ ❉✐❡ ❤✐❡r ✈♦r❣❡st❡❧❧t❡ ▼❡t❤♦❞❡ ③✉r ❈❤❛r❛❦t❡r✐✲
s✐❡r✉♥❣ ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡ ❍❛❧❜❣r✉♣♣❡♥ st❛♠♠t ✈♦♥ ❖✉❤❛❜❛③ ✭❬❖✉❤✵✺❪✮✳ ❉✐❡ ❈❤❛✲
r❛❦t❡r✐s✐❡r✉♥❣ s❡❧❜st ✐st ❛❜❡r ❞❡✉t❧✐❝❤ ä❧t❡r ✉♥❞ ✇✉r❞❡ ♠❡✐st ✐♠ ❑♦♥t❡①t ❞❡r ❉✐r✐❝❤❧❡t✲
❋♦r♠❡♥ ❜❡❤❛♥❞❡❧t ✭s✐❡❤❡ ♥ä❝❤st❡s ❑❛♣✐t❡❧✮✳
❉❡♥ ❘✐❡s③✬s❝❤❡♥ ❉❛rst❡❧❧✉♥❣ss❛t③ ✉♥❞ ❞❡♥ ❊r✇❡✐t❡r✉♥❣ss❛t③ ✈♦♥ ❈❛r❛t❤é♦❞♦r② s♦✇✐❡
❛❧❧❡ ❤✐❡r ✈❡r✇❡♥❞❡t❡♥ ♠❛ßt❤❡♦r❡t✐s❝❤❡♥ ❇❡❣r✐✛❡ ✜♥❞❡t ♠❛♥ ③✳❇✳ ✐♠ ▲❡❤r❜✉❝❤ ✈♦♥ ❇❛✉❡r
③✉r ▼❛ßt❤❡♦r✐❡ ❬❇❛✉✾✷❪✳ ▼❛ß❡ ❜❡③❡✐❝❤♥❡♥ ❞♦rt ✭✇✐❡ ❛✉❝❤ ❤✐❡r✮ ✐♠♠❡r ♣♦s✐t✐✈❡ ▼❛ß❡✱
✇❡♥♥ ♥✐❝❤ts ✇❡✐t❡r s♣❡③✐✜③✐❡rt ✐st✳
▲❡♠♠❛ ✷✳✶✳✺ ✜♥❞❡t s✐❝❤ ❛✉❝❤ ✐♥ ❬❋✠❖❚✾✹✱ ▲❡♠♠❛ ✶✳✹✳✶❪✳ ❉❡r ❞♦rt✐❣❡ ❇❡✇❡✐s ❣❡❤t
❛❜❡r ❡✐♥❡♥ ❣❡r✐♥❣❢ü❣✐❣ ❛♥❞❡r❡♥ ❲❡❣✿ ❊s ✇✐r❞ ❡✐♥ ❧✐♥❡❛r❡s ❋✉♥❦t✐♦♥❛❧ ❛✉❢ Cc(X)⊗Cc(X)
❞❡✜♥✐❡rt ❛♥st❡❧❧❡ ❡✐♥❡s ❋✉♥❦t✐♦♥❛❧s ❛✉❢ Cc(X×X) ✉♥❞ ❞❛r❛✉❢ ❞❡r ❉❛rst❡❧❧✉♥❣ss❛t③ ✈♦♥
❘✐❡s③ ❛♥❣❡✇❛♥❞t✳ ❉❛s ❤✐❡r ❜❡♥✉t③t❡ ▲❡♠♠❛ ✷✳✶✳✹ ✇✐r❞ ✐♠ ♥ä❝❤st❡♥ ❆❜s❝❤♥✐tt ♥♦❝❤
❜❡♥öt✐❣t✳ ❉❡s❤❛❧❜ ✇✉r❞❡ ❞✐❡s❡r ✕ ❛✉❢ ❞❡♥ ❡rst❡♥ ❇❧✐❝❦ ❛✉❢✇❡♥❞✐❣❡r❡ ✕ ❲❡❣ ❣❡✇ä❤❧t✱ ✉♠
Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✻ ③✉ ③❡✐❣❡♥✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✻ ✐st ✐♠ ❉✐r✐❝❤❧❡t✲❋♦r♠✲❑♦♥t❡①t ❡❜❡♥❢❛❧❧s
❜❡❦❛♥♥t✳
▲❛✉t ❬❊❧s✵✺✱ ❆✉❢❣❛❜❡ ■■✳✷✳✺❪ ✐st ❥❡❞❡r ❡♥❞❧✐❝❤❡ ✈♦♥ ✐♥♥❡♥ r❡❣✉❧är❡ ■♥❤❛❧t σ✲❛❞❞✐t✐✈✳
❙♦♠✐t ✐st ❞❡r ■♥❤❛❧t µ ✐♥ ▲❡♠♠❛ ✷✳✶✳✹ ♠✐t ❞❡♠ ❊r✇❡✐t❡r✉♥❣ss❛t③ ✈♦♥ ❈❛r❛t❤é♦❞♦r② ③✉
❡✐♥❡♠ ▼❛ß ❛✉❢ B ❡r✇❡✐t❡r❜❛r✳ ❊s ♠✉ss ♥✉r ♥♦❝❤ ❣❡③❡✐❣t ✇❡r❞❡♥✱ ❞❛ss µ ③✉ ❡✐♥❡♠ ✈♦♥
✐♥♥❡♥ r❡❣✉❧är❡♥ ▼❛ß ❡r✇❡✐t❡r❜❛r ✐st✳
❉❛s ❙tör✉♥❣sr❡s✉❧t❛t Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✼ ✐st ❡✐♥❡ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ✈♦♥ ❬❇●❑✵✾✱ ▲❡♠✲
♠❛ ✸✳✶❪✳ ❉❛ ❞❡r ❇❡✇❡✐s ❞♦rt ❛✉❢ ❇❛s✐s ❞❡r ❩❡r❧❡❣✉♥❣ st♦❝❤❛st✐s❝❤❡r Pr♦③❡ss❡ ♥❛❝❤ ▼❡②❡r
❬▼❡②✼✺❪ ❜❡✇✐❡s❡♥ ✇✉r❞❡✱ ❦❛♥♥ ❞❡r ❞♦rt ❣❡❣❡❜❡♥❡ ❇❡✇❡✐s ♥✐❝❤t ❛✉❢ ❞✐❡s❡♥ ❛❧❧❣❡♠❡✐♥❡♥
❑♦♥t❡①t ü❜❡rtr❛❣❡♥ ✇❡r❞❡♥✳ ❆✉❝❤ ❢❡❤❧t ❞♦rt ❡✐♥❡ ❦❧❛r❡ ❆✉ss❛❣❡ ü❜❡r ❞✐❡ ❇❡❞❡✉t✉♥❣ ❞❡r
✷✻
✷✳✷ L1 ✉♥❞ L∞✲❜❡s❝❤rä♥❦t❡ ❍❛❧❜❣r✉♣♣❡♥
❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤❡ ❞❡r ❋♦r♠❡♥ a ✉♥❞ a0✳ ❉❛s ❙tör✉♥❣sr❡s✉❧t❛t ✐♥ ❞❡r ❤✐❡r ❛♥❣❡❣❡❜❡♥❡♥
❛❧❧❣❡♠❡✐♥❡♥ ❋♦r♠ ✇✉r❞❡ ✐♥ ❞❡r ▲✐t❡r❛t✉r ♥✐❝❤t ❣❡❢✉♥❞❡♥✳
❆✉s Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✼ ❢♦❧❣t ❛✉❝❤✱ ❞❛ss ♣♦s✐t✐✈❡ ❙tör✉♥❣❡♥ ③✉ ❡✐♥❡♠ ❆❜❢❛❧❧ ❞❡r ❍❛❧❜✲
❣r✉♣♣❡ ❢ü❤r❡♥✳ ❉✐❡s❡s Pr✐♥③✐♣ ✐st ③✇❛r ❛♥s❝❤❛✉❧✐❝❤✱ ❡✐♥ ❇❡✇❡✐s ❤✐❡r❢ür ✇✉r❞❡ ✐♥ ❞❡r
▲✐t❡r❛t✉r ❛❜❡r ♥✉r ❢ür ❙♣❡③✐❛❧❢ä❧❧❡ ❣❡❢✉♥❞❡♥✳ ❊s ✐st ♥✐❝❤t ③✉ ✈❡r✇❡❝❤s❡❧♥ ♠✐t ❞❡♠ ä❤♥✲
❧✐❝❤❡♥ Pr✐♥③✐♣ ❞❡r ❉♦♠✐♥❛t✐♦♥ ❬❖✉❤✵✺✱ ❆❜s❝❤♥✐tt ✷✳✸❪✳ ✭❊rr❛t❛✿ ❋ür Cb = 0 ✐st ❞✐❡s
❉♦♠✐♥❛t✐♦♥✳✮
✷✳✷ L1 ✉♥❞ L∞✲❜❡s❝❤rä♥❦t❡ ❍❛❧❜❣r✉♣♣❡♥
❆♥❛❧♦❣ ③✉ ❆❜s❝❤♥✐tt ✷✳✶ ✇❡r❞❡♥ ❤✐❡r ③✉♥ä❝❤st L1✲ ❜③✇✳ L∞✲❦♦♥tr❛❦t✐✈❡ ❍❛❧❜❣r✉♣♣❡♥
❛♥❤❛♥❞ ❞❡r ❋♦r♠ ❝❤❛r❛❦t❡r✐s✐❡rt✳ ❊✐♥ ❖♣❡r❛t♦r T ❤❡✐ßt Lp✲❦♦♥tr❛❦t✐✈✱ ✇❡♥♥ ‖T‖p ≤ 1
✐st✳ ❉❛♥❛❝❤ ✇✐r❞ ❞✐❡ ❊①✐st❡♥③ ❡✐♥❡r ▼❛ß❞❛rst❡❧❧✉♥❣ ❞❡r ③✉❣❡❤ör✐❣❡♥ ❛♣♣r♦①✐♠✐❡r❡♥❞❡♥
❋♦r♠❡♥ ❣❡③❡✐❣t✳ ❉❡r ❘❡st ❞❡s ❆❜s❝❤♥✐tt❡s ✇✐❞♠❡t s✐❝❤ ❞❛♥♥ ❛❧❧❣❡♠❡✐♥❡r❡♥ ❙❝❤r❛♥❦❡♥ ❛♥
❞✐❡ Lp✲◆♦r♠❡♥ ❞❡r ❍❛❧❜❣r✉♣♣❡✳ ❙❝❤r❛♥❦❡♥ ❛♥ ❞✐❡ L1✲ ❜③✇✳ L∞✲◆♦r♠ ❞❡r ❍❛❧❜❣r✉♣♣❡
s♣✐❡❧❡♥ ❢ür ❞✐❡ ❑❡r♥❛❜s❝❤ät③✉♥❣❡♥ ✐♥ ❑❛♣✐t❡❧ ✹ ❡✐♥❡ ✇✐❝❤t✐❣❡ ❘♦❧❧❡✳
L∞✲❦♦♥tr❛❦t✐✈❡ ❍❛❧❜❣r✉♣♣❡♥ ❧❛ss❡♥ s✐❝❤ ü❜❡r ❞✐❡ ❋♦r♠ ❢♦❧❣❡♥❞❡r♠❛ß❡♥ ❝❤❛r❛❦t❡r✐s✐❡✲
r❡♥✿
Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶✳ ❋♦❧❣❡♥❞❡ ❆✉ss❛❣❡♥ s✐♥❞ äq✉✐✈❛❧❡♥t✿
✐✮ e−tA |L∞ ✐st ❢ür ❛❧❧❡ t ≥ 0 L∞✲❦♦♥tr❛❦t✐✈✱
✐✐✮ βRβ|L∞ ✐st ❢ür ❛❧❧❡ β > γ+a ✭❜③✇✳ ❢ür ❛❧❧❡ β > β0 ≥ γ+a ✮ L∞✲❦♦♥tr❛❦t✐✈✱
✐✐✐✮ ❢ür ❛❧❧❡ u ∈ D(a) ❣✐❧t u|u|∨1 ∈ D(a) ✉♥❞ ℜa
(
u
|u|∨1 ,
|u|∨1−1
|u|∨1 u
)
≥ 0✳
❇❡✇❡✐s✳ ❉✐❡s ❢♦❧❣t ❛✉s ❚❤❡♦r❡♠ ✶✳✸✳✶ ♠✐t ❞❡r ❲❛❤❧
C := {u ∈ L2 | |u| ≤ 1}.
❆♥❛❧♦❣ ❞✐❡ L1✲❦♦♥tr❛❦t✐✈❡♥ ❍❛❧❜❣r✉♣♣❡♥✿
Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✷✳ ❋♦❧❣❡♥❞❡ ❆✉ss❛❣❡♥ s✐♥❞ äq✉✐✈❛❧❡♥t✿
✐✮ e−tA |L1 ✐st ❢ür ❛❧❧❡ t ≥ 0 L1✲❦♦♥tr❛❦t✐✈✱
✐✐✮ βRβ|L1 ✐st ❢ür ❛❧❧❡ β > γ+a ✭❜③✇✳ ❢ür ❛❧❧❡ β > β0 ≥ γ+a ✮ L1✲❦♦♥tr❛❦t✐✈✱
✐✐✐✮ ❢ür ❛❧❧❡ u ∈ D(a) ❣✐❧t u|u|∨1 ∈ D(a) ✉♥❞ ℜa
(
|u|∨1−1
|u|∨1 u,
u
|u|∨1
)
≥ 0✳
❇❡✇❡✐s✳ ❉✐❡s ❢♦❧❣t ❛✉s ❞❡r ✈♦r❤❡r✐❣❡♥ Pr♦♣♦s✐t✐♦♥ ❞✉r❝❤ ❆❞❥✉♥❣✐❡r❡♥✳
❉❛s ♥ä❝❤st❡ ▲❡♠♠❛ ❜❡✇❡✐st ❞✐❡ ❊①✐st❡♥③ ❡✐♥❡r ▼❛ß❞❛rst❡❧❧✉♥❣ ❢ür st❡t✐❣❡✱ ✐♥ ❣❡✇✐ss❡♠
❙✐♥♥❡ ❞✐❛❣♦♥❛❧❞♦♠✐♥❛♥t❡✱ ❧✐♥❡❛r❡ ❖♣❡r❛t♦r❡♥✳ ❊s ❞✐❡♥t ❞❡r ❱♦r❜❡r❡✐t✉♥❣ ❞❡s ❉❛rst❡❧✲
❧✉♥❣ss❛t③❡s ❢ür ❞✐❡ ❛♣♣r♦①✐♠✐❡r❡♥❞❡♥ ❋♦r♠❡♥ L1✲ ❜③✇✳ L∞✲❦♦♥tr❛❦t✐✈❡r ❍❛❧❜❣r✉♣♣❡♥✳
▲❡♠♠❛ ✷✳✷✳✸✳ ❙❡✐ T ❡✐♥ ❜❡s❝❤rä♥❦t❡r ❖♣❡r❛t♦r ❛✉❢ L2 ♠✐t
n∑
i=1
|(T1Ei ,1E0)| ≤ ℜ(T1E0 ,1E0)
✷✼
❑❛♣✐t❡❧ ✷ ❙♣❡③✐❡❧❧❡ ❍❛❧❜❣r✉♣♣❡♥❡✐❣❡♥s❝❤❛❢t❡♥
❢ür ❛❧❧❡ ♣❛❛r✇❡✐s❡ ❞✐s❥✉♥❦t❡♥ Ei ∈ Afin ✉♥❞ s❡✐ ✭❚❳✮ ❡r❢ü❧❧t✳
❉❛♥♥ ❡①✐st✐❡rt ❡✐♥ ❦♦♠♣❧❡①❡s ❘❛❞♦♥✲▼❛ß µ ❛✉❢ X2 ♠✐t
|µ|(E ×X \ d) ≤ ℜµ({(x, x) | x ∈ E})
❢ür ❛❧❧❡ E ∈ A✱ s♦ ❞❛ss
(Tu, v) =
∫
X2
u(y)v(x) µ(dx, dy)
❢ür ❛❧❧❡ u ∈ L2 ∩ L∞ ✉♥❞ v ∈ L2 ∩ L1 ❣✐❧t✳
d ❜❡③❡✐❝❤♥❡t ✇✐❡ ✈♦r❤❡r ❞✐❡ ❉✐❛❣♦♥❛❧❡ ✐♥X2✱ ❞✳❤✳ E×X\d = {(x, y) ∈ E×X | x 6= y}✳
❇❡✇❡✐s✳ ❉❡✜♥✐❡r❡ ❞❡♥ ❦♦♠♣❧❡①❡♥ ■♥❤❛❧t µ ❛✉❢ ❞❡♠ ❘✐♥❣ R := r({E×F | E,F ∈ Afin})
❞✉r❝❤
µ(E × F ) := (T1F ,1E).
❉❡✜♥✐❡r❡ ✇✐❡ ✐♥ ❆❜s❝❤♥✐tt ✷✳✶✳✶ |µ| ✉♥❞ ❡♥ts♣r❡❝❤❡♥❞ ❞✐❡ ♣♦s✐t✐✈❡♥ ✉♥❞ ♥❡❣❛t✐✈❡♥ ❘❡❛❧✲
✉♥❞ ■♠❛❣✐♥ärt❡✐❧❡ (ℜµ)+✱ (ℜµ)−✱ (ℑµ)+ ✉♥❞ (ℑµ)−✳ ❊s ❣✐❧t
|µ|(E × E) = sup
E= ·∪ni=1Ei
n∑
i=1
n∑
j=1
|µ(Ei × Ej)|.
❲❡❣❡♥ ❞❡r ❙t❡t✐❣❦❡✐t ✈♦♥ T ✉♥❞ ✇❡✐❧ m ❡✐♥ ❘❛❞♦♥✲▼❛ß ✐st s✐♥❞ ❞✐❡ ❚❡✐❧❡ ✈♦♥ µ ✈♦♥
✐♥♥❡♥ r❡❣✉❧är✳ ◆✉♥ ✐st ❢ür E ∈ Afin ✇❡❣❡♥ ❞❡r ❱♦r❛✉ss❡t③✉♥❣
|µ|(E × E) ≤ 2 sup
E= ·∪ni=1Ei
n∑
i=1
|µ(Ei × Ei)|
≤ 2‖T‖ sup
E= ·∪ni=1Ei
n∑
i=1
m(Ei) = 2‖T‖m(E) <∞. ✭✷✳✷✮
❙♦♠✐t ♥❡❤♠❡♥ ❞✐❡ ❚❡✐❧❡ ✈♦♥ µ ♥✉r ❡♥❞❧✐❝❤❡ ❲❡rt❡ ❛♥ ✉♥❞ ❞✐❡ ❱♦r❛✉ss❡t③✉♥❣❡♥ ✈♦♥
▲❡♠♠❛ ✷✳✶✳✹ s✐♥❞ ❡r❢ü❧❧t✳ ❊s ❡①✐st✐❡r❡♥ ❛❧s♦ ❘❛❞♦♥✲▼❛ß✲❊r✇❡✐t❡r✉♥❣❡♥ µr+✱ µr−✱ µi+
✉♥❞ µi− ❞❡r ❚❡✐❧❡ ✈♦♥ µ ✉♥❞ ❡✐♥❡ ❘❛❞♦♥✲▼❛ß✲❊r✇❡✐t❡r✉♥❣ ν ✈♦♥ |µ|✳ ❉✐❡ ♣❛ss❡♥❞❡
▲✐♥❡❛r❦♦♠❜✐♥❛t✐♦♥ ❞❡r ▼❛ß❡ s❡✐
µ˜ := µr+ − µr− + iµi+ − iµi−.
❊s ❣✐❧t
(Tu, v) =
∫
X2
u(y)v(x) µ˜(dx, dy)
❢ür ❛❧❧❡ u, v ∈ lin{1E | E ∈ Afin}✳
✷✽
✷✳✷ L1 ✉♥❞ L∞✲❜❡s❝❤rä♥❦t❡ ❍❛❧❜❣r✉♣♣❡♥
◆✉♥ ❣✐❧t ♠✐t ▲❡♠♠❛ ❆✳✺ |µ˜| = ν ✉♥❞ s♦♠✐t
|µ˜|(E ×X \ d) = ν(E ×X \ d) = sup
·∪ni=1Ei×Fi⊂E×X\d
Ei,Fi∈Afin
n∑
i=1
|µ(Ei × Fi)|
≤ inf
E= ·∪ni=1Ei
ℜµ(∪ni=1Ei × Ei) = ℜµ˜({(x, x) | x ∈ E})
≤ 2‖T‖m(E).
❉❡s✇❡❣❡♥ ✐st ❢ür u ∈ L2 ∩ L∞ ✉♥❞ v ∈ L2 ∩ L1 ❞❛s ■♥t❡❣r❛❧∫
X2\d
|u(y)v(x)| |µ˜|(dx, dy)
✇♦❤❧❞❡✜♥✐❡rt ✉♥❞ ❡♥❞❧✐❝❤✳ ❲❡❣❡♥ ✭✷✳✷✮ ✐st
|µ˜|(E2 ∩ d)| ≤ 2‖T‖m(E).
❆❧s♦ ✐st ❢ür u, v ∈ L2 ❛✉❝❤ ❞❛s ■♥t❡❣r❛❧∫
X2∩d
|u(y)v(x)| |µ˜|(dx, dy) ≤
∫
X
|u(x)v(x)|2‖T‖m(dx)
✇♦❤❧❞❡✜♥✐❡rt ✉♥❞ ❡♥❞❧✐❝❤✳ ▼✐t ❞❡r ❙t❡t✐❣❦❡✐t ✈♦♥ T ✉♥❞ ♠❛❥♦r✐s✐❡rt❡r ❑♦♥✈❡r❣❡♥③ ❢♦❧❣t
❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✹✳ ❙❡✐ e−tA |L∞ ❢ür ❛❧❧❡ t ≥ 0 L∞✲❦♦♥tr❛❦t✐✈✳ ❉❛♥♥ ❣✐❜t ❡s ❡✐♥❡ ❋❛♠✐❧✐❡
✈♦♥ ❦♦♠♣❧❡①❡♥ ▼❛ß❡♥ µβ ❛✉❢ X
2 ✭β > γ+a ✮ ♠✐t
|µβ|(E ×X \ d) ≤ ℜµβ({(x, x) | x ∈ E})
❢ür ❛❧❧❡ E ∈ A✱ s♦ ❞❛ss ❣✐❧t
a(β)(u, v) =
∫
X2
u(y)v(x) µβ(dx, dy)
❢ür ❛❧❧❡ u ∈ L2 ∩ L∞ ✉♥❞ v ∈ L2 ∩ L1✳
❇❡✇❡✐s✳ ❙❡✐
u := 2 · 1E0 +
n∑
i=1
ci · 1Ei
♠✐t Ei ∈ Afin ♣❛❛r✇❡✐s❡ ❞✐s❥✉♥❦t ✉♥❞ |ci| = 1✳ ❉❛♥♥ ✐st
u
|u| ∨ 1 = 1E0 +
n∑
i=1
ci · 1Ei
✷✾
❑❛♣✐t❡❧ ✷ ❙♣❡③✐❡❧❧❡ ❍❛❧❜❣r✉♣♣❡♥❡✐❣❡♥s❝❤❛❢t❡♥
✉♥❞ |u| ∨ 1− 1
|u| ∨ 1 u = 1E0 .
❙♦♠✐t ❢♦❧❣t ♠✐t Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶ ❛♥❣❡✇❡♥❞❡t ❛✉❢ a(β) ♥✉♥♠❡❤r
ℜa(β)(1E0 +
n∑
i=1
ciEi,1M) ≥ 0
✇❛s äq✉✐✈❛❧❡♥t ③✉
ℜa(β)(1E0 ,1E0) ≥ −
n∑
i=1
ℜcia(β)(1Ei ,1E0)
✐st✳ ❉❛ ❞✐❡ ci ❜❡❧✐❡❜✐❣ ❣❡✇ä❤❧t ✇❛r❡♥ ♠✐t |ci| = 1✱ ❣✐❧t ❛❧s♦ ❛✉❝❤
ℜa(β)(1E0 ,1E0) ≥
n∑
i=1
|a(β)(1Ei ,1E0)|.
▲❡♠♠❛ ✷✳✷✳✸ ❛♥❣❡✇❡♥❞❡t ❛✉❢ A(β) ❧✐❡❢❡rt ♥✉♥ ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✺✳ ❙❡✐ e−tA |L1 ❢ür ❛❧❧❡ t ≥ 0 L1✲❦♦♥tr❛❦t✐✈✳ ❉❛♥♥ ❣✐❜t ❡s ❡✐♥❡ ❋❛♠✐❧✐❡
✈♦♥ ❦♦♠♣❧❡①❡♥ ▼❛ß❡♥ µβ ❛✉❢ X
2 ✭β > γ+a ✮ ♠✐t
|µβ|(X ×M \ d) ≤ ℜµβ({(x, x) | x ∈M})
❢ür ❛❧❧❡ M ∈ A✱ s♦ ❞❛ss ❣✐❧t
a(β)(u, v) =
∫
X2
u(y)v(x) µβ(dx, dy)
❢ür ❛❧❧❡ u ∈ L2 ∩ L1 ✉♥❞ v ∈ L2 ∩ L∞✳
❇❡✇❡✐s✳ ❉✐❡s ❢♦❧❣t ❛✉s ❞❡r ✈♦r❤❡r✐❣❡♥ Pr♦♣♦s✐t✐♦♥ ❞✉r❝❤ ❆❞❥✉♥❣✐❡r❡♥✳
■♥ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✷ ✇✐r❞ ❞✐❡ ❊✐❣❡♥s❝❤❛❢t ‖ e−tA |L1‖1 ≤ 1 ❜③✇✳ ‖ e−tA |L1‖1 ≤ eωt
✭❱❡rs❝❤✐❡❜✉♥❣ ✈♦♥ A ✉♠ ❑♦♥st❛♥t❡✮ ✈♦❧❧stä♥❞✐❣ ü❜❡r ❞✐❡ ❋♦r♠ ❝❤❛r❛❦t❡r✐s✐❡rt✳ ❉✐❡ ◆♦r✲
♠❡♥ ‖ e−tA |Lp‖p ❦ö♥♥❡♥ ❛❜❡r ❛✉❝❤ ❡✐♥ ✇❡✐t❛✉s ❦♦♠♣❧✐③✐❡rt❡r❡s ❱❡r❤❛❧t❡♥ ❛✉❢✇❡✐s❡♥✳ ❉❛s
♥ä❝❤st❡ ❇❡✐s♣✐❡❧ ❜❡❤❛♥❞❡❧t ③✉❡rst ❞✐❡ L2✲◆♦r♠❡♥ ✈♦♥ ❍❛❧❜❣r✉♣♣❡♥✳ ✶✮ ❜✐s ✸✮ s✐♥❞ ❛❧❧✲
❣❡♠❡✐♥❣ü❧t✐❣❡ ❆✉ss❛❣❡♥✱ ✇♦❤✐♥❣❡❣❡♥ ✹✮ ❡✐♥ ❇❡✐s♣✐❡❧ ❞❛❢ür ✐st✱ ❞❛ss ❞✐❡ ◆♦r♠ s✐❝❤ ♥✐❝❤t
❡①♣♦♥❡♥t✐❡❧❧ ✈❡r❤❛❧t❡♥ ♠✉ss✳
❇❡✐s♣✐❡❧ ✷✳✷✳✻✳ ✭L2✲◆♦r♠❡♥ ✈♦♥ ❍❛❧❜❣r✉♣♣❡♥✮
✶✮ ❙❡✐ a s②♠♠❡tr✐s❝❤ ✉♥❞ ♥❛❝❤ ✉♥t❡♥ ❜❡s❝❤rä♥❦t✳ ❉❛♥♥ ✐st
‖ e−tA ‖ = e−ωt
❢ür ω := infu 6=0
a(u,u)
‖u‖2 ✳
✸✵
✷✳✷ L1 ✉♥❞ L∞✲❜❡s❝❤rä♥❦t❡ ❍❛❧❜❣r✉♣♣❡♥
✷✮ ❙❡✐ a s❝❤✐❡❢s②♠♠❡tr✐s❝❤✳ ❉❛♥♥ ✐st e−tA ✉♥✐tär ✉♥❞ s♦♠✐t
‖ e−tA ‖ = 1.
✸✮ ❆❧❧❣❡♠❡✐♥ ❣✐❧t d
dt
‖ e−tA ‖|t=0 = −ω ❢ür ω := infu 6=0 a(u,u)‖u‖2 ✳
✹✮ ❙❡✐
A :=
(
0 0
−1 1
)
.
❉❛♥♥ ✐st
e−tA =
(
1 0
1− e−t e−t
)
✉♥❞ ♠❛♥ ❡rr❡❝❤♥❡t
‖ e−tA ‖ =
√
e−2t+1− e−t+(1− e−t)
√
e−2t+1,
❡s ❦♦♥✈❡r❣✐❡rt ❛❧s♦ ‖ e−tA ‖ → √2 ❢ür t→∞ ✉♥❞ ❡s ❣✐❧t
d
dt
‖ e−tA ‖|t=0 = 1
2
(
√
2− 1) = −ω.
❋ür Lp✲◆♦r♠❡♥✱ p 6= 2✱ ❦❛♥♥ ❛✉❝❤ ✐♠ ❋❛❧❧❡ s②♠♠❡tr✐s❝❤❡r ♦❞❡r s❝❤✐❡❢s②♠♠❡tr✐s❝❤❡r
❋♦r♠❡♥ a ❡✐♥ ❛♥❞❡r❡s ❱❡r❤❛❧t❡♥ ❛❧s ❡①♣♦♥❡♥t✐❡❧❧❡s ❲❛❝❤st✉♠ ❞❡r ◆♦r♠ ❞❡r ❍❛❧❜❣r✉♣♣❡
❛✉❢tr❡t❡♥✳ ❉❛s ♥ä❝❤st❡ ❇❡✐s♣✐❡❧ ③❡✐❣t ❞✐❡s ❢ür ❞✐❡ L1✲◆♦r♠❡♥ ✈♦♥ ❍❛❧❜❣r✉♣♣❡♥✳
❇❡✐s♣✐❡❧ ✷✳✷✳✼✳ ✭L1✲◆♦r♠❡♥ ✈♦♥ ❍❛❧❜❣r✉♣♣❡♥✮
✶✮ ❙❡✐
A :=
(
1 −2
−2 4
)
.
❉✐❡ ③✉❣❡❤ör✐❣❡ ❋♦r♠ ✐st s②♠♠❡tr✐s❝❤✱ ✉♥❞ ❡s ✐st
e−tA = 1
5
(
4 + e−5t 2− 2 e−5t
2− 2 e−5t 1 + 4 e−5t
)
✉♥❞ ‖ e−tA ‖1 = 65 − 15 e−5t✳
✷✮ ❙❡✐
A :=
(−i i
i −i
)
.
❉✐❡ ③✉❣❡❤ör✐❣❡ ❋♦r♠ ✐st s❝❤✐❡❢s②♠♠❡tr✐s❝❤✱ ✉♥❞ ❡s ✐st
e−tA = 1
2
(
1 + e−2it 1− e−2it
1− e−2it 1 + e−2it
)
✉♥❞ ‖ e−tA ‖1 = 12 |1 + e−2it |+ 12 |1− e−2it | = | sin(t)|+ | cos(t)|✳
❉❛s ❢♦❧❣❡♥❞❡ ❙tör✉♥❣sr❡s✉❧t❛t ❧✐❡❢❡rt ♥✉♥ ❡✐♥ ❑r✐t❡r✐✉♠ ✉♠ ❙❝❤r❛♥❦❡♥ ❞❡r ❋♦r♠ C eωt
♥❛❝❤③✉✇❡✐s❡♥✿
✸✶
❑❛♣✐t❡❧ ✷ ❙♣❡③✐❡❧❧❡ ❍❛❧❜❣r✉♣♣❡♥❡✐❣❡♥s❝❤❛❢t❡♥
❚❤❡♦r❡♠ ✷✳✷✳✽✳ ❙❡✐ 1 ≤ p < ∞ ✉♥❞ ‖ e−tA |Lp‖p ≤ C ❢ür ❛❧❧❡ t ≥ 0✳ ❙❡✐ ✇❡✐t❡r
V : Lp → Lp ❡✐♥ st❡t✐❣❡r ❧✐♥❡❛r❡r ❖♣❡r❛t♦r ✉♥❞ 0 < α ≤ ∞✱ 0 ≤ γ < 1 s♦ ❣❡✇ä❤❧t✱ ❞❛ss
α∫
0
‖V e−tA u‖p dt ≤ γ‖u‖p ∀u ∈ D := {e−tA u | t > 0, u ∈ L2 ∩ Lp}.
❉❛♥♥ ❣✐❧t
‖ e−t(A+V ) |Lp‖p ≤
(
C
1− γ
) t
α
+1
=
C
1− γ e
1
α
ln( C1−γ )t .
❇❡✇❡✐s✳ ❲❡❣❡♥ ❞❡r Lp✲◆♦r♠s❝❤r❛♥❦❡ ❛♥ e−tA |Lp ✐st D ❞✐❝❤t ✐♥ Lp ✉♥❞ D ⊂ D(Ap)✱
❞❡♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ❞❡s Lp✲●❡♥❡r❛t♦rs✳ ❙♦♠✐t s✐♥❞ ❞✐❡ ❱♦r❛✉ss❡t③✉♥❣❡♥ ✈♦♥ ❬❱♦✐✼✼✱
✶✳ ❚❤❡♦r❡♠❪ ❡r❢ü❧❧t ✉♥❞ ❡s ❢♦❧❣t ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
❇❡♠❡r❦✉♥❣❡♥
❉✐❡ ❇❡❞✐♥❣✉♥❣❡♥ ❛✉s Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✶ ❜③✇✳ ✷✳✷✳✷ ✇❡r❞❡♥ ❛✉❝❤ ❞❛s ③✇❡✐t❡ ❇❡✉r❧✐♥❣✲
❉❡♥② ❑r✐t❡r✐✉♠ ❣❡♥❛♥♥t ✭s✐❡❤❡ ❬❘❙✼✽✱ ❚❤❡♦r❡♠ ❳■■■✳✺✶❪✮✳ ❲✐❡ ❛✉❝❤ ❞✐❡ ❈❤❛r❛❦t❡r✐s✐❡✲
r✉♥❣ ❞❡r ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡♥ ❍❛❧❜❣r✉♣♣❡♥ st❛♠♠t ❛✉❝❤ ❞✐❡ ❈❤❛r❛❦t❡r✐s✐❡r✉♥❣ ❞❡r
L1✲ ❜③✇✳ L∞✲❜❡s❝❤rä♥❦t❡♥ ❍❛❧❜❣r✉♣♣❡♥ ✈♦♥ ❖✉❤❛❜❛③ ✭❬❖✉❤✵✺❪✮✳ ❉✐❡ ❈❤❛r❛❦t❡r✐s✐❡✲
r✉♥❣ s❡❧❜st ✐st ❛❜❡r ❞❡✉t❧✐❝❤ ä❧t❡r ✉♥❞ ✇✉r❞❡ ♠❡✐st ✐♠ ❑♦♥t❡①t ❞❡r ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥
❜❡❤❛♥❞❡❧t ✭s✐❡❤❡ ♥ä❝❤st❡s ❑❛♣✐t❡❧✮✳
❉✐❡ ▼❛ß❞❛rst❡❧❧✉♥❣ Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✺ ✇✉r❞❡ ✐♥ ❞❡r ▲✐t❡r❛t✉r ♥✐❝❤t ❣❡❢✉♥❞❡♥✳
❉✐❡ ❙tör✉♥❣❡♥ ✐♥ ❚❤❡♦r❡♠ ✷✳✷✳✽ ✇❡r❞❡♥ ❛✉❝❤ ▼✐②❛❞❡r❛ ❙tör✉♥❣❡♥ ❣❡♥❛♥♥t ✭s✐❡❤❡
❬▼✐②✻✻❪✮✳
❊✐♥❡ ❛♥❞❡r❡ ❛❧❧❣❡♠❡✐♥❡ ▼ö❣❧✐❝❤❦❡✐t Lp✲❙❝❤r❛♥❦❡♥ ❞❡r ❋♦r♠ ‖ e−tA |Lp‖p ≤ eωpt ③✉
❡r❤❛❧t❡♥ ✐st✱ ❞❛s ❙♣❡❦tr✉♠ ❞❡s Lp✲❊r③❡✉❣❡rs ✇✐❡ ✐♥ ❬❙❱✵✷❪ ③✉ ❜❡tr❛❝❤t❡♥✳ ❙♦ ❦❛♥♥ ♠❛♥
❛✉❝❤ ❢ür p /∈ {1, 2,∞} ❞❡r❛rt✐❣❡ ❆❜s❝❤ät③✉♥❣❡♥ ❛♥ ❞✐❡ ◆♦r♠❡♥ ❡r❤❛❧t❡♥✳
✸✷
❑❛♣✐t❡❧ ✸
❙②♠♠❡tr✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥
❊♥❞❡ ❞❡r ✺✵❡r ❏❛❤r❡ ✇✉r❞❡♥ ✈♦♥ ❆✳ ❇❡✉r❧✐♥❣ ✉♥❞ ❏✳ ❉❡♥② ③✇❡✐ ❆r❜❡✐t❡♥ ③✉ ❉✐r✐❝❤❧❡t✲
❘ä✉♠❡♥ ❬❇❉✺✽✱ ❇❉✺✾❪ ✈❡rö✛❡♥t❧✐❝❤t ✉♥❞ ❞❛♠✐t ❞✐❡ ❚❤❡♦r✐❡ ❞❡r ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❜❡✲
❣rü♥❞❡t✳ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ s✐♥❞ ❡♥❣ ♠✐t ▼❛r❦♦✈✲❍❛❧❜❣r✉♣♣❡♥ ✭♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡✱ L1
✉♥❞ L∞✲❦♦♥tr❛❦t✐✈❡ ❍❛❧❜❣r✉♣♣❡♥✮ ✉♥❞ ♠✐t ▼❛r❦♦✈✲Pr♦③❡ss❡♥ ✈❡r❜✉♥❞❡♥ ✉♥❞ st❡❧❧❡♥ s♦
❡✐♥❡ ❙❝❤♥✐ttst❡❧❧❡ ③✇✐s❝❤❡♥ ❞❡r ❆♥❛❧②s✐s ✉♥❞ ❞❡r ❚❤❡♦r✐❡ st♦❝❤❛st✐s❝❤❡r Pr♦③❡ss❡ ❞❛r✳
❙✐❡ s✐♥❞ ❞❛s ✇✐❝❤t✐❣st❡ ❆♥✇❡♥❞✉♥❣s❜❡✐s♣✐❡❧ ❢ür ❞✐❡ ❍❛❧❜❣r✉♣♣❡♥❛❜s❝❤ät③✉♥❣❡♥ ❞✐❡s❡r
❆r❜❡✐t✳ ❊✐♥❡ ❣✉t❡ ❊✐♥❢ü❤r✉♥❣ ✐♥ ❞✐❡ ❚❤❡♦r✐❡ ❞❡r ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❜✐❡t❡♥ ❞✐❡ ❇ü❝❤❡r
❬❋✠❖❚✾✹✱ ❇❍✾✶✱ ▼❘✾✷❪✳
❩✉♥ä❝❤st ✇❡r❞❡♥ ❞✐❡ ❣r✉♥❞sät③❧✐❝❤❡♥ ❉❡✜♥✐t✐♦♥❡♥ ✉♥❞ ❡✐♥❡ ❉❛rst❡❧❧✉♥❣s❢♦r♠❡❧ ❢ür
❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❛♥❣❡❣❡❜❡♥✳ ■♠ ♥ä❝❤st❡♥ ❆❜s❝❤♥✐tt ✇❡r❞❡♥ ❙tör✉♥❣❡♥ ✈♦♥ ❉✐r✐❝❤❧❡t✲
❋♦r♠❡♥ ❞✉r❝❤ ▼❛ß❡ ❡✐♥❣❡❢ü❤rt✱ ❞✐❡ ❡✐♥❡ ✇✐❝❤t✐❣❡ ❘♦❧❧❡ ✐♥ ✈✐❡❧❡♥ ❆♥✇❡♥❞✉♥❣❡♥ ❞❡r ❙t♦✲
❝❤❛st✐❦ ✉♥❞ ❞❡r ❆♥❛❧②s✐s s♣✐❡❧❡♥✳ ❉❛③✉ ❣❡❤ör❡♥ ❞✐❡ ◗✉❛♥t❡♥♠❡❝❤❛♥✐❦✱ ❞✐❡ ❚❤❡♦r✐❡ ❞❡r
❲är♠❡❧❡✐t✉♥❣ ✉♥❞ ❞❡s ❊❧❡❦tr♦♠❛❣♥❡t✐s♠✉s✱ s♦✇✐❡ ✈❡rs❝❤✐❡❞❡♥❡ st♦❝❤❛st✐s❝❤❡ ▼♦❞❡❧❧❡✳
❉❡r ❧❡t③t❡ ❆❜s❝❤♥✐tt ✇✐❞♠❡t s✐❝❤ ❞❡♠ ❊♥❡r❣✐❡♠❛ß ✉♥❞ ❞❡♥ ❋✉♥❦t✐♦♥❡♥ ❧♦❦❛❧ ✐♠ ❉❡✜✲
♥✐t✐♦♥s❜❡r❡✐❝❤✳ ❲❡✐t❡r ✇❡r❞❡♥ Pr♦❞✉❦t✲ ✉♥❞ ❑❡tt❡♥r❡❣❡❧ ✈♦r❣❡st❡❧❧t✳ ❉❛s ❊♥❞❡ ✇✐❞♠❡t
s✐❝❤ ❞❛♥♥ ♥♦❝❤ ❞❡r ❋r❛❣❡✱ ✇❛♥♥ Pr♦❞✉❦t❡ ✈♦♥ ❋✉♥❦t✐♦♥❡♥ ✇✐❡❞❡r ✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤
❧✐❡❣❡♥✳
✸✳✶ ❉❡✜♥✐t✐♦♥❡♥ ✉♥❞ ❉❛rst❡❧❧✉♥❣
❙❡✐ X ❡✐♥ ❧♦❦❛❧ ❦♦♠♣❛❦t❡r s❡♣❛r❛❜❧❡r ❍❛✉s❞♦r✛✲❘❛✉♠✱ A ❞✐❡ ❇♦r❡❧s❝❤❡ σ✲❆❧❣❡❜r❛✱ m
❡✐♥ ❘❛❞♦♥✲▼❛ß ❛✉❢ A ♠✐t m(U) > 0 ❢ür ❛❧❧❡ ♦✛❡♥❡♥ ▼❡♥❣❡♥ U ⊂ X ✉♥❞ a ❡✐♥❡ ❞✐❝❤t
❞❡✜♥✐❡rt❡✱ s②♠♠❡tr✐s❝❤❡✱ ♥❛❝❤ ✉♥t❡♥ ❜❡s❝❤rä♥❦t❡ ✉♥❞ ❛❜❣❡s❝❤❧♦ss❡♥❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠✳
❙❡✐ ✇❡✐t❡r❤✐♥ A ❞❡r ③✉ a ❛ss♦③✐✐❡rt❡ ❖♣❡r❛t♦r✱ (e−tA)t≥0 ❞✐❡ ③✉❣❡❤ör✐❣❡ ❍❛❧❜❣r✉♣♣❡ ✉♥❞
a(β) ❞✐❡ ❛♣♣r♦①✐♠✐❡r❡♥❞❡ ❋♦r♠✳
❉❡✜♥✐t✐♦♥ ✸✳✶✳✶✳ ❊✐♥❡ ❋✉♥❦t✐♦♥ f : C → C ❤❡✐ßt ♥♦r♠❛❧❡ ❑♦♥tr❛❦t✐♦♥✱ ✇❡♥♥ ❢ür ❛❧❧❡
x, y ∈ C ❢♦❧❣❡♥❞❡s ❣✐❧t✿ f(0) = 0 ✉♥❞ |f(x)− f(y)| ≤ |x− y|✳
❊❜❡♥s♦ ✇✐❡ ✐♠ ✈♦r❤❡r✐❣❡♥ ❑❛♣✐t❡❧ ❡r❤ä❧t ♠❛♥ ❢ür ❞✐❡ ③✉ ▼❛r❦♦✈✲❍❛❧❜❣r✉♣♣❡♥ ❛ss♦③✐✲
✐❡rt❡♥ ❋♦r♠❡♥ ❞✐❡ ❈❤❛r❛❦t❡r✐s✐❡r✉♥❣✿
Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷✳ ❉✐❡ ❢♦❧❣❡♥❞❡♥ ✈✐❡r ❇❡❞✐♥❣✉♥❣❡♥ s✐♥❞ äq✉✐✈❛❧❡♥t✿
✐✮ e−tA ✐st ❢ür ❛❧❧❡ t ≥ 0 ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞✱ L1✲❦♦♥tr❛❦t✐✈ ✉♥❞ L∞✲❦♦♥tr❛❦t✐✈✱
✸✸
❑❛♣✐t❡❧ ✸ ❙②♠♠❡tr✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥
✐✐✮ ❢ür β > 0 ❡①✐st✐❡r❡♥ ❘❛❞♦♥✲▼❛ß❡ µβ ❛✉❢ X ✉♥❞ νβ ❛✉❢ X
2✱ s♦ ❞❛ss ❞✐❡ ❛♣♣r♦①✐✲
♠✐❡r❡♥❞❡ ❋♦r♠ ❢♦❧❣❡♥❞❡ ●❡st❛❧t ❤❛t✿
a(β)(u, u) =
∫
X
|u(x)|2 µβ(dx) + 1
2
∫
X2
|u(x)− u(y)|2 νβ(dx, dy),
✐✐✐✮ ❢ür ❛❧❧❡ ♥♦r♠❛❧❡♥ ❑♦♥tr❛❦t✐♦♥❡♥ f ✉♥❞ ❢ür ❛❧❧❡ u ∈ D(a) ✐st f ◦ u ∈ D(a) ✉♥❞
a(f ◦ u, f ◦ u) ≤ a(u, u),
✐✈✮ ❢ür ❛❧❧❡ u ∈ D(a) ✐st (ℜu)+ ∧ 1 ∈ D(a) ✉♥❞
a((ℜu)+ ∧ 1, (ℜu)+ ∧ 1) ≤ a(u, u).
❇❡✇❡✐s✳ ✐✮ ⇒ ✐✐✮✿ ▼✐t ❞❡♥ Pr♦♣♦s✐t✐♦♥❡♥ ✷✳✶✳✻✱ ✷✳✷✳✹ ✉♥❞ ✷✳✷✳✺ ❢♦❧❣t ❞✐❡ ❊①✐st❡♥③ ❡✐♥❡s
s✐❣♥✐❡rt❡♥ ❘❛❞♦♥✲▼❛ß❡s µ˜β ♠✐t ❞❡♥ ✐♥ ❞❡♥ Pr♦♣♦s✐t✐♦♥❡♥ ❣❡♥❛♥♥t❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥ ✭❞✐❡
▼❛ß❡ ✐♥ ❞❡♥ ❞r❡✐ Pr♦♣♦s✐t✐♦♥❡♥ st✐♠♠❡♥ ü❜❡r❡✐♥✮✿ µ˜β ✐st s②♠♠❡tr✐s❝❤✶✱ ❛✉❢ ❞❡r ❉✐❛❣♦♥❛✲
❧❡♥ ♣♦s✐t✐✈ ✭✉♥❞ s♦♥st ♥❡❣❛t✐✈✮ ✉♥❞ ❞✐❛❣♦♥❛❧❞♦♠✐♥❛♥t ✐♠ ❙✐♥♥❡ ❞❡r Pr♦♣♦s✐t✐♦♥❡♥ ✷✳✷✳✹
✉♥❞ ✷✳✷✳✺✳ ❙♦♠✐t ✐st
a(β)(u, u) =
∫
X2\d
u(y)u(x) µ˜β(dx, dy) +
∫
X2∩d
u(y)u(x) µ˜β(dx, dy)
=
∫
X2\d
(u(y)− u(x))u(x) µ˜β(dx, dy)+
+
∫
X2\d
|u(x)|2 µ˜β(dx, dy) +
∫
X2∩d
|u(x)|2 µ˜β(dx, dy)
✉♥❞ ♠✐t ❞❡r ❙②♠♠❡tr✐❡ ❢♦❧❣t
= −1
2
∫
X2\d
|u(x)− u(y)|2 µ˜β(dx, dy) +
∫
X2
|u(x)|2 µ˜β(dx, dy).
❲ä❤❧❡ ♥✉♥ µβ(M) := µ˜β(M × X) ❢ür M ∈ A ✉♥❞ νβ := −1X2\dµ˜β✳ ❲❡❣❡♥ ❞❡r ❉✐❛❣♦✲
♥❛❧❞♦♠✐♥❛♥③ ✈♦♥ µ˜ ✐st µβ(M) ♥✐❝❤t♥❡❣❛t✐✈✳
✐✐✮ ⇒ ✐✐✐✮✿ ❉✐❡s ❢♦❧❣t s♦❢♦rt ❛✉s ❚❤❡♦r❡♠ ✶✳✷✳✶✳
✐✐✐✮ ⇒ ✐✈✮✿ ❖✛❡♥s✐❝❤t❧✐❝❤✱ ❞❛ f(x) = (ℜx)+ ∧ 1 ❡✐♥❡ ♥♦r♠❛❧❡ ❑♦♥tr❛❦t✐♦♥ ✐st✳
✐✈✮ ⇒ ✐✮✿ ❙❡t③❡ v := (ℜu)+ ∧ 1✳ ❉❛♥♥ ❣✐❧t s♦✇♦❤❧
ℜa(u− v, u) + ℜa(u− v, v) = a(u, u)− a(v, v) ≥ 0
✶✱ ❞✳❤✳ µ˜β(E × F ) = µ˜β(F × E) ❢ür ❛❧❧❡ E,F ∈ A
✸✹
✸✳✶ ❉❡✜♥✐t✐♦♥❡♥ ✉♥❞ ❉❛rst❡❧❧✉♥❣
❛❧s ❛✉❝❤
ℜa(u− v, u)−ℜa(u− v, v) = a(u− v, u− v) ≥ −γ+a ‖u− v‖2.
❑♦♠❜✐♥✐❡rt ♠❛♥ ❜❡✐❞❡ ❯♥❣❧❡✐❝❤✉♥❣❡♥ ❡r❤ä❧t ♠❛♥
ℜa(u− v, u) ≥ −γ
+
a
2
‖u− v‖2 ≥ −γ+a ‖u− v‖2.
❚❤❡♦r❡♠ ✶✳✸✳✶ ❧✐❡❢❡rt ♥✉♥ ❞✐❡ ■♥✈❛r✐❛♥③ ✈♦♥
C := {u ∈ L2 | 0 ≤ u ≤ 1}
✉♥t❡r e−tA ❢ür ❛❧❧❡ t ≥ 0✳ ❉❛s ❤❡✐ßt✱ ❞❛ss ❢ür u ∈ L2✱ 0 ≤ u ≤ n ❛✉❝❤ 0 ≤ e−tA u ≤ n
❣✐❧t✳ ❙❡✐ 0 ≤ u ∈ L2 ❜❡❧✐❡❜✐❣✱ t ≥ 0 ✉♥❞ ❞❡✜♥✐❡r❡ un := u ∧ n✳ ❉❛♥♥ ❣✐❧t
e−tA u = lim
n→∞
e−tA un ≥ 0
✇♦♠✐t ❞✐❡ P♦s✐t✐✈✐täts❡r❤❛❧t✉♥❣ ✈♦♥ e−tA ❣❡③❡✐❣t ✐st✳ Pr♦♣♦s✐t✐♦♥ ✷✳✶✳✸ ❧✐❡❢❡rt ✇❡✐t❡r❤✐♥
| e−tA u| ≤ e−tA |u|✳ ❙♦♠✐t ❢♦❧❣t ❛✉❝❤ ❞✐❡ L∞✲❑♦♥tr❛❦t✐✈✐tät ✈♦♥ e−tA✱ ❞❡♥♥ ❡s ✐st
‖ e−tA u‖∞ = ‖| e−tA u|‖∞ ≤ ‖ e−tA |u|‖∞ ≤ ‖u‖∞.
❉✐❡ L1✲❑♦♥tr❛❦t✐✈✐tät ❡r❤ä❧t ♠❛♥ ❞✉r❝❤ ❆❞❥✉♥❣✐❡r❡♥✳
❉❡✜♥✐t✐♦♥ ✸✳✶✳✸✳ a ❤❡✐ßt ❉✐r✐❝❤❧❡t✲❋♦r♠✱ ✇❡♥♥ ❡✐♥❡ ❞❡r ❇❡❞✐♥❣✉♥❣❡♥ ✐♥ Pr♦♣♦s✐t✐✲
♦♥ ✸✳✶✳✷ ✭✉♥❞ ❞❛♠✐t ❛❧❧❡✮ ❡r❢ü❧❧t ✐st✳
❇❡✐s♣✐❡❧ ✸✳✶✳✹✳ ❙❡✐ X := Rd✱ a(u, v) :=
∫
X
〈▽u,▽v〉 dx ✉♥❞ D(a) := H1(X)✱ ♠✐t
〈·, ·〉 ❞❡♠ ❙t❛♥❞❛r❞s❦❛❧❛r♣r♦❞✉❦t ✐♥ Cd✳ ❉❛♥♥ ✐st a ❡✐♥❡ ❉✐r✐❝❤❧❡t✲❋♦r♠✳ ❉❡r ❛ss♦③✐✐❡rt❡
❖♣❡r❛t♦r ✐st −△✳
❇❡♠❡r❦✉♥❣ ✸✳✶✳✺✳ ❊✐♥❡ ❉✐r✐❝❤❧❡t✲❋♦r♠ ✐st ❛✉t♦♠❛t✐s❝❤ ♣♦s✐t✐✈ s❡♠✐❞❡✜♥✐t✱ ❞✳❤✳ ❡s ❣✐❧t
a ≥ 0✳
❊✐♥❡ ✇✐❝❤t✐❣❡ ❋r❛❣❡ ✐st✱ ✇❛♥♥ ❞❛s Pr♦❞✉❦t ③✇❡✐❡r ❋✉♥❦t✐♦♥❡♥ ✐♥ D(a) ✇✐❡❞❡r ✐♥ D(a)
❧✐❡❣t✳ ❊✐♥❡ ❡✐♥❢❛❝❤❡ ❆♥t✇♦rt ❧✐❡❢❡rt ❞✐❡s❡s ❑♦r♦❧❧❛r✳
❑♦r♦❧❧❛r ✸✳✶✳✻✳ ❙❡✐ a ❡✐♥❡ ❉✐r✐❝❤❧❡t✲❋♦r♠ ✉♥❞ u, v ∈ D(a) ∩ L∞✳ ❉❛♥♥ ❣✐❧t uv ∈ D(a)
✉♥❞
a(uv, uv) ≤ 2‖v‖2∞a(u, u) + 2‖u‖2∞a(v, v).
❇❡✇❡✐s✳ ❉✐❡s ❢♦❧❣t ❛✉s Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷ ✐✐✮ ✉♥❞ ❚❤❡♦r❡♠ ✶✳✷✳✶✱ ❞❡♥♥ ❡s ✐st
|u(x)v(x)| ≤ ‖v‖∞|u(x)|
✉♥❞
|u(x)v(x)− u(y)v(y)| ≤ ‖v‖∞|u(x)− u(y)|+ ‖u‖∞|v(x)− v(y)|
✉♥❞ s♦♠✐t
a(β)(uv, uv) ≤ 2‖v‖2∞a(β)(u, u) + 2‖u‖2∞a(β)(v, v).
✸✺
❑❛♣✐t❡❧ ✸ ❙②♠♠❡tr✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥
❉❡✜♥✐t✐♦♥ ✸✳✶✳✼✳ ❊✐♥❡ ❉✐r✐❝❤❧❡t✲❋♦r♠ a ❤❡✐ßt r❡❣✉❧är✱ ✇❡♥♥ D(a) ∩ Cc(X) s♦✇♦❤❧ ✐♥
Cc(X) ❜❡③ü❣❧✐❝❤ ❞❡r ❙✉♣r❡♠✉♠s♥♦r♠ ❛❧s ❛✉❝❤ ✐♥ D(a) ❜❡③ü❣❧✐❝❤ ❞❡r ◆♦r♠ ‖ · ‖a ❞✐❝❤t
❧✐❡❣t✳
❉❡✜♥✐t✐♦♥ ✸✳✶✳✽✳ ❙❡✐ U ⊂ X ♦✛❡♥❡ ▼❡♥❣❡✳ ❉✐❡ ❑❛♣❛③✐tät ✈♦♥ U ✐st ❞❡✜♥✐❡rt ❛❧s
Cap(U) := inf{a1(u, u) | u ∈ D(a), u ≥ 1U} (inf ∅ :=∞).
❋ür ❡✐♥❡ ❜❡❧✐❡❜✐❣❡ ❚❡✐❧♠❡♥❣❡ M ⊂ X ✐st ❞✐❡ ❑❛♣❛③✐tät ❞❡✜♥✐❡rt ❛❧s
Cap(M) := inf{Cap(U) |M ⊂ U ⊂ X, U ♦✛❡♥}.
❉✐❡ ❇❡✇❡✐s❡ ❢ür ❞✐❡ ❢♦❧❣❡♥❞❡♥ ❆✉ss❛❣❡♥ ✜♥❞❡♥ s✐❝❤ ✐♥ ❬❋✠❖❚✾✹❪✳ ❩✉♥ä❝❤st ❡✐♥✐❣❡ ❊✐✲
❣❡♥s❝❤❛❢t❡♥ ❞❡r ❑❛♣❛③✐tät✿
Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✾✳ Cap : P(X)→ [0,∞] ✐st ❡✐♥❡ ❈❤♦q✉❡t✲❑❛♣❛③✐tät✱ ❞✳❤✳
✐✮ M ⊂ N ⇒ Cap(M) ≤ Cap(N)✱
✐✐✮ Mn ↑ ⇒ Cap(∪nMn) = supnCap(Mn)✱
✐✐✐✮ Kn ❦♦♠♣❛❦t ✉♥❞ Kn ↓ ⇒ Cap(∩nKn) = infnCap(Kn)✳
▼✐t ❞❡♠ ♥❛❝❤❢♦❧❣❡♥❞❡♥ ❇❡❣r✐✛ ❞❡r ◗✉❛s✐st❡t✐❣❦❡✐t ❦❛♥♥ ❛♠ ❊♥❞❡ ❞❡r ❉❛rst❡❧❧✉♥❣ss❛t③
✈♦♥ ❇❡✉r❧✐♥❣✲❉❡♥② ❢♦r♠✉❧✐❡rt ✇❡r❞❡♥✳
❉❡✜♥✐t✐♦♥ ✸✳✶✳✶✵✳ ❊✐♥❡ ❋✉♥❦t✐♦♥ u : X → R ❤❡✐ßt q✉❛s✐st❡t✐❣✱ ✇❡♥♥ ❢ür ❥❡❞❡s ǫ > 0
❡✐♥❡ ♦✛❡♥❡ ▼❡♥❣❡ U ⊂ X ❡①✐st✐❡rt✱ s♦ ❞❛ss Cap(U) < ǫ ✉♥❞ u|X\U st❡t✐❣ ✐st✳
❊✐♥❡ ❊✐❣❡♥s❝❤❛❢t ❣✐❧t q✉❛s✐✲ü❜❡r❛❧❧ ✭q✳ü✳✮✱ ✇❡♥♥ s✐❡ ✭❛♥❛❧♦❣ ③✉r ❉❡✜♥✐t✐♦♥ ✈♦♥ ❢✳ü✳✮
❛✉ß❡r❤❛❧❜ ❡✐♥❡r ▼❡♥❣❡ ♠✐t ❑❛♣❛③✐tät ◆✉❧❧ ❣✐❧t✳
❊✐♥ ▼❛ß µ ❛✉❢A ❤❡✐ßt Cap✲st❡t✐❣✱ ✇❡♥♥ ❢ür ❛❧❧❡ E ∈ A♠✐t Cap(E) = 0 ❛✉❝❤ µ(E) = 0
❣✐❧t✳
❋ür r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ③❡✐❣t s✐❝❤✱ ❞❛ss ❥❡❞❡ ❋✉♥❦t✐♦♥ ✐♥ D(a) ❡✐♥❡ q✉❛s✐st❡t✐❣❡
❱❛r✐❛♥t❡ ❜❡s✐t③t✳ ❩✉❞❡♠ ✐st ❞✐❡s❡ q✉❛s✐✲ü❜❡r❛❧❧ ❡✐♥❞❡✉t✐❣✳
Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✶✳ ❙❡✐ a ❡✐♥❡ r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t✲❋♦r♠✳ ❋ür u ∈ D(a) ❡①✐st✐❡rt ❡✐♥❡
q✉❛s✐st❡t✐❣❡ m✲❱❡rs✐♦♥ u˜ ✈♦♥ u✱ ❞✳❤✳ u˜ ✐st q✉❛s✐st❡t✐❣ ✉♥❞ u˜ = u m✲❢✳ü✳ ■st u ≥ 0 m✲❢✳ü✳
✉♥❞ q✉❛s✐st❡t✐❣✱ s♦ ✐st ❛✉❝❤ u ≥ 0 q✳ü✳✱ ❞✳❤✳ ③✇❡✐ ✈❡rs❝❤✐❡❞❡♥❡ q✉❛s✐st❡t✐❣❡ m✲❱❡rs✐♦♥❡♥
u1 ✉♥❞ u2 ✈♦♥ u st✐♠♠❡♥ q✳ü✳ ü❜❡r❡✐♥✳
Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✷ ✭❉❛rst❡❧❧✉♥❣ss❛t③ ✈♦♥ ❇❡✉r❧✐♥❣✲❉❡♥②✮✳ ❙❡✐ a ❡✐♥❡ r❡❣✉❧är❡ ❉✐r✐✲
❝❤❧❡t✲❋♦r♠✳ ❉❛♥♥ ❡①✐st✐❡r❡♥
• ❡✐♥ ❘❛❞♦♥✲▼❛ß J ❛✉❢ X2 \ d✱ ❞❛s ✐♥ ❜❡✐❞❡♥ ❱❛r✐❛❜❧❡♥ Cap✲st❡t✐❣ ✐st✱
• ❡✐♥ Cap✲st❡t✐❣❡s ❘❛❞♦♥✲▼❛ß k ❛✉❢ X✱
✸✻
✸✳✷ ❙tör✉♥❣❡♥ ❞✉r❝❤ ▼❛ß❡
• ❡✐♥❡ s②♠♠❡tr✐s❝❤❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ a(c) : D(a) × D(a) → C✱ ❞✐❡ st❛r❦ ❧♦❦❛❧ ✐st✱
❞✳❤✳ ❢ür u, v ∈ D(a) ♠✐t u ❦♦♥st❛♥t ❛✉❢ supp v ✐st a(c)(u, v) = 0✱ ✉♥❞ ❢ür ❛❧❧❡
u ∈ D(a) ✉♥❞ ❥❡❞❡ ♥♦r♠❛❧❡ ❑♦♥tr❛❦t✐♦♥ f ✐st a(c)(f ◦ u, f ◦ u) ≤ a(c)(u, u)✱
s♦ ❞❛ss s✐❝❤ a s❝❤r❡✐❜❡♥ ❧ässt ❛❧s
a(u, u) =
∫
X
|u˜|2 dk +
∫
X2\d
|u˜(x)− u˜(y)|2 J(dx, dy) + a(c)(u, u). ✭✸✳✶✮
❉❛❜❡✐ ✐st ❞✐❡ ❲❛❤❧ ❞❡r J ✱ k ✉♥❞ a(c) ❡✐♥❞❡✉t✐❣✳
❇❡♠❡r❦✉♥❣ ✸✳✶✳✶✸✳ ❲❡❣❡♥ ❞❡r Cap✲❙t❡t✐❣❦❡✐t ✈♦♥ k ✉♥❞ J s✐♥❞ ❞✐❡ ❜❡✐❞❡♥ ■♥t❡❣r❛❧❡ ✐♥
●❧❡✐❝❤✉♥❣ ✭✸✳✶✮ ✉♥❛❜❤ä♥❣✐❣ ✈♦♥ ❞❡r ❲❛❤❧ ✈♦♥ u˜✳
✸✳✷ ❙tör✉♥❣❡♥ ❞✉r❝❤ ▼❛ß❡
❋ür ❡✐♥❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ a ✉♥❞ ❡✐♥❡ ♠❡ss❜❛r❡ ❋✉♥❦t✐♦♥ V : X → R ❦❛♥♥ ♠❛♥ ❞✐❡
❙✉♠♠❡
a(u, v) +
∫
X
u(x)v(x)V (x)m(dx)
❜❡tr❛❝❤t❡♥✳ ■♠ ❋❛❧❧❡ r❡❣✉❧är❡r ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❦❛♥♥ ♠❛♥ ♠✐t ❍✐❧❢❡ ❞❡s ❇❡❣r✐✛s ❞❡r
◗✉❛s✐st❡t✐❣❦❡✐t ❞❛s ▼❛ß V (x) m(dx) ❞✉r❝❤ Cap✲st❡t✐❣❡ ▼❛ß❡ ❡rs❡t③❡♥ ✉♥❞ ❆✉s❞rü❝❦❡
❞❡r ❋♦r♠
a(u, v) +
∫
X
u˜(x)v˜(x) dµ
❜❡tr❛❝❤t❡♥✳ ❊s ❢♦❧❣t ❡✐♥❡ ❦✉r③❡ ❩✉s❛♠♠❡♥❢❛ss✉♥❣ ❞❡r ✇❡s❡♥t❧✐❝❤❡♥ ❆✉ss❛❣❡♥ ❛✉s ❬❙t♦✾✷❪
✉♥❞ ❬❙❱✾✻❪✳
❙❡✐ a ❡✐♥❡ r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t ❋♦r♠✳ ❋ür ❥❡❞❡s Cap✲st❡t✐❣❡ ▼❛ß µ ❛✉❢ A ❧ässt s✐❝❤ ❡✐♥❡
❙❡sq✉✐❧✐♥❡❛r❢♦r♠ ✭❡❜❡♥❢❛❧❧s µ ❣❡♥❛♥♥t✮ ❞❡✜♥✐❡r❡♥ ❞✉r❝❤
µ(u, v) :=
∫
X
u˜v˜ dµ D(µ) := {u ∈ D(a) | µ(u, u) <∞}.
❙❡✐ µ+ ❡✐♥ Cap✲st❡t✐❣❡s ▼❛ß ❛✉❢ A✳ ❉❛♥♥ ✐st µ+(·, ·) ❡✐♥❡ ❛❜❣❡s❝❤❧♦ss❡♥❡ ❋♦r♠ ✐♠
❍✐❧❜❡rt✲❘❛✉♠ (D(a), ‖ · ‖a)✳ ❙♦♠✐t ✐st ❛✉❝❤ a+µ+✱ D(a+µ+) := D(µ+) ❡✐♥❡ ❛❜❣❡s❝❤❧♦s✲
s❡♥❡ ❋♦r♠ ✐♥ L2(X,m)✱ ❞✐❡ ❛❜❡r ♥✐❝❤t ♥♦t✇❡♥❞✐❣❡r✇❡✐s❡ ❞✐❝❤t ❞❡✜♥✐❡rt ✐st✳ ❉❡r ❆❜s❝❤❧✉ss
✈♦♥ D(a+µ+) ✐♥ L2(X) ❤❛t ❞✐❡ ●❡st❛❧t L2(Y,m) ♠✐t ❡✐♥❡r ♠❡ss❜❛r❡♥ ❚❡✐❧♠❡♥❣❡ Y ⊂ X✳
❉❛s ❜❡❞❡✉t❡t✱ ❞❛ss a+ µ+ ❡✐♥❡ ❞✐❝❤t ❞❡✜♥✐❡rt❡✱ s②♠♠❡tr✐s❝❤❡ ✉♥❞ ❛❜❣❡s❝❤❧♦ss❡♥❡ ❋♦r♠
✐♥ L2(Y,m) ✐st✳
❙❡✐ ♥✉♥ µ− ❡✐♥ ✇❡✐t❡r❡s Cap✲st❡t✐❣❡s ▼❛ß ❛✉❢ A✱ ❢ür ❞❛s ❡✐♥ q < 1 ✉♥❞ ❡✐♥ Cq ≥ 0
❡①✐st✐❡r❡♥✱ s♦ ❞❛ss ❢ür ❛❧❧❡ u ∈ D(a+ µ+)
µ−(u, u) ≤ q(a+ µ+)(u, u) + Cq‖u‖2
✸✼
❑❛♣✐t❡❧ ✸ ❙②♠♠❡tr✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥
❣✐❧t✳ ❉❛♥♥ ✐st aµ := a+µ+−µ−✱ D(aµ) := D(a+µ+) ❡✐♥❡ ❛❜❣❡s❝❤❧♦ss❡♥❡✱ ❞✐❝❤t ❞❡✜♥✐❡rt❡
❋♦r♠ ✐♥ L2(Y,m)✳ ■♠ ❆❧❧❣❡♠❡✐♥❡♥ ✐st aµ ❦❡✐♥❡ r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t✲❋♦r♠✳ ◆✐❝❤ts❞❡st♦tr♦t③
❜❡s✐t③t aµ ♦✛❡♥s✐❝❤t❧✐❝❤ ❡✐♥❡ ❉❛rst❡❧❧✉♥❣ ✇✐❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✶✷✿
aµ(u, u) =
∫
X
|u˜|2 dk′ +
∫
X2\d
|u˜(x)− u˜(y)|2 J(dx, dy) + a(c)(u, u)
♠✐t ❞❡♠ s✐❣♥✐❡rt❡♥ ❘❛❞♦♥✲▼❛ß k′ = k + µ+ − µ−✳
✸✳✸ ❉❛s ❊♥❡r❣✐❡♠❛ß
❙❡✐ a ❡✐♥❡ r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t✲❋♦r♠✳ ❊s ✇✐r❞ ♥✉♥ ❞❛s ❊♥❡r❣✐❡♠❛ß ✉♥❞ s❡✐♥❡ ❊✐❣❡♥s❝❤❛❢t❡♥
❡r❦❧ärt✳ ■♠ ❋❛❧❧❡ ❞❡r ❉✐r✐❝❤❧❡t✲❋♦r♠ ❛✉s ❇❡✐s♣✐❡❧ ✸✳✶✳✹ ❡♥ts♣r✐❝❤t ❞❛s ❊♥❡r❣✐❡♠❛ß ❞❡♠
❆✉s❞r✉❝❦ 〈▽u,▽v〉 dx✳
Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶ ✭❬❋✠❖❚✾✹✱ ▼♦s✾✹✱ ❙t✉✾✹❪✮✳ ❊s ❡①✐st✐❡rt ❡✐♥❡ s②♠♠❡tr✐s❝❤❡ ❙❡sq✉✐❧✐✲
♥❡❛r❢♦r♠ µ
(c)
<·,·> ❛✉❢ D(a) ♠✐t ❲❡rt❡♥ ✐♥ ❞❡♥ ❦♦♠♣❧❡①❡♥ ❘❛❞♦♥♠❛ß❡♥ ❛✉❢ X✱ ❞✐❡ ❢♦❧❣❡♥❞❡
❊✐❣❡♥s❝❤❛❢t❡♥ ❡r❢ü❧❧t✿ ❋ür u, v ∈ D(a) ❣✐❧t
✐✮ µ
(c)
<u,v>(X) = a
(c)(u, v)✱
✐✐✮ µ
(c)
<u,u> ✐st ♣♦s✐t✐✈ ✉♥❞ Cap✲st❡t✐❣✱
✐✐✐✮ ✭❈❛✉❝❤②✲❙❝❤✇❛r③ ❯♥❣❧❡✐❝❤✉♥❣✮ ❢ür f ∈ L2(X,µ(c)<u,u>) ✉♥❞ g ∈ L2(X,µ(c)<v,v>) ❣✐❧t∣∣∣∣∣∣
∫
X
fg dµ
(c)
<u,v>
∣∣∣∣∣∣ ≤
√√√√∫
X
|f |2 dµ(c)<u,u>
√√√√∫
X
|g|2 dµ(c)<v,v>,
✐✈✮ µ
(c)
<·,·> ✐st st❛r❦ ❧♦❦❛❧✱ ❞✳❤✳ ❢ür U ⊂ X ♦✛❡♥✱ u, v ∈ D(a) ✉♥❞ u ❦♦♥st❛♥t ❛✉❢ U ✐st
1U dµ
(c)
<u,v> = 0,
✈✮ ❆❜s❝❤♥❡✐❞❡❡✐❣❡♥s❝❤❛❢t✿ ❢ür u, v, w ∈ D(a) ♠✐t u✱ v r❡❡❧❧ ❣✐❧t
dµ
(c)
<u∧v,w> = 1{u˜<v˜} dµ
(c)
<u,w> + 1{u˜≥v˜} dµ
(c)
<v,w>,
✈✐✮ Pr♦❞✉❦tr❡❣❡❧✿ ❢ür u, v, w ∈ D(a) ∩ L∞ ❣✐❧t
dµ
(c)
<uv,w> = u˜ dµ
(c)
<v,w> + v˜ dµ
(c)
<u,w>.
❉✐❡ ♠❛ß✇❡rt✐❣❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ µ(c) ❤❡✐ßt ❞❛s ❊♥❡r❣✐❡♠❛ß ✈♦♥ a(c)✳
✸✽
✸✳✸ ❉❛s ❊♥❡r❣✐❡♠❛ß
❇❡♠❡r❦✉♥❣ ✸✳✸✳✷✳ ❆✉s ❞❡r ❆❜s❝❤♥❡✐❞❡❡✐❣❡♥s❝❤❛❢t ❢♦❧❣t
1{u˜=v˜} dµ
(c)
<u,w> = 1{u˜=v˜} dµ
(c)
<v,w>
❢ür u, v, w ∈ D(a) ✉♥❞ s♦♠✐t ❛✉❝❤ ❡✐♥❡ ❡r✇❡✐t❡rt❡ ❋♦r♠✉❧✐❡r✉♥❣ ❞❡r st❛r❦❡♥ ▲♦❦❛❧✐tät✿
■st k ∈ C✱ s♦ ❣✐❧t
1{u˜=k} dµ
(c)
<u,w> = 0.
❇❡✇❡✐s✳ ❉✐❡ ③✇❡✐t❡ ❆✉ss❛❣❡ ❢♦❧❣t ❛✉s ❞❡r ❡rst❡♥ ♠✐t ❞❡r st❛r❦❡♥ ▲♦❦❛❧✐tät ✈♦♥ µ(c)
✭❊✐❣❡♥s❝❤❛❢t ✐✈✮✮✱ ❞❛ ❢ür ❥❡❞❡ ♦✛❡♥❡✱ r❡❧❛t✐✈ ❦♦♠♣❛❦t❡ ▼❡♥❣❡ U ⊂ X ❡✐♥❡ ❋✉♥❦t✐♦♥
v ∈ D(a) ∩ Cc(X) ❡①✐st✐❡rt ♠✐t v = k ✐♥ U ✳ ◆✉♥ ③✉r ❡rst❡♥ ❆✉ss❛❣❡✿ ❖✛❡♥s✐❝❤t❧✐❝❤ ✐st
❊✐❣❡♥s❝❤❛❢t ✈✮ s②♠♠❡tr✐s❝❤ ✐♥ u ✉♥❞ v✱ ❞✳❤✳
dµ
(c)
<u∧v,w> = 1{u˜<v˜} dµ
(c)
<u,w> + 1{u˜≥v˜} dµ
(c)
<v,w> = 1{u˜≤v˜} dµ
(c)
<u,w> + 1{u˜>v˜} dµ
(c)
<v,w>.
❉✉r❝❤♠✉❧t✐♣❧✐③✐❡r❡♥ ♠✐t 1{u˜=v˜} ❧✐❡❢❡rt ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
❉❡✜♥✐t✐♦♥ ✸✳✸✳✸✳ ❊✐♥❡ ❋✉♥❦t✐♦♥ u : X → C ❤❡✐ßt ❧♦❦❛❧ ✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ✈♦♥ a✱
✇❡♥♥ ❢ür ❛❧❧❡ ❦♦♠♣❛❦t❡♥ K ⊂ X ❡✐♥ v ∈ D(a) ❡①✐st✐❡rt ♠✐t u = v ✐♥ K✳ ❉✐❡ ▼❡♥❣❡ ❛❧❧❡r
❋✉♥❦t✐♦♥❡♥ ❧♦❦❛❧ ✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ✇✐r❞ ♠✐t Dloc(a) ❜❡③❡✐❝❤♥❡t✳
●r✉♥❞❧❡❣❡♥❞❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❞❡r ❋✉♥❦t✐♦♥❡♥ ❧♦❦❛❧ ✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ s✐♥❞✿
Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✹✳ ❊s ❣✐❧t✿
✐✮ D(a) ⊂ Dloc(a)✱
✐✐✮ ❢ür u ∈ Dloc(a) ❡①✐st✐❡rt ❡✐♥❡ q✉❛s✐st❡t✐❣❡ m✲❱❡rs✐♦♥ u˜✱
✐✐✐✮ 1 ∈ Dloc(a)✳
❇❡✇❡✐s✳ ✐✮ ✐st ♦✛❡♥s✐❝❤t❧✐❝❤✳
✐✐✮ ❙❡✐ u ∈ Dloc(a)✳ ❲ä❤❧❡ Gn ♦✛❡♥ ✉♥❞ r❡❧❛t✐✈ ❦♦♠♣❛❦t✱ s♦ ❞❛ss
⋃
nGn = X ✉♥❞
Gn ⊂ Gn+1✳ ❉❛♥♥ ❡①✐st✐❡r❡♥ q✉❛s✐st❡t✐❣❡ un ∈ D ♠✐t un = u m✲❢✳ü✳ ✐♥ Gn✳ ◆❛❝❤ ❬❋✠❖❚✾✹✱
❚❤❡♦r❡♠ ✷✳✶✳✷❪ ❡①✐st✐❡r❡♥ ❛❜❣❡s❝❤❧♦ss❡♥❡ ▼❡♥❣❡♥ Fk ⊂ X ❢ür ❞✐❡ ❣✐❧t✿ Cap(X \Fk)→ 0✱
Fk ✐st r❡❣✉❧är✱ ❞✳❤✳ m(Fk ∩U(x)) > 0 ❢ür ❛❧❧❡ x ∈ Fk ✉♥❞ ❛❧❧❡ ❯♠❣❡❜✉♥❣❡♥ U(x) ✈♦♥ x✱
✉♥❞ un
∣∣
Fk
✐st st❡t✐❣ ❢ür ❛❧❧❡ n ✉♥❞ k✳
❙❡✐❡♥ n,m, k ∈ N✱ m > n ✉♥❞ x ∈ Fk ∩Gn✳ ❉❛ m(U(x)∩Fk) > 0 ❢ür ❥❡❞❡ ❯♠❣❡❜✉♥❣
U(x) ✈♦♥ x ✐st✱ ❡①✐st✐❡rt ❡✐♥ P✉♥❦t xU ∈ U(x)∩ Fk ♠✐t um(xU) = u(xU) = un(xU)✳ ❲❡✐❧
xU → x ❢ür ❡✐♥❡ ♣❛ss❡♥❞ ❣❡✇ä❤❧t❡ ❋♦❧❣❡ ✈♦♥ ❯♠❣❡❜✉♥❣❡♥ U(x) ❢♦❧❣t ♠✐t ❞❡r ❙t❡t✐❣❦❡✐t✱
❞❛ss um(x) = un(x) ✐st✳ ❆❧s♦ ❣✐❧t um(x) = un(x) ❢ür ❛❧❧❡ m ≥ n ✉♥❞ x ∈ Fk ∩Gn✳
❋ür x ∈ Fk∩Gn ❞❡✜♥✐❡r❡ u˜(x) := un(x)✳ u˜ ✐st ❣❡♠äß ❞❡♠ ✈♦r✐❣❡♥ ❆❜s❛t③ ✇♦❤❧❞❡✜♥✐❡rt✳
❙❡✐ (xi) ❡✐♥❡ ❦♦♥✈❡r❣❡♥t❡ ❋♦❧❣❡ ✐♥ Fk ♠✐t ●r❡♥③✇❡rt x ∈ Fk✳ ❉❛♥♥ ❡①✐st✐❡rt ❡✐♥ n ∈ N✱
s♦ ❞❛ss x ∈ Gn ✉♥❞ xi ∈ Gn ❢ür ❛❧❧❡ i ≥ n ❣✐❧t✳ ❲❡✐t❡r❤✐♥ ✐st s♦♠✐t
u˜(xi) = un(xi)→ un(x) = u˜(x).
❆❧s♦ ✐st u˜ ❛✉❢ Fk st❡t✐❣ ❢ür ❛❧❧❡ k ∈ N ✉♥❞ s♦♠✐t ❡✐♥❡ q✉❛s✐st❡t✐❣❡ m✲❱❡rs✐♦♥ ✈♦♥ u✳
✐✐✐✮ ❙❡✐ K ⊂ X ❦♦♠♣❛❦t✳ ❉❛♥♥ ❡①✐st✐❡rt ❡✐♥❡ ❋✉♥❦t✐♦♥ u ∈ Cc(X) ♠✐t u|K ≡ 3✳ ❲❡❣❡♥
❞❡r ❘❡❣✉❧❛r✐tät ✈♦♥ a ❡①✐st✐❡rt s♦♠✐t ❛✉❝❤ ❡✐♥ v ∈ D(a) ∩ Cc(X) ♠✐t v|K ≥ 2✳ ❊s ❣✐❧t
♥✉♥ v ∧ 1 ∈ D(a) ∩ Cc(X) ✉♥❞ v ∧ 1 = 1 ❛✉❢ K✳
✸✾
❑❛♣✐t❡❧ ✸ ❙②♠♠❡tr✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥
❉❛s ❊♥❡r❣✐❡♠❛ß ❧ässt s✐❝❤ ♥✉♥ ❛✉❢ ❋✉♥❦t✐♦♥❡♥ ❧♦❦❛❧ ✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ❡r✇❡✐t❡r♥✿
❉❡✜♥✐t✐♦♥ ✸✳✸✳✺✳ ❋ür u, v ∈ Dloc(a) ❞❡✜♥✐❡r❡ ❞❛s ▼❛ß µ(c)<u,v> ü❜❡r
µ
(c)
<u,v>|G := µ(c)<u1,v1>|G
❢ür G ⊂ X ♦✛❡♥ ✉♥❞ r❡❧❛t✐✈ ❦♦♠♣❛❦t ✉♥❞ u1, v1 ∈ D(a) ♠✐t u = u1 ✉♥❞ v = v1 ✐♥ G✳
❉✐❡s❡ ❊r✇❡✐t❡r✉♥❣ µ(c)<·,·> ❛✉❢ Dloc(a) ✐st ✇♦❤❧❞❡✜♥✐❡rt ✇❡❣❡♥ ❞❡r σ✲❊♥❞❧✐❝❤❦❡✐t ✉♥❞ ❞❡r
st❛r❦❡♥ ▲♦❦❛❧✐tät ✈♦♥ µ(c)✿ ❙✐♥❞ u ∈ Dloc(a)✱ G1, G2 ⊂ X ♦✛❡♥ ✉♥❞ r❡❧❛t✐✈ ❦♦♠♣❛❦t✱
u1 ∈ D(a) ♠✐t u = u1 ✐♥ G1 ✉♥❞ u2 ∈ D(a) ♠✐t u = u2 ✐♥ G2✱ G := G1 ∩G2✱ s♦ ✐st
µ
(c)
<u1,u1>|G = µ(c)<u2,u2>|G.
❉✐❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❯♥❣❧❡✐❝❤✉♥❣✱ ❞✐❡ ❆❜s❝❤♥❡✐❞❡❡✐❣❡♥s❝❤❛❢t ✉♥❞ ❞✐❡ Pr♦❞✉❦tr❡❣❡❧
ü❜❡rtr❛❣❡♥ s✐❝❤ ❡❜❡♥s♦ ❛✉❢ ❋✉♥❦t✐♦♥❡♥ ✐♥ Dloc(a)✳ ❆✉❝❤ ❞✐❡ ❇❡❞✐♥❣✉♥❣ u, v, w ∈ L∞ ✐♥
❞❡r Pr♦❞✉❦tr❡❣❡❧ ❦❛♥♥ ❢❛❧❧❡♥ ❣❡❧❛ss❡♥ ✇❡r❞❡♥✱ ❢❛❧❧s uv ∈ Dloc(a) ✐st✿
Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✻ ✭Pr♦❞✉❦tr❡❣❡❧✮✳ ❙❡✐❡♥ u, v, w ∈ Dloc(a) ♠✐t uv ∈ Dloc(a)✳ ❉❛♥♥ ❣✐❧t
dµ
(c)
<uv,w> = u˜ dµ
(c)
<v,w> + v˜ dµ
(c)
<u,w>.
❇❡✇❡✐s✳ ❲ä❤❧❡ ❥❡✇❡✐❧s ❡✐♥❡ q✉❛s✐st❡t✐❣❡ m✲❱❡rs✐♦♥ ✈♦♥ u✱ v ✉♥❞ w ✉♥❞ ❞❡✜♥✐❡r❡ un :=
nu˜
|u˜|∨n ✉♥❞ ❡♥ts♣r❡❝❤❡♥❞ vn ✉♥❞ wn✳ ❊s ❣✐❧t un, vn, wn ∈ Dloc(a) ∩ L∞ ✉♥❞
dµ
(c)
<unvn,wn> = un dµ
(c)
<vn,wn> + vn dµ
(c)
<un,wn>.
▼✐t ❇❡♠❡r❦✉♥❣ ✸✳✸✳✷ ❣✐❧t ❛✉❝❤
dµ
(c)
<uv,w> = u˜ dµ
(c)
<v,w> + v˜ dµ
(c)
<u,w> ✭✸✳✷✮
❛✉❢ Fn ♠✐t
Fn := {x ∈ X | |u˜(x)| ≤ n, |v˜(x)| ≤ n ✉♥❞ |w˜(x)| ≤ n}.
❙♦♠✐t ❢♦❧❣t ✭✸✳✷✮ ❛✉❝❤ ❛✉❢ F :=
⋃∞
n=1 Fn✳
▼✐t ❬❋✠❖❚✾✹✱ ▲❡♠♠❛ ✷✳✶✳✻❪ ❣✐❧t Cap({|uˆ| > n}) ≤ a(uˆ,uˆ)
n2
❢ür ❥❡❞❡s uˆ ∈ D✳ ❉❛ s♦✇♦❤❧ u
❛❧s ❛✉❝❤ v ✉♥❞ w ❛✉❢ ❦♦♠♣❛❦t❡♥ ▼❡♥❣❡♥ ♠✐t ❊❧❡♠❡♥t❡♥ ❛✉s D ü❜❡r❡✐♥st✐♠♠❡♥✱ ❦❛♥♥
♠❛♥ s❝❤❧✉ss❢♦❧❣❡r♥✱ ❞❛ss Cap(F c ∩ K) = 0 ❢ür ❥❡❞❡s ❦♦♠♣❛❦t❡ K ⊂ X✳ ❉❛ Cap ❡✐♥❡
❈❤♦q✉❡t✲❑❛♣❛③✐tät ✭Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✾✮ ✐st✱ ❢♦❧❣t Cap(F c) = 0✳ ❉❛ µ(c) Cap✲st❡t✐❣ ✐st ❣✐❧t
●❧❡✐❝❤✉♥❣ ✭✸✳✷✮ ❛❧s♦ ❛✉❢ ❣❛♥③ X✳
❇❡♠❡r❦✉♥❣ ✸✳✸✳✼✳ ❙✐♥❞ u, v, v−1 ∈ Dloc(a)✱ v−1 ❞✐❡ ♠✉❧t✐♣❧✐❦❛t✐✈❡ ■♥✈❡rs❡ ✈♦♥ v✱ s♦ ✐st
0 = dµ
(c)
<u,1> = dµ
(c)
<u,vv−1> = v˜ dµ
(c)
<u,v−1> + v˜
−1 dµ(c)<u,v>
✉♥❞ s♦♠✐t ❣✐❧t ❞✐❡ ◗✉♦t✐❡♥t❡♥r❡❣❡❧
dµ
(c)
<u,v−1> = −v˜−2 dµ(c)<u,v>.
✹✵
✸✳✸ ❉❛s ❊♥❡r❣✐❡♠❛ß
Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✽ ✭❑❡tt❡♥r❡❣❡❧✮✳ ❙❡✐❡♥ ui, v ∈ Dloc(a)✱ ui r❡❡❧❧✱ i = 1, . . . , n✳ ❙❡✐ Φ ∈
C1(Rn)✳ ❉❛♥♥ ❣✐❧t
dµ
(c)
<Φ(u1,...,un),v>
=
n∑
i=1
Φxi(u˜1, . . . , u˜n) dµ
(c)
<ui,v>.
❇❡✇❡✐s✳ ●❡♠äß ❬❋✠❖❚✾✹✱ ❚❤❡♦r❡♠ ✸✳✷✳✷✳ ✉♥❞ ❇❡♠❡r❦✉♥❣ ❞❛♥❛❝❤❪ ❢♦❧❣t ❞✐❡ ❇❡❤❛✉♣t✉♥❣✱
❢❛❧❧s ui, v ∈ Dloc(a) ∩ L∞ ✐st✳ ▼✐t ❇❡♠❡r❦✉♥❣ ✸✳✸✳✷ ❢♦❧❣t ❞❛♥♥ ❢ür m ∈ N✱
Xm :=
n⋂
i=1
{|u˜i| < m} ∩ {|v˜| < m},
umi :=
mu˜i
|u˜i|∨m ✉♥❞ v
m := mv˜|v˜|∨m
1Xm dµ
(c)
<Φ(u1,...,un),v>
= 1Xm dµ
(c)
<Φ(um1 ,...,u
m
n ),v
m>
= 1Xm
n∑
i=1
Φxi(u˜
m
1 , . . . , u˜
m
n ) dµ
(c)
<umi ,v
m>
= 1Xm
n∑
i=1
Φxi(u˜1, . . . , u˜n) dµ
(c)
<ui,v>.
▼✐t m→∞ ❢♦❧❣t ❞✐❡ ❇❡❤❛✉♣t✉♥❣ ❞❛♥♥ ❛✉❝❤ ❛❧❧❣❡♠❡✐♥✱ ❞❡♥♥ ❡s ❣✐❧t Xm ր X✳
❊s ✇❡r❞❡♥ ♥✉♥ ♥♦❝❤ ③✇❡✐ ✇❡✐t❡r❡ ❊♥❡r❣✐❡♠❛ß❡ ❡✐♥❣❡❢ü❤rt✳ ❋ür u, v ∈ Dloc(a) ✉♥❞
M ⊂ X2 ♠❡ss❜❛r s❡✐
Γ<u,v>(M) :=
∫
M\d
(u˜(x)− u˜(y))(v˜(x)− v˜(y)) J(dx, dy) +
∫
M∩d
dµ
(c)
<u,v>
❜③✇✳ Γ<u,v>(M) :=∞ ❢❛❧❧s ❡✐♥❡s ❞❡r ❜❡✐❞❡♥ ■♥t❡❣r❛❧❡ ♥✐❝❤t ❡①✐st✐❡rt✳ ❋ür E ⊂ X ♠❡ss❜❛r
s❡✐ ✇❡✐t❡r
µ
(d)
<u,v>(E) := Γ<u,v>(E ×X).
Γ<u,v> ✐st ❡✐♥ ❦♦♠♣❧❡①❡s ❘❛❞♦♥✲▼❛ß ❛✉❢ X2✱ ❞❛s ✐♥ ❜❡✐❞❡♥ ❱❛r✐❛❜❧❡♥ Cap✲st❡t✐❣ ✐st✳
❙✐♥❞ ❞✐❡ ❋✉♥❦t✐♦♥❡♥ u ✉♥❞ v ③✉sät③❧✐❝❤ ✐♥
D∗loc(a) := {u ∈ Dloc(a) | µ(d)<u,u>(K) <∞ ∀K ⊂ X ❦♦♠♣❛❦t},
s♦ ✐st ❛✉❝❤ µ(d)<u,v> ❡✐♥ ❦♦♠♣❧❡①❡s Cap✲st❡t✐❣❡s ❘❛❞♦♥✲▼❛ß✳ ❲❡✐t❡r❤✐♥ s✐♥❞ Γ<u,u> ✉♥❞
µ
(d)
<u,u> ♣♦s✐t✐✈❡ ▼❛ß❡ ✉♥❞ Γ<·,·> ✉♥❞ µ
(d)
<·,·> ❡r❢ü❧❧❡♥ ❞✐❡ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❯♥❣❧❡✐❝❤✉♥❣ ✇✐❡
✐♥ Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶ ✐✐✐✮✳ ❊s ❣✐❧t Dloc(a) ∩ L∞ ⊂ D∗loc(a) ✉♥❞ D(a) ⊂ D∗loc(a)✳
❋ür Γ ✉♥❞ µ(d) ❣✐❧t ❡✐♥❡ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡ Pr♦❞✉❦tr❡❣❡❧✿
✹✶
❑❛♣✐t❡❧ ✸ ❙②♠♠❡tr✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥
Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✾ ✭❱❡r❛❧❧❣❡♠❡✐♥❡rt❡ Pr♦❞✉❦tr❡❣❡❧✮✳ ❙❡✐ f : X2 → C ❡✐♥❡ ♠❡ss❜❛r❡
❋✉♥❦t✐♦♥ ✉♥❞ s❡✐❡♥ u, v, w, uv ∈ Dloc(a) ❜③✇✳ u, v, w, uv ∈ D∗loc(a)✳ ❉❛♥♥ ❣✐❧t∫
X2
f(x, y) dΓ<uv,w> =
∫
X2
f(x, y)u˜(x) dΓ<v,w> +
∫
X2
f(x, y)v˜(y) dΓ<u,w>
❜③✇✳ ∫
X
dµ
(d)
<uv,w> =
∫
X
u˜ dµ
(d)
<v,w> +
∫
X
v˜ dµ
(d)
<u,w>
✇❡♥♥ ❥❡✇❡✐❧s ♠✐♥❞❡st❡♥s ③✇❡✐ ❞❡r ■♥t❡❣r❛❧❡ ✭✉♥❞ ❞❛♠✐t ❛✉❝❤ ❞❛s ❞r✐tt❡✮ ❡①✐st✐❡r❡♥✳
❇❡✇❡✐s✳ ❉✐❡s ❢♦❧❣t ❛✉s ❞❡r Pr♦❞✉❦tr❡❣❡❧ ❢ür µ(c) ✉♥❞ ❞❡r ●❧❡✐❝❤✉♥❣
u˜(x)v˜(x)− u˜(y)v˜(y) = u˜(x)(v˜(x)− v˜(y)) + v˜(y)(u˜(x)− u˜(y)).
❇❡♠❡r❦✉♥❣ ✸✳✸✳✶✵✳ ❙✐♥❞ u, v, v−1 ∈ Dloc(a)✱ v−1 ❞✐❡ ♠✉❧t✐♣❧✐❦❛t✐✈❡ ■♥✈❡rs❡ ✈♦♥ v✱ s♦ ✐st
d0 = dΓ<u,1> = dΓ<u,vv−1> = v˜(x) dΓ<u,v−1> + v˜(y)
−1 dΓ<u,v>
✉♥❞ s♦♠✐t ❣✐❧t ❞✐❡ ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡ ◗✉♦t✐❡♥t❡♥r❡❣❡❧
dΓ<u,v−1> = −v˜(x)−1v˜(y)−1 dΓ<u,v>.
✸✳✹ Pr♦❞✉❦t❡ ✈♦♥ ❋✉♥❦t✐♦♥❡♥
◆✉♥ s♦❧❧ ♥♦❝❤ ❡✐♥♠❛❧ ❞✐❡ ❋r❛❣❡ ❛✉❢❣❡✇♦r❢❡♥ ✇❡r❞❡♥✱ ✇❛♥♥ ❞❛s Pr♦❞✉❦t ③✇❡✐❡r ❋✉♥❦✲
t✐♦♥❡♥ ✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ✇✐❡❞❡r ✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ❞❡r ❋♦r♠ ❧✐❡❣t✳ ❙♦❧❝❤ ❡✐♥❡
❊✐❣❡♥s❝❤❛❢t ❣✐❧t ❛✉❝❤ ✉♥t❡r ❛❧❧❣❡♠❡✐♥❡r❡♥ ❱♦r❛✉ss❡t③✉♥❣❡♥ ❛❧s ❞❡♥❡♥ ✐♥ ❑♦r♦❧❧❛r ✸✳✶✳✻✳
❋ür ❞✐❡s❡s ❘❡s✉❧t❛t✱ Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✹✱ ✇✐r❞ ❞❡r ❆✉s❞r✉❝❦ ❞❡r s❝❤✇❛❝❤❡♥ ❘❡❣✉❧❛r✐tät
❜❡♥öt✐❣t✱ ❞❡r ♥✉♥ ❞❡✜♥✐❡rt ✇❡r❞❡♥ s♦❧❧✳
❙❡✐❡♥ µ+ ✉♥❞ µ− ♥✉♥ ✇✐❡❞❡r ▼❛ß❡ ✇✐❡ ✐♥ ❆❜s❝❤♥✐tt ✸✳✷ ✉♥❞ aµ ❡♥ts♣r❡❝❤❡♥❞ ❞❡✜♥✐❡rt✳
❲❡✐t❡r❤✐♥ s❡✐❡♥ L∞c ❞✐❡ ❋✉♥❦t✐♦♥❡♥ ✐♥ L
∞ ♠✐t ❦♦♠♣❛❦t❡♠ ❚rä❣❡r✳
❉❡✜♥✐t✐♦♥ ✸✳✹✳✶✳ aµ ❤❡✐ßt s❝❤✇❛❝❤ r❡❣✉❧är✱ ❢❛❧❧s ❢ür ❥❡❞❡s u ∈ D(aµ) ❡✐♥❡ ❋♦❧❣❡ un ∈
D(aµ) ∩ L∞c ❡①✐st✐❡rt✱ s♦ ❞❛ss un → u ✐♥ L2 ✉♥❞ aµ(un, un) ❣❧❡✐❝❤♠äß✐❣ ❜❡s❝❤rä♥❦t ✐st✳
❉✐❡ ♥ä❝❤st❡♥ ③✇❡✐ Pr♦♣♦s✐t✐♦♥❡♥ ❣❡❜❡♥ ❑r✐t❡r✐❡♥ ❞❛❢ür ❛♥✱ ❞❛ss aµ s❝❤✇❛❝❤ r❡❣✉❧är
✐st✳ ❉❛s ❡rst❡ ❑r✐t❡r✐✉♠ ✐st ❞❛❜❡✐ ✉♥❛❜❤ä♥❣✐❣ ✈♦♥ µ✱ st❡❧❧t ❛❧s♦ ♥✉r ❋♦r❞❡r✉♥❣❡♥ ❛♥ ❞✐❡
❋♦r♠ a✱ ✇ä❤r❡♥❞ ❞❛s ③✇❡✐t❡ ❑r✐t❡r✐✉♠ ♥✉r ❇❡❞✐♥❣✉♥❣❡♥ ❛♥ ❞❛s ▼❛ß µ ✉♥❞ ❞✐❡ ❑❛♣❛③✐tät
st❡❧❧t✳
Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✷✳ ❙❡✐ (φn) ❡✐♥❡ ❋♦❧❣❡ ✐♥ D(a) ♠✐t ❞❡♥ ❢♦❧❣❡♥❞❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥✿
• φn ❤❛t ❦♦♠♣❛❦t❡♥ ❚rä❣❡r ✉♥❞ ❡s ✐st 0 ≤ φn ≤ 1 ✭n ∈ N✮✱
• {x ∈ X | φn(x) = 1} ր X✱
✹✷
✸✳✹ Pr♦❞✉❦t❡ ✈♦♥ ❋✉♥❦t✐♦♥❡♥
• ✉♥❞ ❡s ❡①✐st✐❡rt ❡✐♥ C > 0✱ s♦ ❞❛ss µ(d)<φn,φn> ≤ Cm ✐st✳
❉❛♥♥ ✐st aµ s❝❤✇❛❝❤ r❡❣✉❧är✳
❇❡✇❡✐s✳ ❙❡✐ u ∈ D(aµ)✳ ❙❡t③❡ un := nu˜|u˜|∨n ✉♥❞ vn := unφn✳ ❉❛♥♥ ❡r❢ü❧❧t un ❛❧❧❡ ❱♦r❛✉s✲
s❡t③✉♥❣❡♥ ❛✉s ❞❡r ❉❡✜♥✐t✐♦♥✱ ❞❡♥♥ ❡s ✐st vn → u ✐♥ L2✱ µ+(vn, vn) ≤ µ+(u, u) ✉♥❞∫
X
dµ
(d)
<vn,vn> ≤ 2
∫
X
|φn|2 dµ(d)<un,un> + 2
∫
X
|un|2 dµ(d)<φn,φn>
≤ 2
∫
X
dµ
(d)
<u,u> + 2C‖u‖2.
Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✸✳ ❲❡♥♥ ❡✐♥❡ ♠♦♥♦t♦♥ ✇❛❝❤s❡♥❞❡ ❋♦❧❣❡ ❦♦♠♣❛❦t❡r ▼❡♥❣❡♥ Fn ⊂ X
❡①✐st✐❡rt ♠✐t µ(Fn) < ∞ ✉♥❞ Cap(K \ Fn) → 0 ❢ür ❛❧❧❡ ❦♦♠♣❛❦t❡♥ ▼❡♥❣❡♥ K ⊂ X✱ s♦
✐st aµ s❝❤✇❛❝❤ r❡❣✉❧är✳
❇❡✇❡✐s✳ ❇❡♥✉t③❡ ❬❆▼✾✶✱ ❚❤❡♦r❡♠ ✺✳✼❪✳ ❉✐❡s❡s ❚❤❡♦r❡♠ ❜❡s❛❣t ✉♥t❡r ❞❡♥ ❣❡♥❛♥♥t❡♥
❱♦r❛✉ss❡t③✉♥❣❡♥✱ ❞❛ss ❞✐❡ ▼❡♥❣❡
M := {u ∈ D(aµ) ∩ L∞ | supp u ❦♦♠♣❛❦t}
❞✐❝❤t ✐♥ D(aµ) ❜❡③ü❣❧✐❝❤ ‖ · ‖aµ ✐st✳
Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✹✳ ❙❡✐ aµ s❝❤✇❛❝❤ r❡❣✉❧är✱ u ∈ D(aµ)✱ v ∈ Dloc(a) ∩ L∞ ✉♥❞ s, t ∈ R
♠✐t ∫
X2
w˜(x)w˜(y) Γ<v,v>(dx, dy) ≤ saµ(w,w) + t‖w‖2 ∀w ∈ D(aµ). ✭✸✳✸✮
❉❛♥♥ ✐st uv ∈ D(aµ)✳
❇❡✇❡✐s✳ ❖✳❇✳❞✳❆✳ s✐♥❞ u ✉♥❞ v r❡❡❧❧✳ ❙❡✐ (un) ⊂ D(aµ) ∩ L∞c ❡✐♥❡ u ❛♣♣r♦①✐♠✐❡r❡♥❞❡
❋♦❧❣❡ ✇✐❡ ✐♥ ❞❡r ❉❡✜♥✐t✐♦♥ ❞❡r s❝❤✇❛❝❤❡♥ ❘❡❣✉❧❛r✐tät✳ ❉❛♥♥ ✐st unv ∈ D(aµ)✱ ❞❛ ❡✐♥
vn ∈ D(a) ∩ L∞ ❡①✐st✐❡rt ♠✐t vn = v ❛✉❢ ❞❡♠ ❚rä❣❡r ✈♦♥ un✳ ❲❡♥❞❡t ♠❛♥ ♥✉♥ ❞✐❡
❯♥❣❧❡✐❝❤✉♥❣
(x1x2 − y1y2)2 ≤ (x21 + y21)(x2 − y2)2 + 2x2y2(x1 − y1)2
❛✉❢ x1 := v(x)✱ y1 := v(y)✱ x2 := un(x) ✉♥❞ y2 := un(y) ❛♥✱ s♦ ❡r❤ä❧t ♠❛♥∫
X
dµ
(d)
<unv,unv> ≤ 2‖v‖2∞
∫
X
dµ
(d)
<un,un> + 2
∫
X2
u˜n(x)u˜n(y) dΓ<v,v>.
❆❧s♦ ❡①✐st✐❡rt ❡✐♥ C > 0✱ s♦ ❞❛ss
a(unv, unv) ≤ Caµ++1(un, un)
✐st ✉♥❞ s♦♠✐t ❛✉❝❤ ❡✐♥ C ′ > 0 ♠✐t
aµ(unv, unv) ≤ C ′.
❉❛ unv → uv ✐♥ L2 ❣✐❧t ❢♦❧❣t ♥✉♥✱ ❞❛ss uv ∈ D(aµ) ✐st✳
✹✸
❑❛♣✐t❡❧ ✸ ❙②♠♠❡tr✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥
❉❛ss ❇❡❞✐♥❣✉♥❣ ✭✸✳✸✮ ♥✐❝❤t ♦❤♥❡ ❲❡✐t❡r❡s ❢❛❧❧❡♥ ❣❡❧❛ss❡♥ ✇❡r❞❡♥ ❦❛♥♥✱ ③❡✐❣❡♥ ❞✐❡
❢♦❧❣❡♥❞❡♥ ③✇❡✐ ❇❡✐s♣✐❡❧❡✿
❇❡✐s♣✐❡❧ ✸✳✹✳✺✳ ❙❡✐ X := [−1, 1] ✉♥❞
a(u, v) :=
1∫
0
(u(x)− u(−x))(v(x)− v(−x))|x|−5/2 dx
D˜ := {u ∈ L2 | a(u, u) <∞}.
❙❡✐ D(a) ❞❡r ❆❜s❝❤❧✉ss ✈♦♥ D˜∩C(X) ❜❡③ü❣❧✐❝❤ ‖ ·‖a✳ ❉❛♥♥ ✐st a ❡✐♥❡ r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t✲
❋♦r♠✳ ■st u ❣❡r❛❞❡✱ s♦ ✈❡rs❝❤✇✐♥❞❡t a(u, u)✳ ▼❛♥ s✐❡❤t ♥✉♥ ❧❡✐❝❤t ❡✐♥✱ ❞❛ss u(x) := |x|−1/4
③✉ D(a) ❣❡❤ört✳ ❆✉ß❡r❞❡♠ ❡rr❡❝❤♥❡t ♠❛♥ ❧❡✐❝❤t✱ ❞❛ss v ♠✐t v(x) := x ✐♥ D(a) ❧✐❡❣t✳
❍✐♥❣❡❣❡♥ ❧✐❡❣t uv ♥✐❝❤t ✐♥ D(a)✳
❇❡✐s♣✐❡❧ ✸✳✹✳✻✳ ❉❡✜♥✐❡r❡ ❢ür x ∈ R3
u(x) :=
{
|x|5/8 · sin( 1|x|) , |x| ∈ (0, π−1)
0 ✱ s♦♥st
v(x) := (|x|−1/4 − 1)+
✉♥❞ s❡✐ H1(R3) ❞❡r ü❜❧✐❝❤❡ ❙♦❜♦❧❡✈✲❘❛✉♠ ✐♠ R3✳ ❊✐♥❡ ❞✐r❡❦t❡ ❘❡❝❤♥✉♥❣ ③❡✐❣t✱ ❞❛ss
u ∈ H1(R3) ∩ Cc(R3) ✉♥❞ v ∈ H1(R3) ✐st✳ ❆♥❞❡r❡rs❡✐ts ❧✐❡❣t uv ♥✐❝❤t ✐♥ H1(R3)✳
❇❡♠❡r❦✉♥❣❡♥
❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ✇❡r❞❡♥ t②♣✐s❝❤❡r✇❡✐s❡ ✐♥ ❞❡♥ r❡❡❧❧❡♥ L2✲❘ä✉♠❡♥ ❜❡tr❛❝❤t❡t✳ ❘❡❡❧✲
❧❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ st✐♠♠❡♥ ❛❜❡r ❣❡♠äß Pr♦♣♦s✐t✐♦♥ ✸✳✶✳✷ ♠✐t ❦♦♠♣❧❡①❡♥ ❉✐r✐❝❤❧❡t✲
❋♦r♠❡♥ ü❜❡r❡✐♥✳ ❚r♦t③❞❡♠ ❡♥tst❡❤❡♥ ❜❡✐ ❞❡r ❚❤❡♦r✐❡ ❞❡r ❦♦♠♣❧❡①❡♥ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥
❡✐♥✐❣❡ ③✉sät③❧✐❝❤❡ ❙❝❤✇✐❡r✐❣❦❡✐t❡♥✱ ❞✐❡ ❜❡s♦♥❞❡rs ❜❡✐ ❞❡r ❑❡tt❡♥r❡❣❡❧ s✐❝❤t❜❛r ✇❡r❞❡♥✳
❉❛ ❞✐❡ ❑❡tt❡♥r❡❣❡❧ ✐♥ ❞✐❡s❡r ❆r❜❡✐t ♥✉r ❢ür r❡❡❧❧❡ ❋✉♥❦t✐♦♥❡♥ ❜❡♥öt✐❣t ✇✐r❞✱ ✇✉r❞❡ ❛✉❢
❡✐♥❡ ❣❡♥❛✉❡ ❊rört❡r✉♥❣ ❞✐❡s❡s ❚❤❡♠❛s ✈❡r③✐❝❤t❡t✳
❉✐❡ ❊✐♥s❝❤rä♥❦✉♥❣ ❛✉❢ r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ✐st ❦❡✐♥❡ ❡❝❤t❡ ❊✐♥s❝❤rä♥❦✉♥❣✱
❞❛ ❣❡♠äß ❬❋✉❦✼✶❪ ❥❡❞❡ ❉✐r✐❝❤❧❡t✲❋♦r♠ ❡✐♥❡♥ r❡❣✉❧är❡♥ ❘❡♣räs❡♥t❛♥t❡♥ ❜❡s✐t③t✿ ❙❡✐
(a,D(a)) ❡✐♥❡ ❉✐r✐❝❤❧❡t✲❋♦r♠ ❛✉❢ L2(X,m)✳ ❉❡♥♥ ❡①✐st✐❡rt ❡✐♥ ❧♦❦❛❧ ❦♦♠♣❛❦t❡r s❡✲
♣❛r❛❜❧❡r ❍❛✉s❞♦r✛✲❘❛✉♠ X ′✱ ❡✐♥ ❘❛❞♦♥✲▼❛ß m′ ❛✉❢ X ′✱ ❡✐♥❡ r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t✲❋♦r♠
(a′,D(a′)) ❛✉❢ L2(X ′,m′) ✉♥❞ ❡✐♥ ❛❧❣❡❜r❛✐s❝❤❡r ■s♦♠♦r♣❤✐s♠✉s Φ ✈♦♥ D(a)∩L∞(X)
♥❛❝❤ D(a′)∩L∞(X ′)✱ s♦ ❞❛ss ‖Φu‖∞ = ‖u‖∞✱ a′(Φu,Φu) = a(u, u) ✉♥❞ ‖Φu‖X′ =
‖u‖X ❢ür ❛❧❧❡ u ∈ D(a) ∩ L∞(X) ✐st✳
■♥ ❞❡♥ ❇ü❝❤❡r♥ ❬❋✠❖❚✾✹✱ ❇❍✾✶✱ ▼❘✾✷❪ ✜♥❞❡♥ s✐❝❤ ❛❧❧❡ ❆✉ss❛❣❡♥ ü❜❡r ❉✐r✐❝❤❧❡t✲
❋♦r♠❡♥ ❛✉s ❆❜s❝❤♥✐tt ✸✳✶✳
❆❜s❝❤♥✐tt ✸✳✷✿ ❉✐❡ ❆✉ss❛❣❡♥ ③✉r ❉❡✜♥✐t✐♦♥ ✈♦♥ a+µ+ ✜♥❞❡♥ s✐❝❤ ✐♥ ❬❙t♦✾✷✱ ❚❤❡♦r❡♠
✶✳✷❪ ✉♥❞ ❬❙❱✾✻✱ ❚❤❡♦r❡♠ ✹✳✶❪✳ ❉❛ss a+ µ+ − µ− ❡✐♥❡ ❛❜❣❡s❝❤❧♦ss❡♥❡ ❋♦r♠ ❞❡✜♥✐❡rt✱
✐st ❞❛s ✇♦❤❧❜❡❦❛♥♥t❡ ❑▲▼◆✲❚❤❡♦r❡♠✳
✹✹
✸✳✹ Pr♦❞✉❦t❡ ✈♦♥ ❋✉♥❦t✐♦♥❡♥
❉✐❡ ❇❡❤❛✉♣t✉♥❣❡♥ ❛✉s Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✶ ✜♥❞❡♥ s✐❝❤ ✐♥ ❬❋✠❖❚✾✹✱ ▼♦s✾✹✱ ❙t✉✾✹❪✳ ❉✐❡
❛♥s❝❤❧✐❡ß❡♥❞❡ ❇❡♠❡r❦✉♥❣ st❛♠♠t ❡❜❡♥❢❛❧❧s ❛✉s ❬❙t✉✾✹❪✳
❉✐❡ ♠❡✐st❡♥ ❆✉ss❛❣❡♥ ü❜❡r ❞✐❡ ❋✉♥❦t✐♦♥❡♥ ❧♦❦❛❧ ✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ✈♦♥ a ✜♥❞❡♥
s✐❝❤ ✉♥t❡r ❛♥❞❡r❡♠ ✐♥ ❬❋✠❖❚✾✹❪✳ ❉✐❡ Pr♦♣♦s✐t✐♦♥❡♥ ✸✳✸✳✹ ✉♥❞ ✸✳✸✳✻ ❤✐♥❣❡❣❡♥ ✇✉r❞❡♥
❬❋▲❲✶✵❪ ❡♥t♥♦♠♠❡♥✱ ❡❜❡♥s♦ ❞✐❡ ❉❡✜♥✐t✐♦♥ ✉♥❞ ❆✉ss❛❣❡♥ ü❜❡r ❞✐❡ ▼❛ß❡ µ(d) ✉♥❞ Γ
✉♥❞ ❞✐❡ ❛❧❧❣❡♠❡✐♥❡ Pr♦❞✉❦tr❡❣❡❧✳ ❉✐❡ ❑❡tt❡♥r❡❣❡❧ ✭Pr♦♣♦s✐t✐♦♥ ✸✳✸✳✽✮ ✐st ❡✐♥❡ ❱❡r❛❧❧❣❡✲
♠❡✐♥❡r✉♥❣ ✈♦♥ ❬❋✠❖❚✾✹✱ ❚❤❡♦r❡♠ ✸✳✷✳✷✳ ✉♥❞ ❇❡♠❡r❦✉♥❣ ❞❛♥❛❝❤❪✳
❉✐❡ ❆✉ss❛❣❡♥ ü❜❡r Pr♦❞✉❦t❡ ✈♦♥ ❋✉♥❦t✐♦♥❡♥ ✐♥ Dloc(a) ✇✉r❞❡♥ ✐♥ ❞❡r ▲✐t❡r❛t✉r ♥✐❝❤t
❣❡❢✉♥❞❡♥✳ Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✹ ✐st ❡✐♥❡ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ✈♦♥ ❬❋▲❲✶✵✱ Pr♦♣♦s✐t✐♦♥ ✸✳✽
❜✮❪✳ ❉✐❡ ③✇❡✐ ❛♥s❝❤❧✐❡ß❡♥❞❡♥ ❇❡✐s♣✐❡❧❡ s✐♥❞ ❡❜❡♥❢❛❧❧s ✐♥ ❬❋▲❲✶✵❪ ❡♥t❤❛❧t❡♥✳
❱❡rs❝❤✐❡❞❡♥❡ ❉❡✜♥✐t✐♦♥❡♥ ❢ür ❋✉♥❦t✐♦♥❡♥ ❧♦❦❛❧ ✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ st❡❤❡♥ ❛✉❝❤ ✐♥
❬❑✉✇✵✽✱ ❑✉✇✶✵❪✳
❊✐♥❡ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ✈♦♥ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ s✐♥❞ s❡♠✐✲❉✐r✐❝❤❧❡t✲❋♦r♠❡♥✳ ❉❛s s✐♥❞
s♦❧❝❤❡ ❋♦r♠❡♥✱ ❞✐❡ ♠✐t ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡♥ ✉♥❞ L1✲❦♦♥tr❛❦t✐✈❡♥ ❍❛❧❜❣r✉♣♣❡♥ ✈❡r✲
❦♥ü♣❢t s✐♥❞✳ ▼❛✱ ❖✈❡r❜❡❝❦ ✉♥❞ ❘ö❝❦♥❡r ✭❬▼❖❘✾✺❪✮ ❤❛❜❡♥ ❣❡③❡✐❣t✱ ❞❛ss ❛✉❝❤ ♠✐t
s❡♠✐✲❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ st♦❝❤❛st✐s❝❤❡ Pr♦③❡ss❡ ✈❡r❦♥ü♣❢t ✇❡r❞❡♥ ❦ö♥♥❡♥✳ ❊✐♥❡ ❱❡r❛❧❧❣❡✲
♠❡✐♥❡r✉♥❣ ❞❡s ❉❛rst❡❧❧✉♥❣ss❛t③❡s ❢ür s❡♠✐✲❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ st❡❤t ✐♥ ❬❍▼❙✵✻❪✳
✹✺

❑❛♣✐t❡❧ ✹
❖❜❡r❡ ❙❝❤r❛♥❦❡♥ ❢ür ❞✐❡ ❍❛❧❜❣r✉♣♣❡
■♥ ❞✐❡s❡♠ ❑❛♣✐t❡❧ ✇✐r❞ ❞❛s ❑❡r♥r❡s✉❧t❛t ❞✐❡s❡r ❆r❜❡✐t ✈♦r❣❡st❡❧❧t✱ ❡✐♥❡ ▼❡t❤♦❞❡✱ ♠✐t
❞❡r s✐❝❤ ❞✐❡ ❍❛❧❜❣r✉♣♣❡ (e−tA)t≥0 ♥❛❝❤ ♦❜❡♥ ❛❜s❝❤ät③❡♥ ❧ässt✳ ❉✐❡s ❦❛♥♥ ❡✐♥❡rs❡✐ts ✐♠
L2✲❙✐♥♥❡ ❣❡s❝❤❡❤❡♥✱ ❛❧s♦ ✐♠ ❙✐♥♥❡ ✈♦♥
|(e−tA u, v)| ≤ CE,F‖u‖L2(F )‖v‖L2(E)
❢ür ❛❧❧❡ u ∈ L2(F ) ✉♥❞ v ∈ L2(E) ✭E,F ∈ A✮ ♦❞❡r äq✉✐✈❛❧❡♥t ♠✐t ❞❡r ❖♣❡r❛t♦r♥♦r♠
❢♦r♠✉❧✐❡rt
‖1E e−tA 1F‖ ≤ CE,F .
❆♥❞❡rs❡✐ts ❦❛♥♥ ♠❛♥ ❛✉❝❤✱ ❢❛❧❧s ❞✐❡ ❍❛❧❜❣r✉♣♣❡ ❡✐♥❡♥ ❑❡r♥ ❜❡s✐t③t✱ ❞✳❤✳ e−tA ❧ässt s✐❝❤
s❝❤r❡✐❜❡♥ ❛❧s
(e−tA u)(·) =
∫
X
u(y)kt(·, y)m(dy) ❢✳ü✳,
❛✉❝❤ ❞❡♥ ❑❡r♥ kt ❛❜s❝❤ät③❡♥✳
❆❜s❝❤ät③✉♥❣❡♥ ❛♥ ❞✐❡ ❍❛❧❜❣r✉♣♣❡ s♣✐❡❧❡♥ ✐♥ ❞❡r ❚❤❡♦r✐❡ ❞❡r ♣❛rt✐❡❧❧❡♥ ❉✐✛❡r❡♥t✐❛❧✲
❣❧❡✐❝❤✉♥❣❡♥✱ ❜❡✐ st♦❝❤❛st✐s❝❤❡♥ Pr♦③❡ss❡♥ ✉♥❞ ✐♥ ❞❡r ◗✉❛♥t❡♥♠❡❝❤❛♥✐❦ ❡✐♥❡ ✇✐❝❤t✐❣❡
❘♦❧❧❡✳
❙❡✐ ✐♥ ❞✐❡s❡♠ ❑❛♣✐t❡❧ (X,A,m) ❡✐♥ σ✲❡♥❞❧✐❝❤❡r ▼❛ßr❛✉♠ ✉♥❞ a ❡✐♥❡ ❞✐❝❤t ❞❡✜♥✐❡rt❡✱
s❡❦t♦r✐❡❧❧❡ ✉♥❞ ❛❜❣❡s❝❤❧♦ss❡♥❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ ❛✉❢ L2(X,m)✱ ℜa ≥ −γa ∈ R✳ ❙❡✐ A ❞❡r
❛ss♦③✐✐❡rt❡ ❖♣❡r❛t♦r✱ (e−tA)t≥0 ❞✐❡ ③✉❣❡❤ör✐❣❡ ❍❛❧❜❣r✉♣♣❡ ✉♥❞ Rβ, β ≥ γa ❘❡s♦❧✈❡♥t❡♥
✈♦♥ A✳
✹✳✶ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät
❊✐♥ ✇✐❝❤t✐❣❡s ▼✐tt❡❧ ✉♠ ♦❜❡r❡ ❆❜s❝❤ät③✉♥❣❡♥ ❛♥ ❞✐❡ ❑❡r♥❡ ✈♦♥ ❍❛❧❜❣r✉♣♣❡♥ ③✉ ❡r❤❛❧t❡♥
✐st ❞✐❡ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät✱ ✇✐❡ ❢♦❧❣❡♥❞❡s ▲❡♠♠❛ ③❡✐❣t✳ ❊✐♥ st❡t✐❣❡r ❧✐♥❡❛r❡r ❖♣❡r❛t♦r
T : L2 → L2 ❤❡✐ßt ✉❧tr❛❦♦♥tr❛❦t✐✈✱ ✇❡♥♥
‖T |L1‖1→∞ := sup
f∈L1∩L2,‖f‖1≤1
‖Tf‖∞ <∞
✐st✳ ❉✐❡ ◆♦r♠ ‖ · ‖1→∞ ✇✐r❞ ❛❧s ❯❧tr❛❦♦♥tr❛❦t✐✈✐täts♥♦r♠ ❜❡③❡✐❝❤♥❡t✳
❉❡✜♥✐❡r❡ ✇❡✐t❡r ❢ür p, q ∈ [1,∞] ❞✐❡ Lp ♥❛❝❤ Lq ❖♣❡r❛t♦r♥♦r♠
‖T |Lp‖p→q := sup
f∈Lp∩L2,‖f‖p≤1
‖Tf‖q.
✹✼
❑❛♣✐t❡❧ ✹ ❖❜❡r❡ ❙❝❤r❛♥❦❡♥ ❢ür ❞✐❡ ❍❛❧❜❣r✉♣♣❡
▲❡♠♠❛ ✹✳✶✳✶✳ ❙❡✐ T : L2(X) → L2(X) ❡✐♥ ✉❧tr❛❦♦♥tr❛❦t✐✈❡r ❖♣❡r❛t♦r✳ ❉❛♥♥ ❡①✐st✐❡rt
❡✐♥ ♠❡ss❜❛r❡r ❑❡r♥ k : X2 → C✱ s♦ ❞❛ss
|k| ≤ ‖T |L1‖1→∞,
✉♥❞
(Tu)(·) =
∫
X
u(y)k(·, y)m(dy) ❢✳ü✳
❢ür ❛❧❧❡ u ∈ L1 ∩ L2 ❣✐❧t✳ k ✐st ❢❛st ü❜❡r❛❧❧ ❡✐♥❞❡✉t✐❣ ❜❡st✐♠♠t✳
❇❡✇❡✐s✳ ❉❡✜♥✐❡r❡ ❞❡♥ ❦♦♠♣❧❡①❡♥ ■♥❤❛❧t µ ❛✉❢ R := r({E × F | E,F ∈ Afin}) ❞✉r❝❤
µ(E × F ) := (T1F ,1E).
❉❛♥♥ ❣✐❧t
|µ|(E × F ) ≤ ‖T |L1‖1→∞m2(E × F ).
▲❡♠♠❛ ❆✳✺ ❛♥❣❡✇❡♥❞❡t ❛✉❢ µ ❜❡s❛❣t ♥✉♥✱ ❞❛ss ❡✐♥❡ ▼❛ß❡r✇❡✐t❡r✉♥❣ µ˜ ✈♦♥ µ ♠✐t
|µ˜| ≤ ‖T |L1‖1→∞m2(E × F )
✉♥❞ s♦♠✐t ❡✐♥ ♠❡ss❜❛r❡r ❑❡r♥ k : X2 → C✱ |k| ≤ ‖T |L1‖1→∞ ♠✐t
(Tu, v) =
∫
X
u(y)v(x)k(x, y)m2(dx, dy)
❢ür ❛❧❧❡ u, v ∈ lin{1E | E ∈ Afin} ❡①✐st✐❡rt✳ ❉❛∫
X
u(y)k(·, y)m(dy)
❡✐♥❡♥ st❡t✐❣❡♥ ❧✐♥❡❛r❡♥ ❖♣❡r❛t♦r ✈♦♥ L1 ♥❛❝❤ L∞ ❞❡✜♥✐❡rt✱ ❢♦❧❣t ❞✐❡ ❡rst❡ ❇❡❤❛✉♣t✉♥❣✳
◆✉♥ ③✉r ❊✐♥❞❡✉t✐❣❦❡✐t✿ ■st k′ ❡✐♥ ✇❡✐t❡r❡r ❑❡r♥ ♠✐t ♦❜✐❣❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥✱ s♦ st✐♠♠❡♥
k′m2 ✉♥❞ µ ❛✉❢ R ü❜❡r❡✐♥ ✉♥❞ s♦♠✐t ♥❛❝❤ ▲❡♠♠❛ ❆✳✺ ❛✉❝❤ k′m2 = µ˜ = km2 ❛❧s ▼❛ß❡✳
❊s ✐st ❛❧s♦ k′ = k ❢✳ü✳
❇❡♠❡r❦✉♥❣ ✹✳✶✳✷✳ ■st T ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞✱ s♦ ✐st ❛✉❝❤ k ≥ 0✳
❇❡♠❡r❦✉♥❣❡♥
❉✐❡ ❊①✐st❡♥③ ✉♥❞ ❊✐♥❞❡✉t✐❣❦❡✐t ❡✐♥❡s ❑❡r♥s ③✉ ❜❡st✐♠♠t❡♥ ❧✐♥❡❛r❡♥ ❖♣❡r❛t♦r❡♥ ❢♦❧❣t
❛✉❝❤ ✐♠ ❛❜str❛❦t❡r❡♥ ❑♦♥t❡①t ❛✉s ❞❡♠ ❙❛t③ ✈♦♥ ❉✉♥❢♦r❞✲P❡tt✐s ✭❬❚rè✻✼✱ ❑❛♣✐t❡❧ ✹✻❪
✉♥❞ ❬❉❙✽✽❛✱ ❑❛♣✐t❡❧ ❱■✳✽❪✮✳
❉❡r ❤✐❡r ❛♥❣❡❣❡❜❡♥❡ ❇❡✇❡✐s ✜♥❞❡t s✐❝❤ ❛✉❝❤ ❜❡✐ ❋❡♥❣②✉ ❲❛♥❣✱ ❛❧❧❡r❞✐♥❣s ♦❤♥❡ ❛✉❢
❞✐❡ ❉❡t❛✐❧s✱ ✐♥s❜❡s♦♥❞❡r❡ ▲❡♠♠❛ ❆✳✺ ❡✐♥③✉❣❡❤❡♥✳
✹✽
✹✳✷ ❉❛✈✐❡s✬ ▼❡t❤♦❞❡
✹✳✷ ❉❛✈✐❡s✬ ▼❡t❤♦❞❡
❉✐❡ ❤✐❡r ✈♦r❣❡st❡❧❧t❡ ▼❡t❤♦❞❡ ③✉r ❆❜s❝❤ät③✉♥❣ ❞❡r ◆♦r♠ ♦❞❡r ❞❡s ❑❡r♥s ❡✐♥❡r ❍❛❧❜✲
❣r✉♣♣❡ ✇✉r❞❡ ❡rst♠❛❧s ✶✾✽✼ ✈♦♥ ❉❛✈✐❡s ❬❉❛✈✽✼❪ ✈♦r❣❡st❡❧❧t✳ ❉✐❡ ■❞❡❡ ✐st ❡s ❡✐♥❡ ❣❧♦❜❛❧❡
❙❝❤r❛♥❦❡ ❡✐♥❡r ♠♦❞✐✜③✐❡rt❡♥ ❍❛❧❜❣r✉♣♣❡✱ ♥ä♠❧✐❝❤ φ−1 e−tA φ✱ ♥❛❝❤③✉✇❡✐s❡♥ ✉♥❞ s♦ ❧♦❦❛❧❡
❙❝❤r❛♥❦❡♥ ❛♥ ❞✐❡ ❖♣❡r❛t♦r❡♥ e−tA ③✉ ❡r❤❛❧t❡♥✳
❍✐❡r❜❡✐ ❜❡③❡✐❝❤♥❡t φ ❞❡♥ ▼✉❧t✐♣❧✐❦❛t✐♦♥s♦♣❡r❛t♦r ♠✐t ❞❡r ❋✉♥❦t✐♦♥ φ ✉♥❞ s♦♠✐t φ−1
❞❡♥ ▼✉❧t✐♣❧✐❦❛t✐♦♥s♦♣❡r❛t♦r ♠✐t ❞❡r ❋✉♥❦t✐♦♥ 1
φ(·) ✳ ■♠ ❢♦❧❣❡♥❞❡♥ ✇❡r❞❡♥ ❋✉♥❦t✐♦♥❡♥ ✉♥❞
✐❤r❡ ▼✉❧t✐♣❧✐❦❛t✐♦♥s♦♣❡r❛t♦r❡♥ ❣❧❡✐❝❤ ❜❡③❡✐❝❤♥❡t✳
❉❡✜♥✐t✐♦♥ ✹✳✷✳✶✳ ❊✐♥❡ ❋✉♥❦t✐♦♥ 0 < φ ∈ L∞ ♠✐t φ−1 ∈ L∞ ❤❡✐ßt ③✉❧äss✐❣✱ ❢❛❧❧s
φD(a) ⊂ D(a) ✉♥❞ φ−1D(a) ⊂ D(a)
✐st ✉♥❞ ❑♦♥st❛♥t❡♥ γ, C > 0 ❡①✐st✐❡r❡♥✱ s♦ ❞❛ss ❣✐❧t
C−1ℜaγ(u, u) ≤ ℜaγ(φu, φ−1u) ≤ Cℜaγ(u, u),
|ℑa(φu, φ−1u)| ≤ Cℜaγ(u, u).
❋ür ❡✐♥ ③✉❧äss✐❣❡s φ ❞❡✜♥✐❡rt ♠❛♥
aφ(u, v) := a(φu, φ
−1v), D(aφ) := D(a).
❉❡r ❆✉s❞r✉❝❦ aγ ❢ür ❡✐♥ γ ∈ C st❡❤t ❛❜❡r ✇✐❡ ❜✐s❤❡r ❢ür a+ γ✳
❉✐❡ ♥ä❝❤st❡ Pr♦♣♦s✐t✐♦♥ ❜✐❧❞❡t ❞✐❡ ❇❛s✐s ❢ür ❉❛✈✐❡s✬ ▼❡t❤♦❞❡✳ ❙✐❡ ❜❡s❝❤r❡✐❜t ❞✐❡ ♠♦✲
❞✐✜③✐❡rt❡ ❋♦r♠ aφ ✉♥❞ ❞❡♥ ③✉❣❡❤ör✐❣❡♥ ❖♣❡r❛t♦r✳
Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✳ ❙❡✐ φ ③✉❧äss✐❣✳ ❉❛♥♥ ✐st aφ ❡✐♥❡ ❛❜❣❡s❝❤❧♦ss❡♥❡✱ ❞✐❝❤t ❞❡✜♥✐❡r✲
t❡✱ s❡❦t♦r✐❡❧❧❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ ✉♥❞ ❞❡r ❞❛③✉ ❛ss♦③✐✐❡rt❡ ❖♣❡r❛t♦r ✐st Aφ := φ
−1Aφ
✭D(Aφ) = φ−1D(A) = {u ∈ L2 | φu ∈ D(A)}✮✳
❇❡✇❡✐s✳ ❉✐❡ ❡rst❡ ❆✉ss❛❣❡ ✐st ❦❧❛r✳ ❉✐❡ ❧❡t③t❡ ❆✉ss❛❣❡✿ ❙❡✐ Aφ ❞❡r ③✉ aφ ❛ss♦③✐✐❡rt❡
❖♣❡r❛t♦r ✉♥❞ s❡✐ φ−1u ∈ D(Aφ)✳ ❉❛♥♥ ❣✐❧t
(φAφφ
−1u, v) = (Aφφ−1u, φv) = aφ(φ−1u, φv) = a(u, v) ∀v ∈ D(a).
❆❧s♦ ✐st u ∈ D(A) ✉♥❞ φAφφ−1u = Au✳ ■st ✉♠❣❡❦❡❤rt φu ∈ D(A)✱ s♦ ❣✐❧t
(φ−1Aφu, v) = (Aφu, φ−1v) = a(φu, φ−1v) = aφ(u, v) ∀v ∈ D(a).
❆❧s♦ ✐st u ∈ D(Aφ) ✉♥❞ Aφu = φ−1Aφu✳
❆❧s ❋♦❧❣❡r✉♥❣ ❡r❤ä❧t ♠❛♥ ❡✐♥❡ ❛❜str❛❦t❡ ❋♦r♠✉❧✐❡r✉♥❣ ❞❡r ❣❡✇ü♥s❝❤t❡♥ L2✲❆❜s❝❤ät✲
③✉♥❣ ❞❡r ❍❛❧❜❣r✉♣♣❡✳ ❊✐♥❡ ♣❛ss❡♥❞❡ ✉♥t❡r❡ ❙❝❤r❛♥❦❡ ❛♥ ℜaφ✱ ❞✐❡ ❢ür ❞✐❡s❡ Pr♦♣♦s✐t✐♦♥
✈♦r❛✉s❣❡s❡t③t ✇✐r❞✱ ❧ässt s✐❝❤ ❢ür ✈✐❡❧❡ ✇✐❝❤t✐❣❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠❡♥ ❡✐♥❢❛❝❤ ❛✉sr❡❝❤♥❡♥✳
Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸✳ ❙❡✐ φ ③✉❧äss✐❣ ✉♥❞ ℜaφ ≥ −γ(φ)✳ ❉❛♥♥ ❣✐❧t ❢ür ❛❧❧❡ E,F ∈ A
‖1E e−tA 1F‖ ≤ eγ(φ)t ‖φ1E‖∞‖φ−11F‖∞.
✹✾
❑❛♣✐t❡❧ ✹ ❖❜❡r❡ ❙❝❤r❛♥❦❡♥ ❢ür ❞✐❡ ❍❛❧❜❣r✉♣♣❡
❇❡✇❡✐s✳ ●❡♠äß ❞❡r ✈♦r❤❡r✐❣❡♥ Pr♦♣♦s✐t✐♦♥ ✉♥❞ ●❧❡✐❝❤✉♥❣ ✭✶✳✷✮ ✐st
e−tAφ = e−tφ
−1Aφ = φ−1 e−tA φ.
❍✐❡r❛✉s ❢♦❧❣t
‖1E e−tA 1F‖ = ‖1Eφ e−tAφ φ−11F‖
≤ eγ(φ)t ‖φ1E‖∞‖φ−11F‖∞.
❙❡t③t ♠❛♥ ❛♥ ❞✐❡ ♠♦❞✐✜③✐❡rt❡ ❍❛❧❜❣r✉♣♣❡ ❡✐♥❡ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät ✈♦r❛✉s✱ s♦ ❜❡❦♦♠♠t
♠❛♥ ❡✐♥❡ ❆❜s❝❤ät③✉♥❣ ❢ür ❞❡♥ ❑❡r♥✳
Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹✳ ❙❡✐ φ ③✉❧äss✐❣ ✉♥❞ ‖ e−tAφ |L1‖1→∞ ≤ ct(φ)✳ ❉❛♥♥ ❜❡s✐t③t e−tA ❡✐♥❡♥
❑❡r♥ kt ✉♥❞
|kt(x, y)| ≤ ct(φ)φ(x)φ−1(y) ❢✳ü✳
❇❡✇❡✐s✳ ■st e−tAφ ✉❧tr❛❦♦♥tr❛❦t✐✈✱ s♦ ❛✉❝❤ e−tA✱ ❞❡♥♥
‖ e−tA |L1‖1→∞ ≤ ‖φ‖∞‖φ−1‖∞‖ e−tAφ |L1‖1→∞.
❙❡✐ kt ❡✐♥ ❑❡r♥ ✈♦♥ e−tA ✭❣❡♠äß ▲❡♠♠❛ ✹✳✶✳✶✮✳ ❉❛♥♥ ❣✐❧t
(e−tAφ u)(x) = (φ−1 e−tA φu)(x)
=
∫
X
u(y)φ(y)kt(x, y)φ
−1(x) dx.
❆✉s ❞❡r ❊✐♥❞❡✉t✐❣❦❡✐t ❞❡s ❑❡r♥s ❢♦❧❣t |φ(y)kt(x, y)φ−1(x)| ≤ ct(φ) ❢✳ü✳ ✉♥❞ s♦♠✐t ❞✐❡
❇❡❤❛✉♣t✉♥❣✳
❇❡♠❡r❦✉♥❣❡♥
❉❛✈✐❡s✬ ▼❡t❤♦❞❡ ✐st ♥✐❝❤t ♥❡✉✱ s♦♥❞❡r♥ ✇✉r❞❡ s❝❤♦♥ ✐♥ ✈✐❡❧❡♥ ❙✐t✉❛t✐♦♥❡♥ ❣❡♥✉t③t✱
③✳❇✳ ❜❡✐ st❛r❦ ❧♦❦❛❧❡♥ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ✭❞✐❡s ❡♥t❤ä❧t ❞❡♥ ❋❛❧❧ ❞❡r ▲❛♣❧❛❝❡♦♣❡r❛t♦✲
r❡♥ ❛✉❢ ▼❛♥♥✐❣❢❛❧t✐❣❦❡✐t❡♥✮✱ ♥✐❝❤t❧♦❦❛❧❡♥ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ✉♥❞ ❉✐✛❡r❡♥t✐❛❧♦♣❡r❛t♦r❡♥
❤ö❤❡r❡r ❖r❞♥✉♥❣✳ ❇❡♥❛♥♥t ✇✉r❞❡ ❞✐❡s❡ ▼❡t❤♦❞❡ ♥❛❝❤ ❉❛✈✐❡s ❬❉❛✈✽✼✱ ❉❛✈✾✵❪✳ ■♥
❬❈❑❙✽✼❪ ✇✐r❞ ❞✐❡s❡ ▼❡t❤♦❞❡ ❜❡♥✉t③t ✉♠ ❑❡r♥❡ ✈♦♥ ♥✐❝❤t❧♦❦❛❧❡♥ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❛❜✲
③✉s❝❤ät③❡♥✳ ❉❛s ❘❡s✉❧t❛t ❛✉s ❬❈❑❙✽✼❪ ✇✐r❞ ✐♥ ✈❡rs❝❤✐❡❞❡♥❡♥ ♥❡✉❡r❡♥ ◗✉❡❧❧❡♥✱ ③✳❇✳
❬❇❇❈❑✵✾✱ ❍❑✵✻✱ ❋♦♦✵✾❪ ❛♥❣❡✇❡♥❞❡t✳ ❊✐♥❡ ❙t❛♥❞❛r❞❛r❜❡✐t✱ ❞✐❡ ❞✐❡s ❛✉❢ ♥✐❝❤t❧♦❦❛❧❡
❉✐r✐❝❤❧❡t✲❋♦r♠❡♥✱ ❞❡r❡♥ ❙♣r✉♥❣❦❡r♥❡ ✈❡rs❝❤✐❡❞❡♥❡ ❆s②♠♣t♦t✐❦❡♥ ❡r❢ü❧❧❡♥✱ ❛♥✇❡♥❞❡t✱ ✐st
❬❈❑✵✽❪✳ ❬❊❘❙❩✵✻❪ ❡r❤ä❧t ♠✐t ❞✐❡s❡r ▼❡t❤♦❞❡ ●❛✉ß✬s❝❤❡ L2✲❆❜s❝❤ät③✉♥❣❡♥ ❢ür st❛r❦
❧♦❦❛❧❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❜❡③ü❣❧✐❝❤ ❞❡r ✐♥tr✐♥s✐s❝❤❡♥ ▼❡tr✐❦✳ ❋ür ●r❛♣❤❡♥ ❡r❤ä❧t ❬❉❛✈✾✸❪
❡♥ts♣r❡❝❤❡♥❞❡ ❘❡s✉❧t❛t❡✳
◆♦r♠❛❧❡r✇❡✐s❡ ✇✐r❞ ❜❡✐ ❉❛✈✐❡s✬ ▼❡t❤♦❞❡ ✈♦r❛✉s❣❡s❡t③t✱ ❞❛ss
|aφ − a| ≤ λ
✺✵
✹✳✸ ◆❛❝❤✇❡✐s ✈♦♥ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät
❢ür ❡✐♥❡ ❑♦♥st❛♥t❡ λ ≥ 0 ✐st✳ ❊✐♥❡ ❆✉s♥❛❤♠❡ ❞❛✈♦♥ ✐st ❬❉❛✈✾✺❪✳ ❉♦rt ✇✐r❞ ❞✐❡ ▼❡t❤♦❞❡
✈♦♥ ❉❛✈✐❡s ❛✉❢ P♦t❡♥③❡♥ ❞❡s ▲❛♣❧❛❝❡♦♣❡r❛t♦rs ✐♥ Rd ❛♥❣❡✇❛♥❞t✳ ❍✐♥❣❡❣❡♥ ✜♥❞❡t s✐❝❤
❛✉❝❤ ❞♦rt ❞✐❡ ü❜❧✐❝❤❡ ❱♦r❛✉ss❡t③✉♥❣ |▽φ| ≤ 1✳ ▲ässt ♠❛♥ ❞✐❡s❡ ❱♦r❛✉ss❡t③✉♥❣ ❢❛❧❧❡♥✱
❡r❤ä❧t ♠❛♥ ♦❢t stär❦❡r❡✱ ❛❜❡r ❛✉❝❤ ❛✉❢✇❡♥❞✐❣❡r ③✉ ❢♦r♠✉❧✐❡r❡♥❞❡ ❘❡s✉❧t❛t❡✳
❈♦♠❜❡s✲❚❤♦♠❛s✲❆❜s❝❤ät③✉♥❣❡♥ ❦ö♥♥❡♥ ♠✐t ❞❡r s❡❧❜❡♥ ▼❡t❤♦❞❡ ❜❡✇✐❡s❡♥ ✇❡r❞❡♥✱
s✐❡❤❡ ❬❇❈❍✾✼✱ ❈❚✼✸❪✱ ♥✉r ✐st ❢ür ❞✐❡s❡♥ ❇❡✇❡✐s t❛tsä❝❤❧✐❝❤ ❞✐❡ ❱♦r❛✉ss❡t③✉♥❣
|aφ − a| ≤ λ
✈♦♥♥öt❡♥✳
✹✳✸ ◆❛❝❤✇❡✐s ✈♦♥ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät
❲❡s❡♥t❧✐❝❤ ❢ür ❞✐❡ ❑❡r♥❛❜s❝❤ät③✉♥❣❡♥ ✐st ❞✐❡ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät✳ ❉✐❡ ❢♦❧❣❡♥❞❡♥ ❆❜✲
s❝❤♥✐tt❡ ③❡✐❣❡♥ ❡✐♥✐❣❡ ▼ö❣❧✐❝❤❦❡✐t❡♥ ❛✉❢✱ ✇✐❡ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät ♠✐t ❍✐❧❢❡ ✈♦♥ ❋✉♥❦t✐♦✲
♥❛❧✉♥❣❧❡✐❝❤✉♥❣❡♥ ♥❛❝❤❣❡✇✐❡s❡♥ ✇❡r❞❡♥ ❦❛♥♥✳ ❆✉❢❣r✉♥❞ ❞❡r ❋ü❧❧❡ ❞❡r ▼ö❣❧✐❝❤❦❡✐t❡♥ s♦❧❧
❤✐❡r ❦❡✐♥❡ ✈♦❧❧stä♥❞✐❣❡ ❉❛rst❡❧❧✉♥❣ ❞✐❡s❡s ❚❤❡♠❛s ❣❡❣❡❜❡♥ ✇❡r❞❡♥✳ ■♥s❜❡s♦♥❞❡r❡ ✇✐r❞
♥✉r ❛✉❢ ❞❡♥ ❋❛❧❧ ❡✐♥❣❡❣❛♥❣❡♥✱ ❞❛ss ‖T |L1‖1→∞ ≤ Ctα eβt✳ ■♠ ❩❡♥tr✉♠ ❞❡r ❉❛rst❡❧❧✉♥❣
s♦❧❧ ❞✐❡ ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ st❡❤❡♥✳
❊s ✇❡r❞❡♥ ❤✐❡r ♥✉r ❙❝❤r❛♥❦❡♥ ❛♥ ❞✐❡ L1 → L2✲◆♦r♠ ❜③✇✳ L2 → L∞✲◆♦r♠ ❣❡③❡✐❣t✳
❯❧tr❛❦♦♥tr❛❦t✐✈✐tät ❡r❤ä❧t ♠❛♥ ❞❛♥♥ ü❜❡r ❞✐❡ ❍❛❧❜❣r✉♣♣❡♥✲❊✐❣❡♥s❝❤❛❢t ✉♥❞ ❞✐❡ ❆❞❥✉♥✲
❣✐❡rt❡✱ ❞❡♥♥ ❡s ✐st
‖ e−tA |L1‖1→∞ ≤ ‖ e− t2A |L1‖1→2‖ e− t2A ‖2→∞
✉♥❞
‖ e− t2A |L1‖1→2 = ‖ e− t2A∗ ‖2→∞.
✹✳✸✳✶ ✳✳✳ ♠✐t L∞✲❊✐♥❜❡tt✉♥❣❡♥
❋❛❧❧s L∞ st❡t✐❣ ✐♥ D(A) ❡✐♥❣❡❜❡tt❡t ✐st✱ s♦ ❡r❣✐❜t s✐❝❤ r❡❧❛t✐✈ ❞✐r❡❦t ❡✐♥❡ ❙❝❤r❛♥❦❡ ❛♥ ❞✐❡
L2 → L∞✲◆♦r♠ ❞❡r ❍❛❧❜❣r✉♣♣❡✳ ❩✉♥ä❝❤st ✇✐r❞ ❡✐♥❡ ❙❝❤r❛♥❦❡ ❛♥ ❞✐❡ ◆♦r♠ ✈♦♥ A e−tA
❜❡✇✐❡s❡♥✳
▲❡♠♠❛ ✹✳✸✳✶✳ ❙❡✐ |ℑa| ≤ Cℜa✳ ❉❛♥♥ ❣✐❧t
‖A e−tA ‖ ≤
√
C2 + 1
t
.
❇❡✇❡✐s✳ ❙❡✐ r < t√
C2+1
✳ ❉❛♥♥ ✐st e−zA ✐♥
Kr(t) := {z ∈ C | |z − t| < r} ⊂ S(C)
❤♦❧♦♠♦r♣❤✳ ❆❧s♦ ❣✐❧t
‖ − A e−tA ‖ = ‖ d
dz
e−zA |z=t‖ = ‖ 1
2πi
∫
∂Kr(t)
e−zA
(z − t)2 dz‖ ≤
r
r2
=
1
r
,
❞❛ ‖ e−zA ‖ ≤ 1 ✐st✳ ❙♦♠✐t ❢♦❧❣t ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
✺✶
❑❛♣✐t❡❧ ✹ ❖❜❡r❡ ❙❝❤r❛♥❦❡♥ ❢ür ❞✐❡ ❍❛❧❜❣r✉♣♣❡
❍✐❡r♠✐t ❡r❤ä❧t ♠❛♥ ❧❡✐❝❤t ❞✐❡ ❣❡✇ü♥s❝❤t❡ ❙❝❤r❛♥❦❡✿
Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✷✳ ❙❡✐❡♥ θ > −1✱ C ≥ 0 ✉♥❞ ❢♦❧❣❡♥❞❡ ③✇❡✐ ❇❡❞✐♥❣✉♥❣❡♥ ❡r❢ü❧❧t✿
|ℑa(u, u)| ≤ Cℜa(u, u) (u ∈ D(a))
✉♥❞
‖u‖1+θ∞ ≤ ‖Au‖‖u‖θ (u ∈ D(A)).
❉❛♥♥ ❣✐❧t
‖ e−tA ‖2→∞ ≤
(√
C2 + 1
t
) 1
1+θ
.
❇❡✇❡✐s✳ ❙❡✐ u ∈ L2 ✉♥❞ s❡t③❡ ut := e−tA u✳ ❉❛♥♥ ❢♦❧❣t
‖ut‖1+θ∞ ≤ ‖Aut‖‖ut‖θ
✉♥❞ ♠✐t ▲❡♠♠❛ ✹✳✸✳✶ ❢♦❧❣t ✇❡✐t❡r
‖ut‖1+θ∞ ≤
(√
C2 + 1
t
)
‖u‖1+θ.
✹✳✸✳✷ ✳✳✳ ♠✐t Lp✲❊✐♥❜❡tt✉♥❣❡♥
❆✉s ❡✐♥❡r Lp✲❊✐♥❜❡tt✉♥❣ ✭2 < p <∞✮ ❧ässt s✐❝❤ ❧❡✐❝❤t ❡✐♥❡ ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ ③❡✐❣❡♥✱ ♠✐t
❞❡r❡♥ ❍✐❧❢❡ ✇✐❡❞❡r✉♠ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät ♥❛❝❤❣❡✇✐❡s❡♥ ❦❛♥♥✳ ❉❛r❛✉❢ ✇✐r❞ ✐♠ ♥ä❝❤st❡♥
❆❜s❝❤♥✐tt ❡✐♥❣❡❣❛♥❣❡♥✳
Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✸✳ ❙❡✐ 2 < p <∞ ✉♥❞
‖u‖2p ≤ ℜa(u, u)
❢ür ❛❧❧❡ u ∈ D(a) ∩ Lp✳ ❉❛♥♥ ❣✐❧t ❢ür ❛❧❧❡ u ∈ D(a) ∩ L1 ∩ Lp
‖u‖2+θ2 ≤ ℜa(u, u)‖u‖θ1
♠✐t θ = 2p−4
p
✳
❇❡✇❡✐s✳ ❉✐❡s ✐st ❡✐♥❡ ❋♦❧❣❡r✉♥❣ ❛✉s ❞❡r ■♥t❡r♣♦❧❛t✐♦♥s✲❯♥❣❧❡✐❝❤✉♥❣ ❢ür ▲❡❜❡s❣✉❡✲❋✉♥❦✲
t✐♦♥❡♥✳ ❍✐❡r ❡✐♥ ❦✉r③❡r ❞✐r❡❦t❡r ❇❡✇❡✐s✿ ❙❡✐ ‖u‖1 = 1 ✭✐st ‖u‖1 = 0✱ s♦ ✐st ‖u‖p = 0
❢ür ❛❧❧❡ p ∈ [1,∞]✮✳ ❉❛♥♥ ✐st |u|dm ❡✐♥ ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts♠❛ß ✉♥❞ ❞❛ f(x) = |x|p−1
❦♦♥✈❡① ✐st✱ ❢♦❧❣t ♠✐t ❏❡♥s❡♥✬s ❯♥❣❧❡✐❝❤✉♥❣
‖u‖2p−22 =

∫
X
|u||u| dm


p−1
≤
∫
X
|u|p−1|u| dm = ‖u‖pp.
❍✐❡r❛✉s s❝❤❧✉ss❢♦❧❣❡rt ♠❛♥
‖u‖
4p−4
p
2 ≤ ‖u‖2p‖u‖
2p−4
p
1
❢ür ❛❧❧❡ u ∈ L1 ∩ Lp✳
✺✷
✹✳✸ ◆❛❝❤✇❡✐s ✈♦♥ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät
✹✳✸✳✸ ✳✳✳ ♠✐t ❡✐♥❡r ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣
❆✉s ❡✐♥❡r ❙❝❤r❛♥❦❡ ❛♥ ❞✐❡ L1✲◆♦r♠ ❡✐♥❡r ❍❛❧❜❣r✉♣♣❡ ✉♥❞ ❡✐♥❡r ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ ❧ässt
s✐❝❤ ❡✐♥❡ ❙❝❤r❛♥❦❡ ❛♥ ❞✐❡ L1 → L2✲◆♦r♠ ③❡✐❣❡♥✳ ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣❡♥ s✐♥❞ ❯♥❣❧❡✐❝❤✉♥✲
❣❡♥ ✈♦♠ ❚②♣
‖u‖2+θ ≤ a(u, u)‖u‖θ1.
■♠ ♥❛❝❤❢♦❧❣❡♥❞❡♥ ❆❜s❝❤♥✐tt ✇✐r❞ ❣❡③❡✐❣t✱ ✇✐❡ ❞✐❡s ♦❤♥❡ ❡✐♥❡ ❑❡♥♥t♥✐s ❞❡r L1✲◆♦r♠✲
❙❝❤r❛♥❦❡ ♠ö❣❧✐❝❤ ✐st✳ ❉❛s ♥ä❝❤st❡ ▲❡♠♠❛ ✐st ❢ür ❜❡✐❞❡ ❱❛r✐❛♥t❡♥ ✇❡s❡♥t❧✐❝❤✱ ❞❡♥♥ ❡s
③❡✐❣t s✐❝❤✱ ❞❛ss ❞✐❡ ◆♦r♠❡♥ ✈♦♥ ❍❛❧❜❣r✉♣♣❡♥ ❡❜❡♥s♦❧❝❤❡♥ ❉✐✛❡r❡♥t✐❛❧✉♥❣❧❡✐❝❤✉♥❣❡♥ ❣❡✲
♥ü❣❡♥✳
▲❡♠♠❛ ✹✳✸✳✹✳ ❙❡✐ θ > 0 ✉♥❞ s❡✐❡♥ u, v : (0,∞) → R st❡t✐❣ ♠✐t u > 0✳ ❙❡✐ ✇❡✐t❡r
f : (0,∞)→ (0,∞) ❞✐✛❡r❡♥③✐❡r❜❛r ✉♥❞ ❡r❢ü❧❧❡ ❞✐❡ ❉✐✛❡r❡♥t✐❛❧✉♥❣❧❡✐❝❤✉♥❣
d
dx
f(x) ≤ −f(x)1+θu(x) + v(x)f(x).
❉❛♥♥ ✐st
f(x) ≤

θ
x∫
0
exp

−θ
x∫
y
v(z) dz

u(y) dy


− 1
θ
✉♥❞ ❞✐❡s❡ ❆❜s❝❤ät③✉♥❣ ✐st s❝❤❛r❢ ✐♥ ❞❡♠ ❙✐♥♥❡✱ ❞❛ss ❞✐❡ r❡❝❤t❡ ❙❡✐t❡ ❞✐❡ ♦❜✐❣❡ ❉✐✛❡r❡♥✲
t✐❛❧✉♥❣❧❡✐❝❤✉♥❣ ❡r❢ü❧❧t✳
❇❡✇❡✐s✳ ❙❡t③❡ w(x) := exp(θ
∫ x
0
v(z) dz) ✉♥❞ ❜❡tr❛❝❤t❡ g(x) := f(x)−θw(x)✳
d
dx
g(x) = −θf(x)−θ−1w(x) d
dx
f(x) + θf(x)−θw(x)v(x)
≥ θw(x)u(x)− θf(x)−θw(x)v(x) + θf(x)−θw(x)v(x)
= θw(x)u(x)
❉❛ g(x) > 0 ❢ür ❛❧❧❡ x > 0 ✐st✱ s✐❡❤t ♠❛♥ ❧❡✐❝❤t ❡✐♥✱ ❞❛ss g(x) ≥ θ ∫ x
0
w(y)u(y)dy✳ ❙♦♠✐t
❡rr❡❝❤♥❡t ♠❛♥✱ ❞❛ss
f(x)−θ ≥ θ
x∫
0
w(y)
w(x)
u(y) dy.
Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺✳ ❙❡✐❡♥ C1, C2, θ > 0 ✉♥❞ β, ω ∈ R✳ ❋ür ❛❧❧❡ u ∈ D(a) ∩ L1 ❣❡❧t❡
C1‖u‖2+θ ≤ ℜaβ(u, u)‖u‖θ1. ✭✹✳✶✮
❲❡✐t❡r s❡✐ ‖ e−tA |L1‖1 ≤ C2 eωt ❢ür ❛❧❧❡ t > 0✳ ❉❛♥♥ ❣✐❧t
‖ e−tA |L1‖1→2 ≤ C2
(
1
C1θt
) 1
θ
e
ω+β
2
t .
✺✸
❑❛♣✐t❡❧ ✹ ❖❜❡r❡ ❙❝❤r❛♥❦❡♥ ❢ür ❞✐❡ ❍❛❧❜❣r✉♣♣❡
❇❡✇❡✐s✳ ❙❡✐ u ∈ L2 ∩ L1 ♠✐t ‖u‖1 ≤ 1✱ ut := e−tA u ✉♥❞ f(t) := ‖ut‖2✳ ❉❛♥♥ ❜❡r❡❝❤♥❡t
♠❛♥
d
dt
f(t) = −2ℜa(ut, ut) ≤ −2C1‖ut‖2+θ‖ut‖−θ1 + 2β‖ut‖2
≤ −2C1f(t)1+θ/2
(
C2 e
ωt
)−θ
+ 2βf(t).
▼✐t ▲❡♠♠❛ ✹✳✸✳✹ ✭❢ür f(t) > 0✮ ❣✐❧t ♥✉♥
f(t) ≤

θ
2
t∫
0
exp

−θ
2
t∫
s
2β dr

 2C1 (C2 eωs)−θ ds


− 2
θ
= C22

C1θ
t∫
0
e−θβ(t−s) e−θωs ds


− 2
θ
.
❉❛ s✐❝❤ ■♥t❡❣r❛❧❡ ü❜❡r ❦♦♥✈❡①❡ ❋✉♥❦t✐♦♥❡♥ ❧❡✐❝❤t ❛❜s❝❤ät③❡♥ ❧❛ss❡♥ ❞✉r❝❤
∫ t
0
g(x) dx ≥
tg(t/2) ❢♦❧❣t ✇❡✐t❡r
f(t) ≤ C22
(
C1θt e
−θ ω+β
2
t
)− 2
θ ≤ C22
(
1
C1θt
) 2
θ
e(ω+β)t .
❇❡♠❡r❦✉♥❣ ✹✳✸✳✻✳ ❊s ❣❡♥ü❣t ●❧❡✐❝❤✉♥❣ ✭✹✳✶✮ ❢ür ❋✉♥❦t✐♦♥❡♥ u ≥ 0 ✈♦r❛✉s③✉s❡t③❡♥✱ ✇❡♥♥
e−tA ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞ ❢ür ❛❧❧❡ t ≥ 0 ✐st✳ ■st e−tA |Lp ❡✐♥ st❡t✐❣❡r ❖♣❡r❛t♦r ✐♥ Lp ❢ür
❛❧❧❡ t ≥ 0 s♦ ❣❡♥ü❣t ❡s✱ ✇❡♥♥ ●❧❡✐❝❤✉♥❣ ✭✹✳✶✮ ❢ür ❋✉♥❦t✐♦♥❡♥ ✐♥ Lp ❣✐❧t✳
❯♠❣❡❦❡❤rt❡ ❆✉ss❛❣❡♥ ③✉ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺ ❣❡❧t❡♥ ❡❜❡♥❢❛❧❧s✳ ❋ür ♥✐❝❤ts②♠♠❡tr✐s❝❤❡
❋♦r♠❡♥ ❦❛♥♥ ❤✐❡r ❛❧❧❡r❞✐♥❣s ♥✉r ❡✐♥❡ ❛❜❣❡s❝❤✇ä❝❤t❡ ❋♦r♠ ❣❡③❡✐❣t ✇❡r❞❡♥✳ ❆❜❡r ③✉❡rst
❡✐♥ ▲❡♠♠❛✿
▲❡♠♠❛ ✹✳✸✳✼✳ ❙❡✐❡♥ a, b, c ≥ 0 ✉♥❞ α, β > 0✳ ❉❛♥♥ s✐♥❞ äq✉✐✈❛❧❡♥t✿
✐✮ aα+β ≤ (α+β)α+β
ααββ
bβcα✱
✐✐✮ ❋ür ❛❧❧❡ t > 0 ❣✐❧t a ≤ tαb+ t−βc✳
❇❡✇❡✐s✳ ▼✐♥✐♠✐❡rt ♠❛♥ tαb + t−βc ü❜❡r t > 0 ✭t =
(
βc
αb
) 1
α+β ❢ür b, c 6= 0✮✱ s♦ ❡r❤ä❧t ♠❛♥
♠✐t ❞❡r ❯♥❣❧❡✐❝❤✉♥❣ ❛✉s ✐✐✮ ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣ ❛✉s ✐✮✳
❇❡♠❡r❦✉♥❣ ✹✳✸✳✽✳ ▲❛✉t ❬❑❛t✻✻✱ ❱✳➓✸✳✶✶✳❪ ❡①✐st✐❡rt ③✉ ❥❡❞❡♠ ♠✲s❡❦t♦r✐❡❧❧❡♥ ❖♣❡r❛t♦r A
❣❡♥❛✉ ❡✐♥ ♠✲s❡❦t♦r✐❡❧❧❡r ❖♣❡r❛t♦r B✱ ❢ür ❞❡♥ ❣✐❧t B2 = A✳ ■♠ ❢♦❧❣❡♥❞❡♥ ✇✐r❞ ❞✐❡s❡r ③✉ A
❣❡❤ör❡♥❞❡ ❖♣❡r❛t♦r A1/2 ❣❡♥❛♥♥t✳ A1/2 ❦♦♠♠✉t✐❡rt ♠✐t ❥❡❞❡♠ ❜❡s❝❤rä♥❦t❡♥ ❖♣❡r❛t♦r
♠✐t ❞❡♠ A ❦♦♠♠✉t✐❡rt✱ ✐♥s❜❡s♦♥❞❡r❡ ❛❧s♦ ❛✉❝❤ e−tA✳
▼✐t ❞✐❡s❡r ❱♦r❜❡r❡✐t✉♥❣ ❦❛♥♥ ♥✉♥ ❞✐❡ ❯♠❦❡❤r✉♥❣ ❢♦r♠✉❧✐❡rt ✇❡r❞❡♥✳
✺✹
✹✳✸ ◆❛❝❤✇❡✐s ✈♦♥ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät
Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✾✳ ❙❡✐ ℜa ≥ 0✱ 1 ≤ p < 2✱ θ > 0 ✉♥❞ ‖ e−tA |Lp‖p→2 ≤ t− 1θ ❢ür ❛❧❧❡
t ≥ 0✳ ❉❛♥♥ ❡①✐st✐❡rt ❡✐♥❡ ❑♦♥st❛♥t❡ C✱ s♦ ❞❛ss ❢ür ❛❧❧❡ u ∈ D(A)∩Lp ❜③✇✳ u ∈ D(a)∩Lp
❣✐❧t
‖u‖1+θ ≤ C‖Au‖‖u‖θp
❜③✇✳
‖u‖2+θ ≤ C‖A1/2u‖‖A∗1/2u‖‖u‖θp
❇❡✇❡✐s✳ ❙❡✐ u ∈ D(A) ∩ Lp✳ ❉❛♥♥ ✐st
‖u‖ ≤ ‖u− e−tA u‖+ ‖ e−tA u‖
≤ ‖
t∫
0
e−sAAu ds‖+ t− 1θ ‖u‖p ≤ t‖Au‖+ t− 1θ ‖u‖p.
❲❡✐t❡r❤✐♥ ❣✐❧t ❢ür u ∈ D(a) ∩ Lp
‖u‖2 = (u− e−tA u, u) + (e−tA u, u)
≤
t∫
0
(e−sAA1/2u,A∗1/2u) ds+ t−
1
θ ‖u‖p‖u‖
≤ t‖A1/2u‖‖A∗1/2u‖+ t− 1θ ‖u‖p‖u‖.
▲❡♠♠❛ ✹✳✸✳✼ ❧✐❡❢❡rt ♥✉♥ ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
❉❛ ❢ür a s②♠♠❡tr✐s❝❤ a(u, u) = ‖A1/2u‖2 ✐st✱ ❡r❤ä❧t ♠❛♥ ✐♥ ❞✐❡s❡♠ ❋❛❧❧ ❣❡♥❛✉❡r✿
Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✵✳ ❙❡✐ a ≥ 0 s②♠♠❡tr✐s❝❤✱ 1 ≤ p < 2 ✉♥❞ ‖ e−tA |Lp‖p→2 ≤ t− 1θ ❢ür
❛❧❧❡ t > 0✳ ❉❛♥♥ ❣✐❧t
‖u‖2+θ ≤ Ca(u, u)‖u‖θp
❢ür ❛❧❧❡ u ∈ D(a) ∩ Lp✳
❇❡✇❡✐s✳ ❙❡✐ u ∈ L2✳ ▼✐t ❍✐❧❢❡ ❞❡s ❋✉♥❦t✐♦♥❛❧❦❛❧❦ü❧s ✭❬❉❙✽✽❜✱ ❑❛♣✐t❡❧ ✶✷✳❪✮ ❡rr❡❝❤♥❡t
♠❛♥✱ ❞❛ss ‖u− e−tA u‖2 ≤ ta(u, u) ❣✐❧t✳ ❙♦♠✐t ✐st
‖u‖2 ≤ 2‖u− e−tA u‖2 + 2‖ e−tA u‖2
≤ 2ta(u, u) + 2t− 2θ ‖u‖2p.
❉❡r ❘❡st ❢♦❧❣t ♠✐t ▲❡♠♠❛ ✹✳✸✳✼✳
✹✳✸✳✹ ✳✳✳ ♠✐t ❡✐♥❡r ✐t❡r✐❡rt❡♥ ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣
■♠ ❧❡t③t❡♥ ❆❜s❝❤♥✐tt ✇✉r❞❡ ❛✉s❣❡❤❡♥❞ ✈♦♥ ❡✐♥❡r L1✲◆♦r♠✲❙❝❤r❛♥❦❡ ✉♥❞ ❡✐♥❡r ◆❛s❤✲❯♥✲
❣❧❡✐❝❤✉♥❣ ❡✐♥❡ L1 → L2✲◆♦r♠✲❙❝❤r❛♥❦❡ ❣❡③❡✐❣t✳ ❑❡♥♥t ♠❛♥ ❦❡✐♥❡ L1✲◆♦r♠✲❙❝❤r❛♥❦❡✱ s♦
❦❛♥♥ ♠❛♥ ✐♠♠❡r ♥♦❝❤✱ ❛✉s❣❡❤❡♥❞ ✈♦♥ ❡✐♥❡r L2✲◆♦r♠✲❙❝❤r❛♥❦❡✱ ❡✐♥❡ L2 → L∞✲◆♦r♠✲
❙❝❤r❛♥❦❡ ③❡✐❣❡♥✳ ❉❡r ❇❡✇❡✐s ✐st ❛❜❡r ❛✉❢✇❡♥❞✐❣❡r ✉♥❞ ❞❛s ❘❡s✉❧t❛t ✇❡♥✐❣❡r ❞✐r❡❦t✳
✺✺
❑❛♣✐t❡❧ ✹ ❖❜❡r❡ ❙❝❤r❛♥❦❡♥ ❢ür ❞✐❡ ❍❛❧❜❣r✉♣♣❡
Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✶✳ ❙❡✐ ℜa ≥ −γ✱ ‖ e−tA |L∞‖∞ < ∞ ❢ür ❛❧❧❡ t ≥ 0 ✉♥❞ ❡s ❡①✐st✐❡r❡
❡✐♥ θ > 0✱ ❡✐♥ λ > 0 ✉♥❞ c(n) ≥ 0 ♠✐t c :=∑∞n=2 c(n)2n <∞✱ s♦ ❞❛ss
‖u‖2n+θ2n−12n ‖u‖−θ2
n−1
2n−1 ≤ 2nℜ(Au, u|u|2
n−2) + λ ec(n) 2n‖u‖2n2n
❢ür ❛❧❧❡ n ≥ 2 ✉♥❞ ❛❧❧❡ u ∈ D(A) ∩ L∞✳ ❉❛♥♥ ❣✐❧t
‖ e−tA ‖2→∞ ≤ Ct− 1θ e(λ+γ+)t
✉♥❞ ❢❛❧❧s λ− γ− > 0 ✐st ❛✉❝❤
‖ e−tA ‖2→∞ ≤ C emax
(
λ+ γ−,
1
t
) 1
θ
eγt
❢ür C =
(
4 e2c+1
θ
) 1
θ
✳
❇❡✇❡✐s✳ ❙❡✐ u ∈ L2 ∩ L∞ ♠✐t ‖u‖2 ≤ 1 ✉♥❞ ut := e−tA u✳ ❖✳❇✳❞✳❆✳ s❡✐ ut 6= 0✳ ❉❡✜♥✐❡r❡
fn(t) := ‖ut‖2n2n ✳ ❉❛♥♥ ✐st
f1(t) ≤ e2γt ✭✹✳✷✮
✉♥❞ ❢ür n ≥ 2 ❣✐❧t
d
dt
fn(t) =
∫
X
d
dt
(
u2
n−1
t ut
2n−1
)
dm
=
∫
X
(
2n−1u2
n−1−1
t ut
2n−1(−Aut) + 2n−1u2n−1t ut2
n−1−1(−Aut)
)
dm
= 2nℜ
∫
X
(−Aut)ut|ut|2n−2 dm
= −2nℜ(Aut, ut|ut|2n−2).
❉❛❜❡✐ ✈❡r✇❡♥❞❡t ♠❛♥✱ ❞❛ss d
dt
ut =
d
dt
ut = −Aut ✐st✳ ❉✐❡ ❱❡rt❛✉s❝❤✉♥❣ ✈♦♥ ❉✐✛❡r❡♥t✐❛t✐✲
♦♥ ✉♥❞ ■♥t❡❣r❛❧ ✐st ♠ö❣❧✐❝❤✱ ❞❛ ❞❡r ❉✐✛❡r❡♥③❡♥q✉♦t✐❡♥t ✐♠ L2
n
✲❙✐♥♥❡ ❦♦♥✈❡r❣✐❡rt ✭s✐❡❤❡
❬❨♦s✽✵❪✮✳ ▼✐t ❞❡r ❱♦r❛✉ss❡t③✉♥❣ ✐st ♥✉♥
d
dt
fn(t) ≤ −‖ut‖2n+θ2n−12n ‖ut‖−θ2
n−1
2n−1 + λ e
c(n) 2n‖ut‖2n2n
= −fn(t)1+ θ2 fn−1(t)−θ + λ ec(n) 2nfn(t).
▲❡♠♠❛ ✹✳✸✳✹ ❧✐❡❢❡rt s♦♠✐t
fn(t)
− θ
2 ≥ θ
2
t∫
0
exp

−θ
2
t∫
s
λ ec(n) 2n dr

 fn−1(s)−θ ds. ✭✹✳✸✮
✺✻
✹✳✸ ◆❛❝❤✇❡✐s ✈♦♥ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät
▼✐t ❞❡r ❉❡✜♥✐t✐♦♥ gn(t) := fn(t)−
θ
2 ❣✐❧t ♥✉♥ ♠✐t ❯♥❣❧❡✐❝❤✉♥❣ ✭✹✳✷✮
g1(t) ≥ e−θγt ≥ e−θγ+t,
✉♥❞ ♠✐t ❯♥❣❧❡✐❝❤✉♥❣ ✭✹✳✸✮ ❣✐❧t
gn(t) ≥ θ
2
t∫
0
e−θλ e
c(n) 2n−1(t−s) gn−1(s)2 ds.
■♥❞✉❦t✐♦♥s❤②♣♦t❤❡s❡✿
gn(t) ≥ αnt2n−1−1 e−θλβnt e−2n−1θγ+t (t > 0)
❢ür ♥♦❝❤ ❢❡st③✉❧❡❣❡♥❞❡ ❲❡rt❡ αn, βn ≥ 0✳ ▼✐t ❞✐❡s❡r ❍②♣♦t❤❡s❡ ❢♦❧❣t ❢ür n ≥ 2 ✉♥❞
0 < ǫ ≤ 1/2
gn(t) ≥ θ
2
t∫
0
e−θλ e
c(n) 2n−1(t−s) α2n−1s
2n−1−2 e−2θλβn−1s e−2
n−1θγ+s ds
≥ θ
2
α2n−1 e
−2θλβn−1t e−2
n−1θγ+t
t∫
(1−2ǫ)t
e−θλ e
c(n) 2n−1(t−s) s2
n−1−2 ds
✉♥❞ ❞❛ ❞❡r ■♥t❡❣r❛♥❞ ❦♦♥✈❡① ✐st s❝❤ät③t ♠❛♥ ✇❡✐t❡r ❞✉r❝❤ ❞❡♥ ▼✐tt❡❧✇❡rt ❛❜
≥ θ
2
α2n−1 e
−2θλβn−1t e−2
n−1θγ+t 2ǫt e−θλ e
c(n) 2n−1ǫt((1− ǫ)t)2n−1−2
= θα2n−1ǫ(1− ǫ)2
n−1−2t2
n−1−1 e−2θλβn−1t−θλ e
c(n) 2n−1ǫt e−2
n−1θγ+t
✉♥❞ ♠✐t ❞❡r ❲❛❤❧ ǫ := 1
2n−1 ec(n) ≤ 12 ❣✐❧t
gn(t) ≥ θα2n−1
1
2n−1 ec(n)+1
t2
n−1−1 e−2θλβn−1t−θλt e−2
n−1θγ+t,
❞❛ (1− ǫ)2n−1−2 ≥ e−1 ✐st ✭(1− 1
x
)x−2 ≥ e−1 ❢ür x ≥ 2✮✳ ❆❧s♦ ✐st ❞✐❡ ■♥❞✉❦t✐♦♥s❤②♣♦t❤❡s❡
❦♦rr❡❦t ♠✐t
α1 = 1, αn =
θ
2n−1 ec(n)+1
α2n−1,
β1 = 0, βn = 2βn−1 + 1.
◆✉♥ ✐st
α
1
2n
n
/
α
1
2n−1
n−1 = θ
1
2n 2−
n−1
2n e−
c(n)+1
2n
✉♥❞ s♦♠✐t
lim
n→∞
α
1
2n
n =
∞∏
n=2
θ
1
2n 2−
n−1
2n e−
c(n)+1
2n =
1
2
θ
1
2 e−c−
1
2
✺✼
❑❛♣✐t❡❧ ✹ ❖❜❡r❡ ❙❝❤r❛♥❦❡♥ ❢ür ❞✐❡ ❍❛❧❜❣r✉♣♣❡
♠✐t c :=
∑∞
n=2
c(n)
2n
✱ s♦✇✐❡
βn
2n
− βn−1
2n−1
=
1
2n
,
✉♥❞ s♦♠✐t
lim
n→∞
βn
2n
=
∞∑
n=2
1
2n
=
1
2
.
❆❧s♦ ❣✐❧t
‖ut‖∞ = lim
n→∞
fn(t)
1
2n = lim
n→∞
(
gn(t)
1
2n
)− 2
θ
≤
(
1
2
(θt)
1
2 e−c−
1
2 e−
θλ
2
t e−
θ
2
γ+t
)− 2
θ
=
(
4 e2c+1
θ
) 1
θ
t−
1
θ eλt eγ
+t .
❉✐❡ ❧❡t③t❡ ❆✉ss❛❣❡ ❢♦❧❣t ♠✐t ❞❡r ❍❛❧❜❣r✉♣♣❡♥❡✐❣❡♥s❝❤❛❢t✱ ❞❡♥♥ ❡s ✐st
‖ e−tA ‖2→∞ ≤ ‖ e−sA ‖2→∞‖ e−(t−s)A ‖
≤ Cs− 1θ e(λ+γ+)s eγ(t−s)
≤ Cs− 1θ e(λ+γ−)s eγt
❢ür ❛❧❧❡ 0 < s ≤ t✳ ■st λ + γ− ≤ 0 s♦ ❡r❤ä❧t ♠❛♥ ❞✐❡ ③✇❡✐t❡ ❯♥❣❧❡✐❝❤✉♥❣ ♠✐t s := t✳
❆♥❞❡r♥❢❛❧❧s ✇ä❤❧t ♠❛♥ s := min(t, 1
λ+γ− ) > 0 ✉♠ ❞❛s ❘❡s✉❧t❛t ③✉ ❡r❤❛❧t❡♥✳
❇❡♠❡r❦✉♥❣❡♥
❋ür s②♠♠❡tr✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ✜♥❞❡t ♠❛♥ ❞✐❡ ❆✉ss❛❣❡♥ ③✉r ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät
✉♥❞ ③✉ ❞❡♥ ❋✉♥❦t✐♦♥❛❧✉♥❣❧❡✐❝❤✉♥❣❡♥ ✐♥ ❬❉❛✈✾✵✱ ❆❜s❝❤♥✐tt ✷✳✹❪✳ ▲❛✉t ❉❛✈✐❡s ✭❞✐❡s❡❧❜❡
◗✉❡❧❧❡✮ ❡r❤ä❧t ♠❛♥ ✐♥ ❞✐❡s❡♠ ❑♦♥t❡①t ❞✐❡ t✐❡❢st❡♥ ❊✐♥❜❧✐❝❦❡ ✐♥ ❞✐❡ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät
♠✐t ❞❡♥ ❧♦❣❛r✐t❤♠✐s❝❤❡♥ ❙♦❜♦❧❡✈✲❯♥❣❧❡✐❝❤✉♥❣❡♥✳
❋ür s②♠♠❡tr✐s❝❤❡ ❉✐r✐❝❤❧❡t ❋♦r♠❡♥ ✉♥❞ θ > 2 s✐♥❞ äq✉✐✈❛❧❡♥t ✭❡❜❡♥❢❛❧❧s ❉❛✈✐❡s
❬❉❛✈✾✵✱ ❆❜s❝❤♥✐tt ✷✳✹❪✮✿
✐✮ ‖ e−tA ‖2→∞ ≤ ct− θ4 ✉♥❞
✐✐✮ ‖u‖ 2θ
θ−2
≤ ca(u, u)✳
❉❡r ❇❡✇❡✐s ✐✐✮ ⇒ ✐✮ ❣❡❤t ❞♦rt ❞❡♥ ❯♠✇❡❣ ü❜❡r ❡✐♥❡ ❧♦❣✲❙♦❜♦❧❡✈✲❯♥❣❧❡✐❝❤✉♥❣ ❛♥st❡❧❧❡
ü❜❡r ❡✐♥❡ ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ ✇✐❡ ❤✐❡r ❣❡✇ä❤❧t✳
❉❡♥ ❇❡✇❡✐s ✈♦♥ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✶ ✜♥❞❡t ♠❛♥ ❛✉❝❤ ✐♥ ❬❈❑❙✽✼❪✳ ❉♦rt ✇✐r❞ ❛❜❡r ♥✉r
❞❡r ❙♣❡③✐❛❧❢❛❧❧ ❜❡❤❛♥❞❡❧t✱ ❞❛ss a ❡✐♥❡ ❉✐r✐❝❤❧❡t✲❋♦r♠ ✐st ✉♥❞
‖u‖2n+θ2n−12n ‖u‖−θ2
n−1
2n−1 ≤ 2nℜ(Aφu, u|u|2
n−2) + 22nλ‖u‖2n2n
♠✐t Aφ ❞❡✜♥✐❡rt ✇✐❡ ✐♥ ❆❜s❝❤♥✐tt ✹✳✷✳
❊✐♥❡ ✈❡r❣❧❡✐❝❤❜❛r❡ ❆✉ss❛❣❡ ③✉ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✶ ❦❛♥♥ ❛✉❝❤ ♠✐t ❡✐♥❡r ❧♦❣❛r✐t❤♠✐s❝❤❡♥
❙♦❜♦❧❡✈✲❯♥❣❧❡✐❝❤✉♥❣ ❛♥st❡❧❧❡ ❞❡r ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ ❜❡✇✐❡s❡♥ ✇❡r❞❡♥✳ ❉❛③✉ ❜❡tr❛❝❤t❡t
♠❛♥ ✐♠ ❇❡✇❡✐s ❞✐❡ ❋✉♥❦t✐♦♥ s 7→ ‖us‖p(s) ❢ür ❡✐♥❡ ❣❡❡✐❣♥❡t❡ ❲❛❤❧ p : (0, t)→ (2,∞)
♠✐t p(s)→∞ ❢ür s→ t ✭s✐❡❤❡ ❬❉❛✈✽✼❪ ✉♥❞ ❬❉❛✈✾✵✱ ❚❤❡♦r❡♠ ✷✳✷✳✼❪✮✳
✺✽
❑❛♣✐t❡❧ ✺
❆♥✇❡♥❞✉♥❣❡♥
■♥ ❞✐❡s❡♠ ❑❛♣✐t❡❧ ✇❡r❞❡♥ ♥✉♥ ❞✐❡ ❛❜str❛❦t❡♥ ❘❡s✉❧t❛t❡ ❛✉s ❞✐❡s❡r ❆r❜❡✐t ❛✉❢ ❦♦♥❦r❡t❡r❡
❙✐t✉❛t✐♦♥❡♥ ❛♥❣❡✇❡♥❞❡t✳
✺✳✶ ❙②♠♠❡tr✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥
❙❡✐ X ❡✐♥ ❧♦❦❛❧ ❦♦♠♣❛❦t❡r s❡♣❛r❛❜❧❡r ❍❛✉s❞♦r✛✲❘❛✉♠✱ A ❞✐❡ ❇♦r❡❧s❝❤❡ σ✲❆❧❣❡❜r❛✱ m
❡✐♥ ❘❛❞♦♥✲▼❛ß ❛✉❢ A ♠✐t m(U) > 0 ❢ür ❛❧❧❡ ♦✛❡♥❡♥ ▼❡♥❣❡♥ U ⊂ X ✉♥❞ s❡✐ a0 ❡✐♥❡
s②♠♠❡tr✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠✳ ❙❡✐❡♥ µ+, µ− ③✇❡✐ Cap✲st❡t✐❣❡ ▼❛ß❡ ❛✉❢ A ✉♥❞ s❡✐
µ−(u, u) ≤ q(a0 + µ+)(u, u) + Cq‖u‖2 (u ∈ D(a0 + µ+))
❢ür ❡✐♥ q < 1 ✉♥❞ ❡✐♥ Cq ≥ 0 ❡r❢ü❧❧t✳ ❉❡✜♥✐❡r❡ a := a0 + µ+ − µ− ✇✐❡ ✐♥ ❆❜s❝❤♥✐tt ✸✳✷✱
✉♥❞ s❡t③❡ ✈♦r❛✉s✱ ❞❛ss a s❝❤✇❛❝❤ r❡❣✉❧är ✐st✳ ❊s ❡①✐st✐❡rt ❡✐♥ γa ∈ R ♠✐t a ≥ −γa✳ ❉✐❡
❋♦r♠ a ❜❡s✐t③t ❡✐♥❡ ❉❛rst❡❧❧✉♥❣ ✇✐❡ ✐♥ ❑❛♣✐t❡❧ ✸✿
a(u, v) =
∫
X
u˜(x)v˜(x) k′(dx) +
∫
X2
dΓ<u,v>.
❯♠ ❞✐❡ ❙❝❤r❡✐❜✇❡✐s❡ ③✉ ✈❡r❡✐♥❢❛❝❤❡♥ ✇❡r❞❡♥ ❛❜ s♦❢♦rt ❞✐❡ ❚✐❧❞❡♥ ❜❡✐ q✉❛s✐st❡t✐❣❡♥
❋✉♥❦t✐♦♥❡♥ ✇❡❣❣❡❧❛ss❡♥✳ ❋✉♥❦t✐♦♥❡♥ ✐♥ Dloc(a) ✇❡r❞❡♥ ❣r✉♥❞sät③❧✐❝❤ ❛❧s q✉❛s✐st❡t✐❣ ❛♥✲
❣❡♥♦♠♠❡♥✳
❊✐♥ ❦♦♠♣❧❡①❡s σ✲❡♥❞❧✐❝❤❡s ▼❛ß Υ ❛✉❢ X2 ❤❡✐ßt s②♠♠❡tr✐s❝❤✱ ❢❛❧❧s Υ(E × F ) =
Υ(F × E) ❢ür ❛❧❧❡ E,F ∈ A ✐st✳ ❋ür ❡✐♥ ❦♦♠♣❧❡①❡s✱ σ✲❡♥❞❧✐❝❤❡s s②♠♠❡tr✐s❝❤❡s ▼❛ß
Υ ❛✉❢ X2 ✉♥❞ s, t ∈ R s❝❤r❡✐❜t ♠❛♥
Υ ≤ sa+ t,
✇❡♥♥ ∫
X2
u(x)u(y) Υ(dx, dy) ≤ sa(u, u) + t‖u‖2
❢ür ❛❧❧❡ u ∈ D(a) ❣✐❧t✳
✺✾
❑❛♣✐t❡❧ ✺ ❆♥✇❡♥❞✉♥❣❡♥
✺✳✶✳✶ L2✲❆❜s❝❤ät③✉♥❣❡♥
❍✐❡r ✇❡r❞❡♥ ❆❜s❝❤ät③✉♥❣❡♥ ❞❡r L2✲◆♦r♠ ❞❡r ❍❛❧❜❣r✉♣♣❡ ③✉ a ❣❡③❡✐❣t✳ ❉✐❡ ♥ä❝❤st❡
Pr♦♣♦s✐t✐♦♥ ❣✐❜t ❛♥✱ ✇❡❧❝❤❡ φ ③✉❧äss✐❣ s✐♥❞✱ ✉♥❞ ❜❡✇❡✐st ❡✐♥❡ ✉♥t❡r❡ ❆❜s❝❤ät③✉♥❣ ❛♥ aφ✳
❉❡r ✇❡s❡♥t❧✐❝❤❡ ❙❝❤r✐tt ✐♠ ❇❡✇❡✐s ✐st ❞✐❡ ❇❡r❡❝❤♥✉♥❣ ❞❡s ❆✉s❞r✉❝❦s a − ℜaφ✱ ❞❡r s✐❝❤
❛❧s
a(u, u)−ℜaφ(u, u) = −
∫
X×X
u(x)u(y)Γ<φ,φ−1>
❡r❣✐❜t✳
Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✳ ❙❡✐ 0 < φ ∈ Dloc(a) ∩ L∞✱ φ−1 ∈ L∞✱ 0 ≤ q < 1✱ λ ∈ R ✉♥❞
−Γ<φ,φ−1> ≤ qa+ λ.
❉❛♥♥ ✐st φ ③✉❧äss✐❣ ✉♥❞
ℜaφ(u, u) ≥ (1− q)a(u, u)− λ‖u‖2
❢ür ❛❧❧❡ u ∈ D(a)✳
❇❡✇❡✐s✳ ❉❛ −Γ<φ,φ−1> ❜❡s❝❤rä♥❦t ✐st✱ s✐♥❞ ❛✉❝❤ Γ<φ,φ> ✉♥❞ Γ<φ−1,φ−1> ❜❡s❝❤rä♥❦t✱ ❞❡♥♥
♠✐t ❞❡r ✈❡r❛❧❧❣❡♠❡✐♥❡rt❡♥ ◗✉♦t✐❡♥t❡♥r❡❣❡❧ ✭❇❡♠❡r❦✉♥❣ ✸✳✸✳✶✵✮ ❡r❤ä❧t ♠❛♥
Γ<φ,φ>(dx, dy) = −φ(x)φ(y)Γ<φ,φ−1>(dx, dy) ≤ ‖φ‖2∞qa+ ‖φ‖2∞λ.
❉✐❡ ❇❡s❝❤rä♥❦t❤❡✐t ✈♦♥ Γ<φ−1,φ−1> ❢♦❧❣t ❛♥❛❧♦❣✳ ❆❧s♦ ✐st ♥❛❝❤ Pr♦♣♦s✐t✐♦♥ ✸✳✹✳✹
uφ ∈ D(a)⇔ u ∈ D(a)⇔ uφ−1 ∈ D(a).
❖✛❡♥s✐❝❤t❧✐❝❤ ✐st
φ−1uφv dk′ = uv dk′.
▼✐t ❍✐❧❢❡ ❞❡r Pr♦❞✉❦t✲ ✉♥❞ ◗✉♦t✐❡♥t❡♥✲❘❡❣❡❧ ❡r❤ä❧t ♠❛♥∫
X
dµ
(c)
<φu,φ−1v> =
∫
X
dµ
(c)
<u,v> +
∫
X
u(x)v(x) dµ
(c)
<φ,φ−1>
−
∫
X
φ−1(x)u(x) dµ(c)<φ,v> +
∫
X
φ−1(x)v(x) dµ(c)<u,φ>.
■♥t❡❣r✐❡rt ♠❛♥
(φ(x)u(x)− φ(y)u(y))(φ(x)−1v(x)− φ(y)−1v(y)) = t1 + t2 + t3 + t4
♠✐t
t1 = (u(x)− u(y))(v(x)− v(y))
t2 = u(x)v(y)(φ(x)− φ(y))(φ(x)−1 − φ(y)−1)
t3 = −12φ(x)−1(v(x) + v(y))(u(x)− u(y))(φ(x)− φ(y))
t4 =
1
2
φ(x)−1(u(x) + u(y))(φ(x)− φ(y))(v(x)− v(y)),
✻✵
✺✳✶ ❙②♠♠❡tr✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥
ü❜❡r ❞❛s ▼❛ß J ✉♥❞ ❛❞❞✐❡rt ❞✐❡ ③✇❡✐ ●❧❡✐❝❤✉♥❣❡♥ ❢ür ❞✐❡ ▼❛ß❡ k′ ✉♥❞ µ(c)✱ s♦ ❡r❤ä❧t
♠❛♥
aφ(u, v) = a(u, v) +
∫
X×X
u(x)v(y) dΓ<φ,φ−1> + t(u, v) ✭✺✳✶✮
♠✐t
t(u, v) := 1
2
∫
X×X
φ(x)−1(u(x) + u(y)) dΓ<φ,v> − 12
∫
X×X
φ(x)−1(v(x) + v(y)) dΓ<u,φ>.
t ✐st s❝❤✐❡❢s②♠♠❡tr✐s❝❤✳ ❲❡❣❡♥ ❞❡r ❙❝❤r❛♥❦❡ ❛♥ −Γ<φ,φ−1> ❡①✐st✐❡r❡♥ γ, C > 0 ♠✐t
C−1ℜaγ(u, u) ≤ ℜaγ(φu, φ−1u) ≤ Cℜaγ(u, u)
❢ür ❛❧❧❡ u ∈ D(a)✳
❲❡❣❡♥ ❞❡r ❈❛✉❝❤②✲❙❝❤✇❛r③✬s❝❤❡♥ ❯♥❣❧❡✐❝❤✉♥❣ ❣✐❧t ❛✉❝❤
|ℑa(φu, φ−1u)| = |t(u, u)| ≤ Cℜaγ(u, u)
✭♠✐t ♠ö❣❧✐❝❤❡r✇❡✐s❡ ❛♥❞❡r❡♥ ❲❡rt❡♥ γ, C✮✳ ❆❧s♦ ✐st φ ③✉❧äss✐❣✳
❉✐❡ ❯♥❣❧❡✐❝❤✉♥❣ ❢♦❧❣t ♥✉♥ ✉♥♠✐tt❡❧❜❛r ❛✉s ✭✺✳✶✮ ✉♥❞ ❞❡r ❆❜s❝❤ät③✉♥❣ ❛♥ −Γ<φ,φ−1>✳
▼✐t ❞✐❡s❡r ❱♦r❛r❜❡✐t ✉♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸ ❡r❤ä❧t ♠❛♥ ❧❡✐❝❤t ❞✐❡ L2✲❆❜s❝❤ät③✉♥❣✳
Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✷✳ ❙❡✐❡♥ E,F ⊂ X ♠❡ss❜❛r✱ λ ∈ R ✉♥❞ 0 < φ ∈ Dloc(a) ∩ L∞✱
φ−1 ∈ L∞ ♠✐t
−Γ<φ,φ−1> ≤ a+ λ.
❉❛♥♥ ❣✐❧t
‖1E e−tA 1F‖ ≤ eλt ‖φ1E‖∞‖φ−11F‖∞.
❇❡✇❡✐s✳ ❙❡✐ 0 ≤ q < 1 ✉♥❞ φ′ := eq ln(φ)✳ ❲❡✐❧ f(x) := ex+e−x−2 ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣
f(qx) ≤ qf(x) ❡r❢ü❧❧t✱ ❣✐❧t
−(φ′(x)− φ′(y))(φ′(x)−1 − φ′(y)−1) = eq ln(φ(x))−q ln(φ(y))+eq ln(φ(y))−q ln(φ(x))−2
≤ −q(φ(x)− φ(y))(φ(x)−1 − φ(y)−1).
❆❧s♦ ❣✐❧t ♠✐t ❞❡r ❉❡✜♥✐t✐♦♥ ✈♦♥ Γ
−Γ<φ′,φ′−1> ≤ −qΓ<φ,φ−1> ≤ qa+ qλ,
❞❡♥♥ ❞✐❡ ❑❡tt❡♥r❡❣❡❧ ❧✐❡❢❡rt µ(c)<φ′,φ′−1> = q
2µ
(c)
<φ,φ−1>✳ ❙♦♠✐t ✐st ♥❛❝❤ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶ φ
′
③✉❧äss✐❣ ✉♥❞ ❡s ❣✐❧t
ℜaφ′ ≥ (1− q)a− qλ ≥ −(1− q)γa − qλ.
▼✐t Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✸ ❣✐❧t
‖1E e−tA 1F‖ ≤ e((1−q)γa+qλ)t ‖ eq ln(φ) 1E‖∞‖ e−q ln(φ) 1F‖∞.
▲ässt ♠❛♥ q → 1 ❦♦♥✈❡r❣✐❡r❡♥✱ s♦ ❡r❤ä❧t ♠❛♥ ❞✐❡ ❆✉ss❛❣❡✳
✻✶
❑❛♣✐t❡❧ ✺ ❆♥✇❡♥❞✉♥❣❡♥
❉✐❡ ❢♦❧❣❡♥❞❡♥ ❞r❡✐ ❇❡✐s♣✐❡❧❡ ③❡✐❣❡♥ ❞✐❡ ❆♥✇❡♥❞❜❛r❦❡✐t ❞✐❡s❡r L2✲❆❜s❝❤ät③✉♥❣✳
❇❡✐s♣✐❡❧ ✺✳✶✳✸✳ ❙❡✐ a ❧♦❦❛❧✱ ❞❛s ❤❡✐ßt J = 0✱ ✉♥❞ a ≥ −γa✳ ❉❛♥♥ ❣✐❧t ❢ür φ = eψ
−Γ<φ,φ−1> = −Γ<φ,φ−1>|X2∩d ∼= −µ(c)<φ,φ−1> = µ(c)<ψ,ψ>.
❉❛❜❡✐ ❜❡♥✉t③t ♠❛♥ ❛♥ ❞❡r ❙t❡❧❧❡
∼
= ❞✐❡ ➘q✉✐✈❛❧❡♥③ ✈♦♥ X2 ∩ d ✉♥❞ X ✉♥❞ ❞❛♥❛❝❤ ❞✐❡
❑❡tt❡♥r❡❣❡❧ ❢ür µ(c)✳ ❉❡✜♥✐❡r❡ ❞✐❡ ✐♥tr✐♥s✐s❝❤❡ ▼❡tr✐❦ ❛❧s
d✐♥tr(x, y) := sup{ψ(x)− ψ(y) | ψ ∈ Dloc(a) ∩ C(X), µ(c)<ψ,ψ> ≤ m}.
▼✐t ❞✐❡s❡r ❉❡✜♥✐t✐♦♥ ❣✐❧t ❢ür λ ≥ 0
‖1E e−tA 1F‖ ≤ eγat eλ2t e−λd✐♥tr(E,F ) .
❲ä❤❧t ♠❛♥ λ ♦♣t✐♠❛❧ ✭λ := d✐♥tr(E,F )
2t
✮✱ s♦ ❡r❤ä❧t ♠❛♥ ❞✐❡ ❆❜s❝❤ät③✉♥❣
‖1E e−tA 1F‖ ≤ eγat e−
d✐♥tr(E,F )
2
4t .
■♥ ❞✐❡s❡♠ ❇❡✐s♣✐❡❧ ✇✉r❞❡ φ s♦ ❣❡✇ä❤❧t✱ ❞❛ss −Γ<φ,φ−1> ≤ λ ❣✐❧t✳ ❉❛ss ❞❡r ③✉sät③❧✐❝❤❡
❚❡r♠ a ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✷ ③✉ ❡✐♥❡r ❱❡r❜❡ss❡r✉♥❣ ❢ü❤r❡♥ ❦❛♥♥✱ ③❡✐❣❡♥ ❞✐❡ ❢♦❧❣❡♥❞❡♥
③✇❡✐ ❇❡✐s♣✐❡❧❡✳
❇❡✐s♣✐❡❧ ✺✳✶✳✹✳ ❙❡✐ X := R✱ a(u, v) :=
∫
X
u′(x)v′(x) dx ✉♥❞ D(a) := H1(X)✳ ❊s ❣✐❧t
❜❡❦❛♥♥t❡r♠❛ß❡♥
|u(x)|2 ≤ sa(u, u) + 4
s
‖u‖2
❢ür ❛❧❧❡ u ∈ H1(X)✱ s > 0✳ ❙♦♠✐t ❣✐❧t ❛✉❝❤
√
λ
2y
y∫
0
|u(x)|2 dx ≤ a(u, u) + λ‖u‖2
❢ür ❛❧❧❡ y > 0✳ ❉❛r❛✉s ❢♦❧❣t
‖1E e−tA 1F‖ ≤ eλt e−y
√√
λ
2y
❢ür E = (−∞, 0] ✉♥❞ F = [y,∞)✳ ▼✐t ❞❡r ❲❛❤❧ λ := 1
16
3
√
4y2
t4
❢♦❧❣t ♥✉♥
‖1E e−tA 1F‖ ≤ e− 38
3
√
y2
2t
❋ür y
2
t
❦❧❡✐♥ ✐st ❞✐❡s❡ ❆❜s❝❤ät③✉♥❣ ❜❡ss❡r ❛❧s ❞✐❡ ❆❜s❝❤ät③✉♥❣ ❛✉s ❞❡♠ ❧❡t③t❡♥ ❇❡✐s♣✐❡❧✳
✻✷
✺✳✶ ❙②♠♠❡tr✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥
❇❡✐s♣✐❡❧ ✺✳✶✳✺✳ ❙❡✐ X := R✱ V ∈ L∞(X)✱ V ≥ 0 ✉♥❞
a(u, v) :=
∫
X
u′(x)v′(x) dx+
∫
X
V (x)u(x)v(x) dx, D(a) := H1(X).
❋ür ❡✐♥❡ ❋✉♥❦t✐♦♥ w : R → [0,∞) ❞❡✜♥✐❡r❡ dw(x, y) := |
∫ y
x
w(z) dz| ✉♥❞ dw(E,F ) :=
infx∈E,y∈F dw(x, y)✳ ❉❛♥♥ ❣✐❧t
‖1E e−tA 1F‖ ≤ e−dw(E,F ) eλt
♠✐t w :=
√
V + λ ❢ür ❛❧❧❡ λ ≥ 0✱ ❛❧s♦ ✐♥s❜❡s♦♥❞❡r❡ ❛✉❝❤
‖1E e−tA 1F‖ ≤ e−d√V (E,F ) .
❆✉❝❤ ❘❛♥❞❜❡❞✐♥❣✉♥❣❡♥ ❦ö♥♥❡♥ ③✉ ❡✐♥❡r ❱❡r❜❡ss❡r✉♥❣ ❞❡r ❆❜s❝❤ät③✉♥❣ ❢ü❤r❡♥✳ ❉✐❡
❍❛❧❜❣r✉♣♣❡ ❢ür ❞❛s ❢♦❧❣❡♥❞❡ ❇❡✐s♣✐❡❧ ✐♥ [0,∞) ❧ässt s✐❝❤ ♠✐t ❞❡♠ ❘❡✢❡①✐♦♥s♣r✐♥③✐♣
❧❡✐❝❤t ❛✉sr❡❝❤♥❡♥✱ ❥❡❞♦❝❤ ✐st ❞✐❡ ❤✐❡r ❛♥❣❡❣❡❜❡♥❡ ▼❡t❤♦❞❡ ❛✉❝❤ ✐♥ ❛❧❧❣❡♠❡✐♥❡r❡♥ ❘ä✉♠❡♥
❛♥✇❡♥❞❜❛r✱ ❢ür ❞✐❡ ❡✐♥❡ ❍❛r❞②✲❯♥❣❧❡✐❝❤✉♥❣ ❡①✐st✐❡rt✱ s✐❡❤❡ ❬❉❛✈✾✵✱ ❆❜s❝❤♥✐tt ✶✳✺❪✳
❇❡✐s♣✐❡❧ ✺✳✶✳✻✳ ❙❡✐ X := [0,∞) ✉♥❞ a(u, u) := ∫∞
0
|u′(x)|2 dx✱ D(a) := H10 (X) ❞✐❡
❦❧❛ss✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠ ♠✐t ❉✐r✐❝❤❧❡t✲❘❛♥❞❜❡❞✐♥❣✉♥❣✳ ❉✐❡ ❍❛r❞②✲❯♥❣❧❡✐❝❤✉♥❣ ❜❡s❛❣t✱
❞❛ss ∞∫
0
1
4x2
|u(x)|2 dx ≤
∞∫
0
|u′(x)|2 dx
❢ür ❛❧❧❡ u ∈ H10 (X) ❣✐❧t✳ ❊s ❢♦❧❣t ❛❧s♦∫
X
|u(x)|2
(
1
4x2
+ λ2
)
dx ≤ a(u, u) + λ2‖u‖2.
❉❛
b∫
a
√
1
4x2
+ λ2 ≥ 1
2
ln(
z
a
) + (b− z)λ
❢ür ❛❧❧❡ 0 < a ≤ z ≤ b ❣✐❧t✱ ❢♦❧❣t
‖1[0,a] e−tA 1[b,∞)‖ = ‖1[b,∞) e−tA 1[0,a]‖ ≤ e−
(b−z)2
4t
(a
z
)1/2
❢ür ❛❧❧❡ 0 < a ≤ z ≤ b✳
❇❡♠❡r❦✉♥❣ ✺✳✶✳✼✳ ❆✉❢❣r✉♥❞ ❞✐❡s❡r ❆❜s❝❤ät③✉♥❣❡♥ ❧♦❤♥t ❡s s✐❝❤✱ ❞❛s ▼❛ß −Γ<φ,φ−1>
❣❡♥❛✉❡r ③✉ ❜❡tr❛❝❤t❡♥✿
■st J = 0 ✉♥❞ φ = eψ✱ s♦ ❢♦❧❣t ✇✐❡ ✐♥ ❇❡✐s♣✐❡❧ ✺✳✶✳✸ s❝❤♦♥ ❡r✇ä❤♥t
−Γ<φ,φ−1> ∼= µ(c)<ψ,ψ>.
✻✸
❑❛♣✐t❡❧ ✺ ❆♥✇❡♥❞✉♥❣❡♥
■st µ(c) = 0✱ Ψ : X2 → [0,∞] ♠❡ss❜❛r ✉♥❞ s②♠♠❡tr✐s❝❤ ✉♥❞ λ ∈ R ♠✐t
(eΨ(x,y)+e−Ψ(x,y)−2)J ≤ a+ λ,
s♦ ❣✐❧t ❢ür ψ ∈ Dloc(a) ∩ L∞ ♠✐t |ψ(x) − ψ(y)| ≤ Ψ(x, y) ❢ür ❛❧❧❡ x, y ∈ X ✉♥❞ φ := eψ
❛✉❝❤
−Γ<φ,φ−1> ≤ a+ λ.
❉❡✜♥✐❡rt ♠❛♥
dΨ(x, y) := sup{ψ(x)−ψ(y) | ψ ∈ Dloc(a)∩C(X), |ψ(z1)−ψ(z2)| ≤ Ψ(z1, z2) ∀z1, z2 ∈ X},
s♦ ❢♦❧❣t
‖1E e−tA 1F‖ ≤ eλ e−dΨ(E,F ) .
✺✳✶✳✷ ❑❡r♥❛❜s❝❤ät③✉♥❣❡♥
❩✉❡rst ✇❡r❞❡♥ ③✇❡✐ ✈♦r❜❡r❡✐t❡♥❞❡ ❯♥❣❧❡✐❝❤✉♥❣❡♥ ❣❡③❡✐❣t✳ ❉✐❡ ❆❜s❝❤ät③✉♥❣ ❛♥ ❞❡♥ ❑❡r♥
❞❡r ❍❛❧❜❣r✉♣♣❡ ✇✐r❞ ❞❛♥♥ ✉♥t❡r ❞❡r ❱♦r❛✉ss❡t③✉♥❣ ❡✐♥❡r ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ ❜❡✇✐❡s❡♥✳
❉✐❡ ❡rst❡ ✈♦r❜❡r❡✐t❡♥❞❡ ❯♥❣❧❡✐❝❤✉♥❣ ✐st ❡✐♥❡ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❞❡r ❈❛✉❝❤②✲❙❝❤✇❛r③✲
❯♥❣❧❡✐❝❤✉♥❣ ❢ür ❙❦❛❧❛r❡✳
▲❡♠♠❛ ✺✳✶✳✽✳ ❋ür n ≥ 1✱ x > 0 ✉♥❞ y ≥ 0 ❣✐❧t ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣
(1− yn)2 ≤ n(x− y)(x−1 − y2n−1) + n
2
2
(1− x)(x−1 − 1)(1 + y2n). ✭✺✳✷✮
❇❡✇❡✐s✳ ❋ür n = 1 ③❡✐❣t ❡✐♥❡ ❡✐♥❢❛❝❤❡ ❘❡❝❤♥✉♥❣✱ ❞❛ss ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣ äq✉✐✈❛❧❡♥t ③✉
(1− y)2 ≤ x
2
(1− y)2 + 1
2x
(1− y)2
✐st✳ ❙❡✐ ♥✉♥ ❛❧s♦ y ≥ 1 ✉♥❞ n > 1✳ ❇❡r❡❝❤♥❡t ♠❛♥ ❞✐❡ ■♥t❡❣r❛❧❡
B :=
y5∫
1

d+
y4∫
1

c+ yn−23 ·
y3∫
1

b+ yn−22 ·
y2∫
1
a dy1

 dy2

 dy3

 dy4
C :=
y∫
1
y8∫
1
y7∫
1
y6∫
1
yn−27 y
n−2
6 (e+ nB) dy5dy6dy7dy8
♠✐t
a := 3(2n+ 1)(2n− 1)(4n− 1)(2n2 − n+ 1),
b := (2n− 1)(4n− 1)(22n2 − 9n+ 5),
c := 89n3 − 55n2 + 28n− 8,
d := 5(5n2 + 1),
e := 5n2 + 1,
✻✹
✺✳✶ ❙②♠♠❡tr✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥
s♦ ❡r❤ä❧t ♠❛♥
8n(n− 1)C = 4c1c3 − c22
♠✐t
c1 :=
n
2
(1 + y2n)− y2n−1,
c2 := −n(1 + y2n) + 1 + y2n − 1
n
(1− yn)2,
c3 :=
n
2
(1 + y2n)− y.
❉❛ C ♦✛❡♥s✐❝❤t❧✐❝❤ ♥✐❝❤t♥❡❣❛t✐✈ ✐st✱ s✐❡❤t ♠❛♥ ❧❡✐❝❤t ❡✐♥✱ ❞❛ss 4c1c3−c22 ≥ 0 ✐st✳ ❲❡✐t❡r❤✐♥
✐st c1 > 0✳ ❆❧s♦ ❣✐❧t
c1x+ c2 + c3x
−1 ≥ 0
✇❛s äq✉✐✈❛❧❡♥t ③✉r ❯♥❣❧❡✐❝❤✉♥❣ ✭✺✳✷✮ ✐st✳ ■♠ ❋❛❧❧❡ 0 < y < 1 s❡✐ ❛♥❣❡♠❡r❦t✱ ❞❛ss ❞✐❡
❯♥❣❧❡✐❝❤✉♥❣ ✭✺✳✷✮ ❣❡♥❛✉ ❞❛♥♥ ❢ür x ✉♥❞ y ❣✐❧t✱ ✇❡♥♥ s✐❡ ❢ür x−1 ✉♥❞ y−1 ❛♥st❡❧❧❡ ✈♦♥ x
✉♥❞ y ❣✐❧t✳ ❉❡r ❧❡t③t❡ ❋❛❧❧ y = 0 ✐st ♦✛❡♥s✐❝❤t❧✐❝❤✳
❉✐❡s❡ ❯♥❣❧❡✐❝❤✉♥❣ ❢ür ❙❦❛❧❛r❡ ❧ässt s✐❝❤ ❛✉❢ ❞❛s ❊♥❡r❣✐❡♠❛ß µ(d) ü❜❡rtr❛❣❡♥✿
▲❡♠♠❛ ✺✳✶✳✾✳ ❙❡✐ φ ③✉❧äss✐❣ ✉♥❞ 0 ≤ u ∈ D(a) ∩ L∞ ✉♥❞ n ≥ 1✳ ❉❛♥♥ ❣✐❧t∫
X
dµ
(d)
<un,un> ≤ n
∫
X
dµ
(d)
<φu,φ−1u2n−1> − n2
∫
X
u2ndµ
(d)
<φ,φ−1>.
❇❡✇❡✐s✳ ▼✐t ❯♥❣❧❡✐❝❤✉♥❣ ✭✺✳✷✮ ❛♥❣❡✇❡♥❞❡t ❛✉❢ y˜ := u(y)
u(x)
✉♥❞ x˜ := φ(x)
φ(y)
❡r❤ä❧t ♠❛♥
(u(x)n − u(y)n)2 ≤ n(φ(x)u(x)− φ(y)u(y))(φ(x)−1u(x)2n−1 − φ(y)−1u(y)2n−1)
− n
2
2
(u(x)2n + u(y)2n)(φ(x)− φ(y))(φ(x)−1 − φ(y)−1).
❉✐❡ ❇❡❤❛✉♣t✉♥❣ ❢♦❧❣t ♥✉♥ ❞✉r❝❤ ■♥t❡❣r✐❡r❡♥✳
◆✉♥ ❢♦❧❣t ❞✐❡ ❑❡r♥❛❜s❝❤ät③✉♥❣✿
Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✵✳ ❙❡✐ λ > 0✱ c(n) ≥ 0 ♠✐t ∑ c(2n)
2n
<∞✱ θ > 0✱ γ ∈ R✱ δ ≥ 0
‖u‖2+θ ≤ aδ(u, u)‖u‖θ1 (u ∈ D(a) ∩ L1),
−Γ<φ,φ−1> ≤ a+ γ
✉♥❞ ❢ür n ≥ 2 ✉♥❞ 0 ≤ u ∈ D(a)
−n2
∫
X
u2 dµ
(d)
<φ,φ−1> ≤
1
2
a(u, u) + λ ec(n) n‖u‖2 + (n− 1)
∫
X
u2 dk′. ✭✺✳✸✮
❉❛♥♥ ❡①✐st✐❡rt ❡✐♥❡ ❑♦♥st❛♥t❡ C > 0✱ s♦ ❞❛ss
0 ≤ kt(x, y) ≤ Ct− 2θ max(1, (λ+ δ + γ−)t) 2θ eγt φ(x)φ−1(y) ❢✳ü✳
✻✺
❑❛♣✐t❡❧ ✺ ❆♥✇❡♥❞✉♥❣❡♥
❇❡✇❡✐s✳ ❉❡✜♥✐❡r❡ φ′ := φq = eq ln(φ)✳ ❊s ✐st ℜa ≥ 0✳ ❲✐❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✷ ✐st φ′
③✉❧äss✐❣ ✉♥❞ ℜaφ′ ≥ −qγ✳ ❙❡✐ u ≥ 0✳ ❉❛♥♥ ✐st ♠✐t ❱♦r❛✉ss❡t③✉♥❣ ✭✺✳✸✮ ❢ür n ≥ 2
1
2
a(un, un) ≤ a(un, un) + λ ec(n) n‖un‖2 + (n− 1)
∫
X
u2n dk′ + n2
∫
X
u2n dµ
(d)
<φ′,φ′−1>
✉♥❞ ♥❛❝❤ ③❡r❧❡❣❡♥ ❞❡s ❚❡r♠s a(un, un) ❡r❤ä❧t ♠❛♥
≤
∫
X
dµ
(d)
<un,un> + n
∫
X
u2n dk′ + λ ec(n) n‖un‖2 + n2
∫
X
u2n dµ
(d)
<φ′,φ′−1>.
▼✐t ▲❡♠♠❛ ✺✳✶✳✾ ❣✐❧t ❞❛♥♥
≤ n
∫
X
dµ
(d)
<φ′u,φ′−1u2n−1> + n
∫
X
u2n dk′ + λ ec(n) n‖un‖2
≤ naφ′(u, u2n−1) + λ ec(n) n‖un‖2.
❊rs❡t③t ♠❛♥ n ❞✉r❝❤ 2n−1✱ s♦ ❡r❤ä❧t ♠❛♥ ♠✐t ❞❡r ✈♦r❛✉s❣❡s❡t③t❡♥ ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣
‖u‖2n+θ2n−12n ‖u‖−θ2
n−1
2n−1 ≤ a(u2
n−1
, u2
n−1
) + δ‖u‖2n2n
≤ 2nℜ(Aφ′u, u|u|2n−2) + (λ+ δ) ec(2n−1) 2n‖u‖2n2n .
◆❛❝❤ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✶ ❡①✐st✐❡rt ❞❛♥♥ ❡✐♥❡ ❑♦♥st❛♥t❡ C > 0 ♠✐t
‖ e−tAφ′ ‖2→∞ ≤ Ct− 1θ max(1, (λ+ δ + qγ−)t) 1θ eqγt .
❆♥❛❧♦❣ ❢♦❧❣t
‖ e−tAφ′ ‖1→2 = ‖ e−tA
∗
φ′ ‖2→∞ ≤ Ct− 1θ max(1, (λ+ δ + qγ−)t) 1θ eqγt
✉♥❞ s♦♠✐t
‖ e−tAφ′ ‖1→∞ ≤ Ct− 2θ max(1, (λ+ δ + qγ−)t) 2θ eqγt
♠✐t ❡✐♥❡r ❛♥❞❡r❡♥ ❑♦♥st❛♥t❡♥ C > 0✳ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹ ❧✐❡❢❡rt ♥✉♥
kt(x, y) ≤ Ct− 2θ max(1, (λ+ δ + qγ−)t) 2θ eqγt φ(x)qφ(y)−q ❢✳ü✳
▼✐t q → 1 ❢♦❧❣t ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
■st µ = 0 ✉♥❞ ✇ä❤❧t ♠❛♥ φ s♦✱ ❞❛ss −µ(d)<φ,φ−1> ≤ γm ✐st✱ s♦ ❡r❤ä❧t ♠❛♥ ❢♦❧❣❡♥❞❡
❆❜s❝❤ät③✉♥❣✿
❇❡✐s♣✐❡❧ ✺✳✶✳✶✶✳ ❙❡✐ a ❡✐♥❡ r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t✲❋♦r♠✱ θ > 0 ✉♥❞ ‖u‖2+θ ≤ ℜa(u, u)‖u‖θ1
❢ür ❛❧❧❡ u ∈ D(a) ∩ L1✳ ❙❡✐ ✇❡✐t❡r φ ③✉❧äss✐❣ ♠✐t −µ(d)<φ,φ−1> ≤ γm✳ ❉❛♥♥ ❢♦❧❣t
−Γ<φ,φ−1> ≤ γ ≤ a+ γ
✉♥❞ ✭✺✳✸✮ ♠✐t λ = γ ✉♥❞ c = ln(n)✳ ❙♦♠✐t ❢♦❧❣t
0 ≤ kt(x, y) ≤ Ct− 2θ max(1, λt) 2θ eλt φ(x)φ−1(y) ❢✳ü✳
✻✻
✺✳✶ ❙②♠♠❡tr✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥
❉✐❡s ❧ässt s✐❝❤ ❢ür ❧♦❦❛❧❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥✱ ❞✳❤✳ J = 0✱ ♠✐t ❍✐❧❢❡ ❞❡r ✐♥tr✐♥s✐s❝❤❡♥
▼❡tr✐❦ ❦♦♥❦r❡t✐s✐❡r❡♥✿
❇❡✐s♣✐❡❧ ✺✳✶✳✶✷✳ ❙❡✐ a ❡✐♥❡ r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t✲❋♦r♠ ✉♥❞ s❡✐ J = 0✳ ❙❡✐ ✇❡✐t❡r θ > 0 ✉♥❞
‖u‖2+θ ≤ ℜa(u, u)‖u‖θ1 ❢ür ❛❧❧❡ u ∈ D(a)∩L1✳ ❉❡✜♥✐❡r❡ ✇✐❡ ✐♠ ✈♦r❤❡r✐❣❡♥ ❆❜s❝❤♥✐tt ❞✐❡
✐♥tr✐♥s✐s❝❤❡ ▼❡tr✐❦ ❛❧s
d✐♥tr(x, y) := sup{ψ(x)− ψ(y) | ψ ∈ Dloc ∩ C(X), µ(c)<ψ,ψ> ≤ m}.
■st ❞❡r ❑❡r♥ kt(x, y) st❡t✐❣ ✐♥ x ✉♥❞ y✱ s♦ ❣✐❧t
0 ≤ kt(x, y) ≤ Ct− 2θ max(1, λt) 2θ eλt e−
√
λd✐♥tr(x,y)
✉♥❞ ♠✐t ❞❡r ❲❛❤❧ λ = d✐♥tr(x,y)
2
4t2
❛✉❝❤
0 ≤ kt(x, y) ≤ Ct− 2θ max
(
1,
d✐♥tr(x, y)
2
4t
) 2
θ
e−
d✐♥tr(x,y)
2
4t .
❩✉♠ ❇❡✐s♣✐❡❧ ❣✐❧t ❢ür ❞❡♥ ❑❡r♥ ❞❡r ③✉♠ ▲❛♣❧❛❝❡♦♣❡r❛t♦r −△ ❛✉❢ Rd ❛ss♦③✐✐❡rt❡♥ ❍❛❧❜✲
❣r✉♣♣❡
kt(x, y) = (4πt)
− d
2 e−
|x−y|2
4t .
❉✐❡s❡❧❜❡♥ ③✇❡✐ ❇❡✐s♣✐❡❧❡ ❦ö♥♥❡♥ ❛✉❝❤ ❢ür ❛❧❧❣❡♠❡✐♥❡s µ ❢♦r♠✉❧✐❡rt ✇❡r❞❡♥✿
❇❡✐s♣✐❡❧ ✺✳✶✳✶✸✳ ❙❡✐ a0 ❡✐♥❡ r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t✲❋♦r♠ ✉♥❞ µ := µ+ − µ− ❡r❢ü❧❧❡ ❞✐❡ ❛♠
❆♥❢❛♥❣ ❞❡s ❑❛♣✐t❡❧s ❣❡♥❛♥♥t❡♥ ❱♦r❛✉ss❡t③✉♥❣❡♥✱ a := a0 + µ✱ ♠✐t a ≥ −γa✳ ❙❡✐ ✇❡✐t❡r
θ > 0✱ δ ≥ 0 ✉♥❞ ‖u‖2+θ ≤ ℜaδ(u, u)‖u‖θ1 ❢ür ❛❧❧❡ u ∈ D(a) ∩ L1✳ ❙❡✐ φ ③✉❧äss✐❣ ♠✐t
−µ(d)<φ,φ−1> ≤ γm✳ ❊s s❡✐ ✇❡✐t❡r µ− ≤ 1na0+ β(n) ❢ür ❛❧❧❡ n ∈ N ✉♥❞
∑
n∈N
ln(β(2n))
2n
<∞✳
❉❛♥♥ ❡①✐st✐❡rt ❡✐♥❡ ❑♦♥st❛♥t❡ C > 0 ✭✉♥❛❜❤ä♥❣✐❣ ✈♦♥ γ ✉♥❞ φ✮✱ s♦ ❞❛ss
0 ≤ kt(x, y) ≤ Ct− 2θ max(1, (1 + γ + δ)t) 2θ eγt eγat φ(x)φ−1(y) ❢✳ü✳
❇❡✇❡✐s✳ ❆✉s ❞❡♥ ❱♦r❛✉ss❡t③✉♥❣❡♥ ❢♦❧❣t ③✉♥ä❝❤st
−Γ<φ,φ−1> ≤ γ ≤ a+ γ + γa
s♦✇✐❡ ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣
1
2
a0 ≤ a+ β(2).
❙❡t③t ♠❛♥ λ := γ + 1 ✉♥❞ c(n) := ln(n+ β(2)
2n
+ β(4n))✱ s♦ ❣✐❧t
γ +
β(2)
2n2
+
β(4n)
n
≤ λ e
c(n)
n
.
❲❡✐t❡r ❡rr❡❝❤♥❡t ♠❛♥
−µ(d)<φ,φ−1> ≤ γ −
1
n
µ− +
1
4n2
a0 + β(4n)
≤ γ + n− 1
n2
k′ +
1
2n2
a+ β(2) + β(4n)
≤ n− 1
n2
k′ +
1
2n2
a+
λ ec(n)
n
.
▼✐t Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✵ ❢♦❧❣t ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
✻✼
❑❛♣✐t❡❧ ✺ ❆♥✇❡♥❞✉♥❣❡♥
❇❡✐s♣✐❡❧ ✺✳✶✳✶✹✳ ❙❡✐❡♥ ❞✐❡ ❱♦r❛✉ss❡t③✉♥❣❡♥ ✇✐❡ ✐♥ ❇❡✐s♣✐❡❧ ✺✳✶✳✶✸ ✉♥❞ s❡✐ J = 0✳ ■st
❞❡r ❑❡r♥ kt(x, y) st❡t✐❣ ✐♥ x ✉♥❞ y✱ s♦ ❣✐❧t
0 ≤ kt(x, y) ≤ Ct− 2θ max
(
1,
d✐♥tr(x, y)
2
4t
+ t+ δt
) 2
θ
e−
d✐♥tr(x,y)
2
4t eγat .
❇❡♠❡r❦✉♥❣❡♥
Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✷ ✜♥❞❡t s✐❝❤ ✐♥ ä❤♥❧✐❝❤❡r✱ ❛❜❡r s❝❤✇ä❝❤❡r❡r ❋♦r♠ ❜❡✐ ❬❈❑❙✽✼❪✳ ❉♦rt
s✐♥❞ ❞✐❡ ❇❡❞✐♥❣✉♥❣❡♥ a ≥ 0 ✉♥❞ φ2dµ(d)
<φ−1,φ−1> ≤ λ✱ s♦✇✐❡ φ−2dµ
(d)
<φ,φ> ≤ λ✱ ✇❛s
♦✛❡♥s✐❝❤t❧✐❝❤ stär❦❡r ❛❧s ❞✐❡ ❋♦r❞❡r✉♥❣ ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✷ ✐st✳
❇❡✐s♣✐❡❧ ✺✳✶✳✸ ✐st ❛✉s ❬❊❘❙❩✵✻❪ ü❜❡r♥♦♠♠❡♥✳ ❉✐❡ ❇❡✐s♣✐❡❧❡ ✺✳✶✳✹✱ ✺✳✶✳✺ ✉♥❞ ✺✳✶✳✻
✇✉r❞❡♥ ✐♥ ❞❡r ▲✐t❡r❛t✉r ♥✐❝❤t ❣❡❢✉♥❞❡♥✳ ❆✉❝❤ ✇❡♥♥ ✐♥ ✈✐❡❧❡♥ ❋ä❧❧❡♥ ❜❡r❡✐ts ❜❡❦❛♥♥t ✐st✱
❞❛ss ❞❡r ❑❡r♥ ❞❡r ❍❛❧❜❣r✉♣♣❡ ③✉ ❡✐♥❡♠ ❉✐r✐❝❤❧❡t✲❘❛♥❞ ❤✐♥ ❧✐♥❡❛r ❛❜❢ä❧❧t✱ s♦ ❞❡♠♦♥str✐❡rt
❇❡✐s♣✐❡❧ ✺✳✶✳✻✱ ✇✐❡ ❘❛♥❞❜❡❞✐♥❣✉♥❣❡♥ ♠✐t ❉❛✈✐❡s✬ ▼❡t❤♦❞❡ ❦♦♠❜✐♥✐❡rt ✇❡r❞❡♥ ❦ö♥♥❡♥✳
❉✐❡ ❯♥❣❧❡✐❝❤✉♥❣ ✐♥ ▲❡♠♠❛ ✺✳✶✳✾ ✇✉r❞❡ s❝❤♦♥ ♠✐t s❝❤✇ä❝❤❡r❡♥ ❑♦♥st❛♥t❡♥ ✐♥ ❞❡♠
❆rt✐❦❡❧ ❬❈❑❙✽✼❪ ❣❡③❡✐❣t✳ ❊✐♥ ❙❛t③ ä❤♥❧✐❝❤ ③✉ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✵ ✜♥❞❡t s✐❝❤ ✐♥ ❞❡rs❡❧❜❡♥
◗✉❡❧❧❡✳ ❉✐❡s❡r ❜❡③✐❡❤t s✐❝❤ ✐♠ ✇❡s❡♥t❧✐❝❤❡♥ ❛✉❢ ❞✐❡ ❙✐t✉❛t✐♦♥ ✈♦♥ ❇❡✐s♣✐❡❧ ✺✳✶✳✶✶ ✉♥❞
❧✐❡❢❡rt ✉♥t❡r ❞❡r stär❦❡r❡♥ ❱♦r❛✉ss❡t③✉♥❣
φ−2 dµ(d)<φ,φ> ≤ λ2 dm ✉♥❞ φ2 dµ(d)<φ−1,φ−1> ≤ λ2 dm
❞✐❡ ❡t✇❛s s❝❤❧❡❝❤t❡r❡ ❆❜s❝❤ät③✉♥❣
0 ≤ kt(x, y) ≤ Cδt−
2
θ e(λ+δ)t φ(x)φ−1(y) ❢✳ü✳,
✇♦❜❡✐ δ > 0 ✉♥❞ Cδ ❡✐♥❡ ✈♦♥ δ ❛❜❤ä♥❣✐❣❡ ❑♦♥st❛♥t❡ ✐st✳ ❉✐❡ ✇❡s❡♥t❧✐❝❤❡ ❱❡r❜❡s✲
s❡r✉♥❣ ❤✐❡r ✐st ❞❡r ③✉sät③❧✐❝❤❡ ❚❡r♠ 12a(u, u) ✐♥ ❱♦r❛✉ss❡t③✉♥❣ ✭✺✳✸✮✱ ❞✉r❝❤ ❞❡♥ ❞✐❡
❑❡r♥❛❜s❝❤ät③✉♥❣ ✐♥ ❆❜s❝❤♥✐tt ✺✳✻ ❡r♠ö❣❧✐❝❤t ✇✐r❞✳
❋ür ❛❧❧❣❡♠❡✐♥❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ✜♥❞❡t s✐❝❤ ❇❡✐s♣✐❡❧ ✺✳✶✳✶✶ ✐♥ ❬❈❑❙✽✼❪ ♠✐t ❞❡r stär✲
❦❡r❡♥ ❱♦r❛✉ss❡t③✉♥❣
■♥ ❬❉❛✈✽✼❪ ✜♥❞❡t s✐❝❤ ❇❡✐s♣✐❡❧ ✺✳✶✳✶✶ ❜③✇✳ ✺✳✶✳✶✷ ❢ür ▲❛♣❧❛❝❡✲❖♣❡r❛t♦r❡♥ ❛✉❢ ▼❛♥✲
♥✐❣❢❛❧t✐❣❦❡✐t❡♥ ✉♥❞ ❉✐✛❡r❡♥t✐❛❧♦♣❡r❛t♦r❡♥ ③✇❡✐t❡r ❖r❞♥✉♥❣ ✐♠ Rn✳ ❉♦rt ❛❧❧❡r❞✐♥❣s ❤❛t
❞✐❡ ❆❜s❝❤ät③✉♥❣ ❞✐❡ ❧❡✐❝❤t s❝❤✇ä❝❤❡r❡ ❋♦r♠
0 ≤ kt(x, y) ≤ Cδt−
2
θ e
− d✐♥tr(x,y)
2
4(1+δ)t .
❉✐❡ ❉❡✜♥✐t✐♦♥ ❞❡r ✐♥tr✐♥s✐s❝❤❡♥ ▼❡tr✐❦ ❡♥tst❛♠♠t ❬❙t✉✾✹❪✳ ❉❛s ❑♦♥③❡♣t ✇✉r❞❡ ✐♥
❬❋▲❲✶✵❪ ❛✉❢ ♥✐❝❤t✲❧♦❦❛❧❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❡r✇❡✐t❡rt✳ ❉✐❡ ✐♥tr✐♥s✐s❝❤❡♥ ▼❡tr✐❦❡♥ ❢ür
♥✐❝❤t✲❧♦❦❛❧❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ s✐♥❞ ❛❜❡r ❢ür ❍❛❧❜❣r✉♣♣❡♥❛❜s❝❤ät③✉♥❣❡♥ ✇❡♥✐❣ ❣❡❡✐❣♥❡t✳
❉✐❡ ❙t❡t✐❣❦❡✐t ❞❡s ❑❡r♥s ✇✐r❞ ✐♥ ✈❡rs❝❤✐❡❞❡♥❡♥ ◗✉❡❧❧❡♥ ✐♥ ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡♥ ❑♦♥✲
t❡①t❡♥ ❡r✇ä❤♥t✳ ❙✐❡ ❡r❣✐❜t s✐❝❤ ❢ür ✈✐❡❧❡ ❜❡❦❛♥♥t❡ ❇❡✐s♣✐❡❧❡ ❛✉s ❢♦❧❣❡♥❞❡r Ü❜❡r❧❡❣✉♥❣✿
❇❡s✐t③t ❞✐❡ ❍❛❧❜❣r✉♣♣❡ ❡✐♥❡♥ ❑❡r♥✱ ✉♥❞ ✐st kt(·, x) ∈ L2 ✭✉♠ s♦❧❝❤ ❡✐♥❡ ❊✐❣❡♥s❝❤❛❢t
♥❛❝❤③✉✇❡✐s❡♥ ✐st ❇❡✐s♣✐❡❧ ✺✳✶✳✶✶ ❤✐❧❢r❡✐❝❤✮✱ s♦ ❢♦❧❣t ♠✐t ❞❡r ❍❛❧❜❣r✉♣♣❡♥❡✐❣❡♥s❝❤❛❢t ❞✐❡
❈❤❛♣♠❛♥✲❑♦❧♠♦❣♦r♦✛✲●❧❡✐❝❤✉♥❣
kt+s(·, x) = e−sA kt(·, x)
✻✽
✺✳✷ ▲❛♣❧❛❝❡ ❖♣❡r❛t♦r ❛✉❢ ●❡❜✐❡t❡♥
✭❡♥ts♣r❡❝❤❡♥❞❡s ❣✐❧t ❢ür kt(x, ·) ✉♥❞ ❞✐❡ ❛❞❥✉♥❣✐❡rt❡ ❍❛❧❜❣r✉♣♣❡✮✱ ✉♥❞ s♦♠✐t kt+s(·, x) ∈
D(a) ✭✉♥❞ s♦❣❛r kt+s(·, x) ∈ D(An) ❢ür ❥❡❞❡s n ∈ N✮✳ ❇❡s✐t③❡♥ ❞✐❡ ❋✉♥❦t✐♦♥❡♥ ✐♥ D(a)
st❡t✐❣❡ ❘❡♣räs❡♥t❛♥t❡♥✱ s♦ ❢♦❧❣t ❙t❡t✐❣❦❡✐t ✉♥t❡r ❞❡♥ ❣❡♥❛♥♥t❡♥ ❱♦r❛✉ss❡t③✉♥❣❡♥ ❛❧s♦
❛✉❝❤ ❢ür ❞❡♥ ❑❡r♥✳
■st ❞✐❡ ♥❡❣❛t✐✈❡ ❙tör✉♥❣ ❛✉s ❇❡✐s♣✐❡❧ ✺✳✶✳✶✸ ✉♥❞ ✺✳✶✳✶✹ ❡✐♥❡ ❦❧❡✐♥❡ ▼✐②❛❞❡r❛✲❙tör✉♥❣✱
s♦ ❦❛♥♥ ❞❛s ❘❡s✉❧t❛t ❛✉❝❤ ♠✐t ❬▲❱❱✵✻❪ ❡r③✐❡❧t ✇❡r❞❡♥✳
✺✳✷ ▲❛♣❧❛❝❡ ❖♣❡r❛t♦r ❛✉❢ ●❡❜✐❡t❡♥
❉✐✛❡r❡♥t✐❛❧♦♣❡r❛t♦r❡♥ ③✇❡✐t❡r ❖r❞♥✉♥❣ ✐♠ Rd s♣✐❡❧❡♥ ✐♥ ❞❡r P❤②s✐❦ ❡✐♥❡ s❡❤r ✇✐❝❤t✐❣❡
❘♦❧❧❡✳ ■♥ ❞✐❡s❡♠ ❆❜s❝❤♥✐tt ✇✐r❞ ❞❡r ❊✐♥✢✉ss ❞❡r ❉r✐❢tt❡r♠❡ ❛✉❢ ❞❡♥ ❑❡r♥ ❞❡r ❍❛❧❜❣r✉♣♣❡
✐♠ ❤♦♠♦❣❡♥❡♥ ❘❛✉♠✱ ❞✳❤✳ ❞❡r ❑♦❡✣③✐❡♥t ❞❡s ❚❡r♠s ③✇❡✐t❡r ❖r❞♥✉♥❣ ✐st ❦♦♥st❛♥t✱
❜❡tr❛❝❤t❡t✳
❙❡✐ X ❡✐♥ ●❡❜✐❡t ✐♠ Rd✱ b1, b2 : X → Rd ❡✐♥♠❛❧ ❞✐✛❡r❡♥③✐❡r❜❛r ✉♥❞ ❜❡s❝❤rä♥❦t✱
c ∈ L∞(X) ✉♥❞ c ≥ max(div b1, div b2)✳ ❉❡✜♥✐❡r❡
a(u, v) := (▽u,▽v) + (▽u, b1v) + (b2u,▽v) + (cu, v) D(a) := H10 (X).
❉✐❡ ❋♦r♠ a ✐st ❡✐♥❡ r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t✲❋♦r♠ ✐♥ L2(X) ✭❛❜❡r ♥✐❝❤t ♥♦t✇❡♥❞✐❣❡r✇❡✐s❡ s②♠✲
♠❡tr✐s❝❤✮✳
❇❡✐s♣✐❡❧ ✺✳✷✳✶✳ ❙❡✐❡♥ b1 ✉♥❞ b2 ❦♦♥st❛♥t s♦✇✐❡ c = 0✱ s♦ ❡r❣✐❜t s✐❝❤ ❢ür ❞❡♥ ❑❡r♥ ❞❡r
③✉❣❡❤ör✐❣❡♥ ❍❛❧❜❣r✉♣♣❡
kt(x, y) = (4πt)
− d
2 e−
|x−y+(b2−b1)t|2
4t .
■♥ ❞❡r ❚❛t ❡rr❡❝❤♥❡t ♠❛♥ ❧❡✐❝❤t✱ ❞❛ss
ut(x) :=
∫
X
u0(y)kt(x, y) dy
❞✐❡ ●❧❡✐❝❤✉♥❣❡♥
d
dt
ut = △ut + div(b2ut)− div(b1ut) = −Aut (t > 0)
✉♥❞
lim
t→0
ut = u0
❢ür ❛❧❧❡ u0 ∈ L1 ∩ L2 ❡r❢ü❧❧t✳
❋ür ❞❡♥ ❛❧❧❣❡♠❡✐♥❡♥ ❋❛❧❧ ✇❡r❞❡♥ ♥✉♥ ♠✐t ❞❡♥ ❜✐s❤❡r ✈♦r❣❡st❡❧❧t❡♥ ▼❡t❤♦❞❡♥ ä❤♥❧✐✲
❝❤❡ ❆❜s❝❤ät③✉♥❣❡♥ ❛♥ ❞❡♥ ❑❡r♥ ❞❡r ❍❛❧❜❣r✉♣♣❡ ❜❡✇✐❡s❡♥✳ ❊s ❡r❢♦❧❣❡♥ ③✉♥ä❝❤st ❡✐♥✐❣❡
❩✇✐s❝❤❡♥r❡s✉❧t❛t❡✱ ❞✐❡ ❑❡r♥❛❜s❝❤ät③✉♥❣ st❡❤t ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✺✳
❲✐❡ ❜✐s❤❡r✱ ✇✐r❞ ❡✐♥❡ ❣❡stört❡ ❋♦r♠ aφ ❜❡tr❛❝❤t❡t✿ ❙❡✐ ψ ∈ C2(X)∩L∞ ♠✐t ❜❡s❝❤rä♥❦✲
t❡r ❆❜❧❡✐t✉♥❣✳ ❉❛♥♥ ✐st φ := eψ ③✉❧äss✐❣ ✉♥❞ ❡s ❣✐❧t
aφ(u, v) = a(u, v) + (c1u, v) + (u▽ψ,▽v)− (▽u, v▽ψ)
✻✾
❑❛♣✐t❡❧ ✺ ❆♥✇❡♥❞✉♥❣❡♥
♠✐t c1 := −|▽ψ|2 + 〈▽ψ, b1 − b2〉✳ aφ ❦❛♥♥ ❛✉❝❤ ❢♦❧❣❡♥❞❡r♠❛ß❡♥ ❣❡s❝❤r✐❡❜❡♥ ✇❡r❞❡♥
aφ(u, v) = (▽u,▽v) + (▽u, (b1 − ▽ψ)v) + ((b2 + ▽ψ)u,▽v) + ((c+ c1)u, v).
❯♠ ♠✐t Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät ♥❛❝❤③✉✇❡✐s❡♥✱ ❜❡♥öt✐❣t ♠❛♥ ❡✐♥❡ L1✲
❙❝❤r❛♥❦❡ ❛♥ ❞✐❡ ❣❡stört❡ ❍❛❧❜❣r✉♣♣❡ ✉♥❞ ❡✐♥❡ ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ ❢ür ❞✐❡ ❋♦r♠✳ ❉✐❡s
❧✐❡❢❡r♥ ❞✐❡ ♥ä❝❤st❡♥ ③✇❡✐ Pr♦♣♦s✐t✐♦♥❡♥✳
Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✷✳ ❙❡✐
|▽ψ|2 + (▽ψ, b2 − b1)−△ψ ≤ ω(ψ).
❉❛♥♥ ❣✐❧t
‖ e−tAφ |L1‖1 ≤ eω(ψ)t .
❇❡✇❡✐s✳ ❙❡✐ u ∈ C1c (X)✳ ❙❡t③❡ u1 := u|u|∨1 ✉♥❞ v1 := |u| ∨ 1 − 1✳ ❉❛♥♥ ❣✐❧t |u1| = 1 ❛✉❢
supp v1✳ ❉❛ ❢ür ❥❡❞❡ ❞✐✛❡r❡♥③✐❡r❜❛r❡ ❋✉♥❦t✐♦♥ y : Rd → R ❞❡r ❆✉s❞r✉❝❦ eiy(x) ·▽ e−iy(x)
r❡✐♥ ✐♠❛❣✐♥är ✐st✱ ❣✐❧t
ℜ(v1▽u1, (b1 − ▽ψ)u1) = 0,
ℜ((b2 + ▽ψ)v1u1,▽u1) = 0
✉♥❞
ℜ(u1▽v1,▽u1) = 0.
❆♥❛❧♦❣ ✉♥❞ ♠✐t ♣❛rt✐❡❧❧❡r ■♥t❡❣r❛t✐♦♥ ❢♦❧❣t ✇❡✐t❡r❤✐♥
ℜ(▽(v1u1), b1u1) = −(v1, div b1).
❉✐❡s❡ ●❧❡✐❝❤✉♥❣❡♥ ❛✉❢ ❞✐❡ ✈❡rs❝❤✐❡❞❡♥❡♥ ❚❡✐❧❡ ✈♦♥ aφ ❛♥❣❡✇❡♥❞❡t ❡r❣✐❜t ✉♥t❡r ❆♥✇❡♥✲
❞✉♥❣ ❞❡r Pr♦❞✉❦tr❡❣❡❧
ℜaφ(v1u1, u1) = ℜ(▽v1u1,▽u1) + ℜ(▽v1u1, (b1 − ▽ψ)u1)
+ ℜ((b2 + ▽ψ)v1u1,▽u1) + ℜ((c+ c1)v1u1, u1)
= ℜ(v1▽u1,▽u1) + ℜ(u1▽v1, (b1 − ▽ψ)u1) + ℜ((c+ c1)v1u1, u1)
= (v1▽u1,▽u1) + (▽v1, b1 − ▽ψ) + (v1, c+ c1)
= (v1▽u1,▽u1) + (v1, c+ c1 − div b1 +△ψ)
✉♥❞ ❞❛ (v1▽u1,▽u1) ≥ 0 ✉♥❞ ❡❜❡♥s♦ c− div b1 ≥ 0 ✐st✱ ❢♦❧❣t
≥ ((c1 +△ψ)v1u1, u1).
Pr♦♣♦s✐t✐♦♥ ✷✳✷✳✷ ❧✐❡❢❡rt ♥✉♥ ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✸✳ ❊s ❡①✐st✐❡rt ❡✐♥❡ ❑♦♥st❛♥t❡ Cd > 0✱ s♦ ❞❛ss ❢ür ❛❧❧❡ u ∈ D(a) ❣✐❧t
Cd‖u‖2+θ‖u‖−θ1 ≤ ℜaφ(u, u) + λ(ψ)‖u‖2
♠✐t θ := 4
d
✉♥❞ λ(ψ) := ess sup |▽ψ|2 + 〈▽ψ, b2 − b1〉✳
✼✵
✺✳✷ ▲❛♣❧❛❝❡ ❖♣❡r❛t♦r ❛✉❢ ●❡❜✐❡t❡♥
❇❡✇❡✐s✳ ❙❡✐ u ∈ D(a) ✉♥❞ uˆ ❞✐❡ ❋♦✉r✐❡r✲❚r❛♥s❢♦r♠✐❡rt❡ ✈♦♥ u✳ ❊s ✐st
(▽u,▽u) = (2π)2(|ξ|2uˆ, uˆ)
✉♥❞ s♦♠✐t ❣✐❧t ❢ür r > 0
‖u‖2 = (uˆ, uˆ) ≤ r−2(|ξ|2uˆ, uˆ) +
∫
|ξ|≤r
|uˆ(ξ)|2 dξ
≤ r−2(2π)−2‖▽u‖2 +B1rd‖u‖21,
✇♦❜❡✐ B1 ❞❛s ❱♦❧✉♠❡♥ ❞❡r ❊✐♥❤❡✐ts❦✉❣❡❧ ✐st✳ ❆✉s ▲❡♠♠❛ ✹✳✸✳✼ ❢♦❧❣t ❞❛♥♥
‖u‖2+θ ≤ Cd‖▽u‖2‖u‖θ1
♠✐t θ = 4
d
✳ ❲❡✐t❡r ✐st
‖▽u‖2 ≤ ℜa(u, u),
❞❡♥♥ ❢ür u ∈ C1c (X) ❣✐❧t
ℜ(▽u, b1u) = 1
2
(▽|u|2, b1) = −1
2
(|u|2, div b1) ≥ −1
2
(cu, u)
✉♥❞ ❡♥ts♣r❡❝❤❡♥❞❡s ❢ür ❞❡♥ b2✲❚❡r♠✳ ❩✉♠ ❙❝❤❧✉ss ❣✐❧t
ℜa(u, u) ≤ ℜaφ(u, u) + ess sup
(|▽ψ|2 + 〈▽ψ, b2 − b1〉) ‖u‖2
✉♥❞ s♦♠✐t ❢♦❧❣t ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
◆✉♥ ✐st ❡s ❡✐♥❢❛❝❤ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät ❢ür ❞✐❡ ❣❡stört❡ ❍❛❧❜❣r✉♣♣❡ ③✉ ❜❡✇❡✐s❡♥✿
Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✹✳ ❙❡✐
|▽ψ|2 + 〈▽ψ, b2 − b1〉 ≤ λ(ψ)
✉♥❞ |△ψ| ≤ 2ǫ(ψ)✳ ❉❛♥♥ ❣✐❧t
‖ e−tAφ |L1‖1→∞ ≤ Cd t− d2 e(λ(ψ)+ǫ(ψ))t .
❇❡✇❡✐s✳ a∗φ ❡r❤ä❧t ♠❛♥ ❛✉s aφ ❞✉r❝❤ ❱❡rt❛✉s❝❤❡♥ ✈♦♥ b1 ✉♥❞ b2 ✉♥❞ ❞✉r❝❤ ❊rs❡t③❡♥ ✈♦♥
ψ ♠✐t −ψ✳ ❙♦♠✐t ❢♦❧❣t ♠✐t Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✷✱ ❞❛ss
‖ e−tAφ |L1‖1 ≤ e(λ(ψ)+2ǫ(ψ))t
✉♥❞
‖ e−tAφ |L∞‖∞ ≤ e(λ(ψ)+2ǫ(ψ))t .
❆✉s Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✸ ✉♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺ ❢♦❧❣t ♠✐t θ = 4
d
‖ e−tAφ |L1‖1→2 ≤ Cd t− 1θ e(λ(ψ)+ǫ(ψ))t
✉♥❞
‖ e−tAφ ‖2→∞ ≤ Cd t− 1θ e(λ(ψ)+ǫ(ψ))t .
✼✶
❑❛♣✐t❡❧ ✺ ❆♥✇❡♥❞✉♥❣❡♥
❉✉r❝❤ ❡✐♥❡ ❣❡s❝❤✐❝❦t❡ ❲❛❤❧ ✈♦♥ ψ ❡r❤ä❧t ♠❛♥ ❞✐❡ ❢♦❧❣❡♥❞❡ ❑❡r♥❛❜s❝❤ät③✉♥❣✿
Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✺✳ ❙❡✐ P ∈ Rd✱ |P | = 1✱ 〈P, b2 − b1〉 ≤ b ∈ R✳ ❉❛♥♥ ❣✐❧t
kt(x, y) ≤ Cd t− d2 e−
(〈x−y,P 〉+bt)2
4t
❢ür ❛❧❧❡ x, y ∈ X ✉♥❞ t > 0 ♠✐t |b|t ≤ 〈y − x, P 〉✳
❇❡✇❡✐s✳ ❙❡✐❡♥ ǫ > 0✱ x0, y0 ∈ X ♠✐t 〈y0 − x0, P 〉 ≥ 0 ✉♥❞ α ≥ 0 ❜❡❧✐❡❜✐❣✳ ❲ä❤❧❡
f ∈ C2(R) ♠✐t 0 ≤ f ′ ≤ 1✱ |f ′′| ≤ 2ǫ
α
✱ sup |f | < ∞ ✉♥❞ f(s) = s ❛✉❢ ❞❡♠ ■♥t❡r✈❛❧❧
[〈x0, P 〉, 〈y0, P 〉] ⊂ R✳
❉❡✜♥✐❡r❡ ψ(x) := αf(〈x, P 〉)✳ ❉❛♥♥ ✐st ψ(x0)−ψ(y0) = α〈x0− y0, P 〉✱ |△ψ| ≤ 2ǫ ✉♥❞
▽ψ ∈ [0, α] · P ✳ ▼✐t ❞❡r ✈♦r❤❡r✐❣❡♥ Pr♦♣♦s✐t✐♦♥ ❢♦❧❣t
‖ e−tAφ |L1‖1→∞ ≤ Cd t− 2θ e(λ+ǫ)t
❢ür λ = maxp∈[0,α] p2 + pb = (α2 + αb)+ ✉♥❞ θ = 4d ✳ ❉❛ ❞❡r ❑❡r♥ kt st❡t✐❣ ✐st✱ ❢♦❧❣t ♠✐t
Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✹ s♦❣❛r
kt(x0, y0) ≤ Cd t− 2θ e(λ+ǫ)t eα〈x0−y0,P 〉 .
❲ä❤❧❡ ♥✉♥ α := − 〈x0−y0,P 〉
2t
− b
2
✳ ■st |b|t ≤ 〈y0 − x0, P 〉✱ s♦ ❣✐❧t α ≥ b− ✉♥❞ s♦♠✐t
λ = α2 + αb✳ ◆✉♥ ❡rr❡❝❤♥❡t ♠❛♥
α〈x0 − y0, P 〉 = −〈x0 − y0, P 〉
2
2t
− b〈x0 − y0, P 〉
2
✉♥❞
λt = α2t+ αbt =
(〈x0 − y0, P 〉
2t
+
b
2
)2
t− b〈x0 − y0, P 〉
2
− b
2t
2
=
〈x0 − y0, P 〉2
4t
+
b〈x0 − y0, P 〉
2
+
b2t
4
− b〈x0 − y0, P 〉
2
− b
2t
2
=
〈x0 − y0, P 〉2
4t
− b
2t
4
.
❙♦♠✐t ❢♦❧❣t
λt+ α〈x0 − y0, P 〉 = −(〈x0 − y0, P 〉+ bt)
2
4t
✉♥❞
kt(x0, y0) ≤ Cd t− 2θ eǫt e−
(〈x0−y0,P 〉+bt)2
4t ,
✉♥❞ ❞❛ ǫ > 0 ❜❡❧✐❡❜✐❣ ✐st ❢♦❧❣t ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
❇❡♠❡r❦✉♥❣ ✺✳✷✳✻✳ ❙❡✐ b2 − b1 ❦♦♥st❛♥t ✉♥❞ ✇ä❤❧❡ P := ± x−y+(b2−b1)t|x−y+(b2−b1)t| ✭❞❛s ❱♦r③❡✐❝❤❡♥
s♦ ❣❡✇ä❤❧t✱ ❞❛ss 〈y − x, P 〉 ≥ 0 ✐st✮ ✉♥❞ b := 〈b2 − b1, P 〉✳ ❉❛♥♥ ❣✐❧t ❢ür ❛❧❧❡ t > 0
✼✷
✺✳✸ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❛✉❢ ●r❛♣❤❡♥
♠✐t 3|b2 − b1|t ≤ |x − y| ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣ |b|t ≤ 〈y − x, P 〉✳ ❊✐♥s❡t③❡♥ ❞❡r ❲❡rt❡ ✐♥ ❞✐❡
❆❜s❝❤ät③✉♥❣ ❞❡r Pr♦♣♦s✐t✐♦♥ ❧✐❡❢❡rt
kt(x, y) ≤ Cd t− d2 e−
|x−y+(b2−b1)t|2
4t .
▼✐t ❞✐❡s❡r Pr♦♣♦s✐t✐♦♥ ❡r❤ä❧t ♠❛♥ ❛❧s♦ ❢ür ❥❡❞❡s t > 0 ❜✐s ❛✉❢ ❡✐♥❡ ❑♦♥st❛♥t❡ ❞❡♥ ✐♥
❇❡✐s♣✐❡❧ ✺✳✷✳✶ ❡r✇ä❤♥t❡♥ ❆✉s❞r✉❝❦ ❛❧s ♦❜❡r❡ ❙❝❤r❛♥❦❡ ❛♥ ❞❡♥ ❑❡r♥ ❞❡r ❍❛❧❜❣r✉♣♣❡ ✭♠✐t
❞❡r ❣❧♦❜❛❧❡♥ ❆❜s❝❤ät③✉♥❣ kt(x, y) ≤ Cd t− d2 ❢ür |x− y| ❦❧❡✐♥✮✱ ❞✳❤✳ ❞✐❡s❡ ❆❜s❝❤ät③✉♥❣ ✐st
s❝❤❛r❢✳ ❉✐❡ ❆s②♠♣t♦t✐❦ ❢ür |x − y| ❡♥ts♣r✐❝❤t ✉♥❛❜❤ä♥❣✐❣ ✈♦♥ t ❜✐s ❛✉❢ ❡✐♥❡ ❑♦♥st❛♥t❡
❞❡♠ ✐♥ ❇❡✐s♣✐❡❧ ✺✳✷✳✶ ❣❡♥❛♥♥t❡♥ ❆✉s❞r✉❝❦✳
❇❡♠❡r❦✉♥❣❡♥
❉✐❡ ❆✉ss❛❣❡✱ ❞❛ss a ✭✉♥t❡r s❝❤✇ä❝❤❡r❡♥ ❱♦r❛✉ss❡t③✉♥❣❡♥ ❛♥ b1✱ b2 ✉♥❞ c ❛❧s ❞❡♥
❤✐❡r ❣❡♥❛♥♥t❡♥✮ ❡✐♥❡ r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t✲❋♦r♠ ✐st✱ ✜♥❞❡t s✐❝❤ ✐♥ ❬▼❘✾✷✱ ❆❜s❝❤♥✐tt ■■✳✷
❞✮❪✳ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✷ ✐st ❡✐♥❡ ❣❡r✐♥❣❢ü❣✐❣❡ ▼♦❞✐✜❦❛t✐♦♥ ❞✐❡s❡r ❆✉ss❛❣❡✱ ❞❡r ❇❡✇❡✐s
❡♥ts♣r❡❝❤❡♥❞ ä❤♥❧✐❝❤✳ ❉✐❡ ❆✉ss❛❣❡ ✉♥❞ ❞❡r ❇❡✇❡✐s ✈♦♥ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✸ ✐st ❛❧❧❣❡♠❡✐♥
❜❡❦❛♥♥t✳
❖❜❡r❡ ✉♥❞ ✉♥t❡r❡ ●❛✉ß✲❆❜s❝❤ät③✉♥❣❡♥ ❛♥ ❞❡♥ ❑❡r♥ s♦❧❝❤❡r ❍❛❧❜❣r✉♣♣❡♥ ♠✐t ✉♥t❡r✲
s❝❤✐❡❞❧✐❝❤❡♥ ❑♦♥st❛♥t❡♥ ✐♠ ❊①♣♦♥❡♥t❡♥ ✇✉r❞❡♥ ③✳❇✳ s❝❤♦♥ ✐♥ ❬❩❤❛✾✼✱ ❈❤♦✶✷❪ ❜❡✇✐❡s❡♥✱
❛❧❧❡r❞✐♥❣s ♦❤♥❡ ❦♦♥❦r❡t❡ ❆✉ss❛❣❡♥ ü❜❡r ❞❡♥ ❊✐♥✢✉ss ❞❡r ❉r✐❢tt❡r♠❡ b1 ✉♥❞ b2 ③✉ ♠❛✲
❝❤❡♥ ✉♥❞ ♦❤♥❡ ❞✐❡ ❑♦♥st❛♥t❡ ✐♠ ❊①♣♦♥❡♥t❡♥ ❡①♣❧✐③✐t ❛♥③✉❣❡❜❡♥✳ ❆❜s❝❤ät③✉♥❣❡♥ ❛♥
❞❡♥ ❑❡r♥ ✇✐❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✺ ✇✉r❞❡♥ ✐♥ ❞❡r ▲✐t❡r❛t✉r ♥✐❝❤t ❣❡❢✉♥❞❡♥✳
✺✳✸ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❛✉❢ ●r❛♣❤❡♥
❙❡✐ X ❡✐♥❡ ❛❜③ä❤❧❜❛r❡ ▼❡♥❣❡ ✉♥❞ m : X → R+ ❡✐♥❡ ❋✉♥❦t✐♦♥ ❛✉❢ X✳ ❉✐❡ ❋✉♥❦t✐♦♥ m
✐♥❞✉③✐❡rt ❡✐♥ ▼❛ß ❛✉❢ X ❞✉r❝❤
m(E) :=
∑
x∈E
m(x) (E ⊂ X).
❲✐r ❜❡tr❛❝❤t❡♥ ♥✉♥ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠❡♥ ✉♥❞ ✐❤r❡ ❍❛❧❜❣r✉♣♣❡♥ ✐♥ ℓ2(X,m)✳ ❊✐♥ st❡t✐❣❡r
❖♣❡r❛t♦r T : ℓ2 → ℓ2 ❧ässt s✐❝❤ ✐♠♠❡r ❞❛rst❡❧❧❡♥ ❛❧s ■♥t❡❣r❛❧♦♣❡r❛t♦r
(Tu)(x) =
∫
X
k(x, y)u(y)m(dy) =
∑
y∈X
k(x, y)u(y)m(y)
✉♥❞ ❡s ❣✐❧t ❢ür ❞✐❡ ❖♣❡r❛t♦r♥♦r♠ ✈♦♥ 1xT1y
‖1xT1y‖ = |k(x, y)|
√
m(x)m(y).
❉✐❡ ▼❛tr✐①❡❧❡♠❡♥t❡ ✈♦♥ T s✐♥❞
T (x, y) := (T1y)(x) = k(x, y)m(y).
✼✸
❑❛♣✐t❡❧ ✺ ❆♥✇❡♥❞✉♥❣❡♥
❙♦ ❧❛ss❡♥ s✐❝❤ ◆♦r♠❛❜s❝❤ät③✉♥❣❡♥ ❧❡✐❝❤t ✐♥ ❑❡r♥❛❜s❝❤ät③✉♥❣❡♥ ✉♠r❡❝❤♥❡♥ ✉♥❞ ✉♠❣❡✲
❦❡❤rt✳
▼❛♥ ❜❡tr❛❝❤t❡ ♥✉♥ ❡✐♥❡ s②♠♠❡tr✐s❝❤❡✱ ✐rr❡✢❡①✐✈❡ ❘❡❧❛t✐♦♥∼ ❛✉❢X✳ ❉✐❡ ▼❡♥❣❡ ♠✐t ❘❡✲
❧❛t✐♦♥ (X,∼) ❤❡✐ßt ❡✐♥ ❡✐♥❢❛❝❤❡r ●r❛♣❤✳ ❋❛❧❧s x ∼ y ✐st✱ s♦ ❤❡✐ß❡♥ x ✉♥❞ y ◆❛❝❤❜❛r♥✳ ❊✐♥❡
❋✉♥❦t✐♦♥ γ : {0, . . . , n} → X ❤❡✐ßt ❡✐♥ ❲❡❣ ✈♦♥ γ(0) ♥❛❝❤ γ(n) ✭❦✉r③ γ : γ(0) γ(n)✮✱
✇❡♥♥ γ(i − 1) ∼ γ(i) ❢ür ❥❡❞❡s 1 ≤ i ≤ n✳ l(γ) := n ❤❡✐ßt ❞✐❡ ▲ä♥❣❡ ❞❡s ❲❡❣❡s γ✳ ❉❡r
❆✉s❞r✉❝❦ deg(x) := |{y ∈ X | y ∼ x}| ❤❡✐ßt ❞❡r ❑♥♦t❡♥❣r❛❞ ✈♦♥ x✳ ❉✐❡ ●r❛♣❤❡♥♠❡tr✐❦
dg(x, y) ✇✐r❞ ❞❡✜♥✐❡rt ❛❧s ❞✐❡ ▲ä♥❣❡ ❞❡s ❦ür③❡st❡♥ ❲❡❣❡s ③✇✐s❝❤❡♥ ❞❡♥ P✉♥❦t❡♥ x ✉♥❞ y✳
❙✐❡ ✐♥❞✉③✐❡rt ❞✐❡ ❞✐s❦r❡t❡ ❚♦♣♦❧♦❣✐❡ ❛✉❢ X✳ ❊✐♥❡ s②♠♠❡tr✐s❝❤❡ ❋✉♥❦t✐♦♥ w : X2 → [0,∞]
❤❡✐ßt ❑❛♥t❡♥❣❡✇✐❝❤t ✉♥❞
dw(x, y) := inf
γ:x y
l(γ)∑
i=1
w(γ(i− 1), γ(i))
❞✐❡ ❣❡✇✐❝❤t❡t❡ ●r❛♣❤❡♥♠❡tr✐❦ ✭❜❡③ü❣❧✐❝❤ w✮✳ dw ✐st ❞✐❡ ❣rößt❡ ❍❛❧❜♠❡tr✐❦✱ ❞✐❡ dw(x, y) ≤
w(x, y) ❢ür ❛❧❧❡ x ∼ y ❡r❢ü❧❧t✳
❙❡✐ b : X2 → [0,∞) ❡✐♥❡ s②♠♠❡tr✐s❝❤❡ ❋✉♥❦t✐♦♥ ♠✐t b(x, y) = 0 ❣❡♥❛✉ ❞❛♥♥✱ ✇❡♥♥
x ≁ y ✉♥❞
b(x) :=
∑
y∈X
b(x, y) <∞
❢ür ❛❧❧❡ x ∈ X✱ ✉♥❞ s❡✐ c : X → [0,∞)✳ ❉❛♥♥ ❞❡✜♥✐❡rt
a(u, v) :=
∑
x,y∈X
b(x, y)(u(x)− u(y))(v(x)− v(y)) +
∑
x∈X
c(x)u(x)v(x)
D(a) := {u : X → R | supp u ❡♥❞❧✐❝❤ }a1 ⊂ ℓ2(X,m)
❡✐♥❡ r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t✲❋♦r♠ ✐♥ ℓ2(X,m)✳ ❉❛s ❙♣r✉♥❣♠❛ß ❡r❣✐❜t s✐❝❤ ❛❧s
J({(x, y)}) = b(x, y).
❙❡✐ φ = eψ ❡✐♥❡ ③✉❧äss✐❣❡ ❋✉♥❦t✐♦♥✳ ❉❛♥♥ ✐st
−dΓ(φ, φ−1)({(x, y)}) = b(x, y) (eψ(x)−ψ(y)+eψ(y)−ψ(x)−2) . ✭✺✳✹✮
Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶✳ ❙❡✐ λ ∈ R ✉♥❞ w ❡✐♥ ❑❛♥t❡♥❣❡✇✐❝❤t ♠✐t∑
x,y∈X
u(x)u(y)b(x, y)
(
ew(x,y)+e−w(x,y)−2) ≤ a(u, u) + λ‖u‖2 ✭✺✳✺✮
❢ür ❛❧❧❡ u ∈ D(a)✳ ❉❛♥♥ ✐st ❢ür E,F ⊂ X
‖1E e−tA 1F‖ ≤ e−dw(E,F ) eλt .
❇❡✇❡✐s✳ ❉❡✜♥✐❡r❡ ψ(x) := dw(E, x)∧dw(E,F )✱ φ := eψ✱ dw(E,F ) ❞❡r ♠✐♥✐♠❛❧❡ ❆❜st❛♥❞
✈♦♥ E ✉♥❞ F ✳ ψ ✐st ▲✐♣s❝❤✐t③✲st❡t✐❣ ❜❡③ü❣❧✐❝❤ dw ♠✐t ▲✐♣s❝❤✐t③✲❑♦♥st❛♥t❡ 1✳ ❙♦♠✐t ✐st
♠✐t ✭✺✳✹✮ ✉♥❞ ✭✺✳✺✮
−dΓ(φ, φ−1) ≤ a+ λ
❡r❢ü❧❧t ✉♥❞ ♠✐t Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✷ ❢♦❧❣t ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
✼✹
✺✳✸ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❛✉❢ ●r❛♣❤❡♥
❇❡♠❡r❦✉♥❣ ✺✳✸✳✷✳ ❉✐❡ ✐♥✈❡rs❡ ❋✉♥❦t✐♦♥ ③✉ x 7→ ex+e−x−2 ❛✉❢ [0,∞) ✐st ❞✐❡ ❋✉♥❦t✐♦♥
x 7→ ln
(
1 +
√
x+ x
2
4
+ x
2
)
✳ ❉✐❡s ✇✐r❞ ✐♥ ❞❡♥ ♥ä❝❤st❡♥ ❇❡✐s♣✐❡❧❡♥ ❜❡♥✉t③t✳
❇❡✐s♣✐❡❧ ✺✳✸✳✸✳ ❙❡✐
Φ(x, y) := min
(
λm(x) + c(x)
b(x)
,
λm(y) + c(y)
b(y)
)
,
♠✐t λ ≥ 0✳ ❉❛ ♠✐t ❞❡r ❈❛✉❝❤②✲❙❝❤✇❛r③✲❯♥❣❧❡✐❝❤✉♥❣ ✉♥❞ ❙②♠♠❡tr✐❡ ✈♦♥ Φb∑
x,y∈X
u(x)u(y)Φ(x, y)b(x, y) ≤
∑
x,y∈X
|u(x)|2Φ(x, y)b(x, y) ≤
∑
x∈X
|u(x)|2
∑
y∈X
Φ(x, y)b(x, y)
≤
∑
x∈X
|u(x)|2(λm(x) + c(x)) ≤ a(u, u) + λ(u, u)
❣✐❧t ❢♦❧❣t ♥✉♥ ❛✉❝❤
‖1E e−tA 1F‖ ≤ eλt sup
x∈E,y∈F
γ:x y
l(γ)∏
i=1
1
1 + f(Φ(γ(i− 1), γ(i)))
♠✐t f(x) :=
√
x+ x
2
4
+ x
2
≥ max(√x, x)✳
❯♥t❡r ❞❡r ❱♦r❛✉ss❡t③✉♥❣✱ ❞❛ss Cb(x) ≤ m(x) ❢ür ❛❧❧❡ x ∈ X ✐st✱ ❦❛♥♥ ❞✐❡s❡s ❘❡s✉❧t❛t
♠✐t ❞❡r ❲❛❤❧ λ := dg(E,F )
t
✇❡✐t❡r ❛❜❣❡s❝❤ät③t ✇❡r❞❡♥ ③✉
‖1E e−tA 1F‖ ≤
(
t e
Cdg(E,F )
)dg(E,F )
.
❇❡✐s♣✐❡❧ ✺✳✸✳✹✳ ❙❡✐
Φ(x, y) :=
1
b(x, y)
min
(
λm(x) + c(x)
deg(x)
,
λm(y) + c(y)
deg(y)
)
♠✐t λ ≥ 0✳ ❆♥❛❧♦❣ ③✉ ❇❡✐s♣✐❡❧ ✺✳✸✳✸ ③❡✐❣t ♠❛♥ ✇✐❡❞❡r
‖1E e−tA 1F‖ ≤ eλt sup
x∈E,y∈F
γ:x y
l(γ)∏
i=1
1
1 + f(Φ(γ(i− 1), γ(i)))
❯♥t❡r ❞❡r ❱♦r❛✉ss❡t③✉♥❣✱ ❞❛ss C deg(x) ≤ m(x) ❢ür ❛❧❧❡ x ∈ X ✐st✱ ❦❛♥♥ ❞✐❡s❡s
❘❡s✉❧t❛t ♠✐t ❞❡r ♦❜✐❣❡♥ ❲❛❤❧ λ := dg(E,F )
t
✇❡✐t❡r ❛❜❣❡s❝❤ät③t ✇❡r❞❡♥ ③✉
‖1x e−tA 1y‖ ≤ edg(x,y) sup
γ:x y
l(γ)∏
i=1
tb(γ(i− 1, i))
Cdg(x, y)
.
✼✺
❑❛♣✐t❡❧ ✺ ❆♥✇❡♥❞✉♥❣❡♥
❉❛s ♥ä❝❤st❡ ❇❡✐s♣✐❡❧ ✐st ✈♦r ❛❧❧❡♠ ❢ür ❇ä✉♠❡✱ ❞✳❤✳ ●r❛♣❤❡♥✱ ❢ür ❞✐❡ ❛❧❧❡ ❲❡❣❡ ✈♦♥ x
♥❛❝❤ x s✐❝❤ s❡❧❜st ü❜❡rs❝❤♥❡✐❞❡♥✱ ♥üt③❧✐❝❤✿
❇❡✐s♣✐❡❧ ✺✳✸✳✺✳ ❙❡✐❡♥ E,F ⊂ X ✉♥❞ s❡t③❡ ✈♦r❛✉s✱ ❞❛ss ❣❡♥❛✉ ❡✐♥ ❲❡❣ γ ✈♦♥ E ♥❛❝❤
F ❡①✐st✐❡rt✱ ❞❡r ✇❡❞❡r s✐❝❤ s❡❧❜st ü❜❡rs❝❤♥❡✐❞❡t✱ ♥♦❝❤ ❞✉r❝❤ E ♦❞❡r F ✈❡r❧ä✉❢t✱ ❞❡r ❛❧s♦
❢♦❧❣❡♥❞❡s ❡r❢ü❧❧t✿
γ(0) ∈ E✱ γ(l(γ)) ∈ F ✱ γ(i) 6= γ(j) ❢ür i 6= j ✉♥❞ γ(i) /∈ E ∪ F ❢ür 1 ≤ i < l(γ)✳
❙❡t③❡ n := l(γ)✳ ❊♥t❢❡r♥t ♠❛♥ ❛❧❧❡ ❑❛♥t❡♥ ✈♦♥ γ ❛✉s ❞❡♠ ●r❛♣❤❡♥ (X,∼)✱ s♦ ③❡r❢ä❧❧t
❡r ✐♥ ♠✐♥❞❡st❡♥s n+1 ❩✉s❛♠♠❡♥❤❛♥❣s❦♦♠♣♦♥❡♥t❡♥✳ ❉✐❡ ❑♦♠♣♦♥❡♥t❡✱ ❞✐❡ γ(i) ❡♥t❤ä❧t
✇✐r❞ ♠✐t Xγ(i) ❜❡③❡✐❝❤♥❡t✳ ❉✐❡ ▼❡♥❣❡♥ Xγ(i)✱ 0 ≤ i ≤ n ❤❛❜❡♥ ❛❧s♦ ❞✐❡ ❢♦❧❣❡♥❞❡♥
❊✐❣❡♥s❝❤❛❢t❡♥✿
γ(i) ∈ Xγ(i) ❢ür ❛❧❧❡ 0 ≤ i ≤ n✱
⋃n
i=0Xγ(i) ⊂ X✱ Xγ(i) ∩ Xγ(j) = ∅ ❢ür i 6= j ✉♥❞ ✇❡♥♥
x ∈ Xγ(i) ✉♥❞ x ∼ y ❞❛♥♥ ❣✐❧t ❛✉❝❤ y ∈ Xγ(i) ∪ {γ(i− 1), γ(i+ 1)}✳
❙❡✐ λ ∈ R ✉♥❞ δλi ❞✐❡ λ✲❑❛♣❛③✐tät ✈♦♥ γ(i) ✐♥ Xγ(i)✱ ❞✐❡ ❢♦❧❣❡♥❞❡r♠❛ß❡♥ ❞❡✜♥✐❡rt ✇✐r❞✿
δλi := inf
u∈D(a)
u(γ(i))=1
a(u, u)|Xγ(i) + λ(u, u)|Xγ(i)
:= inf
u∈D(a)
u(γ(i))=1
∑
x,y∈Xγ(i)
b(x, y)|u(x)− u(y)|2 +
∑
x∈Xγ(i)
(c(x) + λm(x))|u(x)|2.
❙❡t③❡ Φ(γ(i − 1), γ(i)) := Φi✱ Φ(γ(i), γ(i − 1)) := Φi ♠✐t Φi ≥ 0✱ ✉♥❞ s❡t③❡ Φ(x, y) = 0
s♦♥st✳ ❉❡✜♥✐❡r❡ ✇❡✐t❡r❤✐♥ bi := b(γ(i− 1), γ(i)) ✉♥❞ ui := u(γ(i))✳
❙❡✐ M(Φ) ❞✐❡ ❚r✐❞✐❛❣♦♥❛❧♠❛tr✐①
M(Φ) :=


δλ0 −b1Φ1
−b1Φ1 δλ1 −b2Φ2
✳✳✳ ✳✳✳ ✳✳✳
✳✳✳ δλn−1 −bnΦn
−bnΦn δλn


+


b1 −b1
−b1 b1+b2 −b2
✳✳✳ ✳✳✳ ✳✳✳
−bn−1 bn−1+bn −bn
−bn bn

 .
■st M(Φ) ♣♦s✐t✐✈✲s❡♠✐❞❡✜♥✐t✱ s♦ ❣✐❧t ❢ür ❛❧❧❡ u ∈ D(a)
∑
x,y∈X
u(x)u(y)Φ(x, y)b(x, y) =
n∑
i=1
(ui−1ui + uiui−1)Φibi
M(Φ)≥0
≤
n∑
i=0
|ui|2δλi +
n∑
i=1
|ui−1 − ui|2bi
≤
∑
x,y∈X
|u(x)− u(y)|2b(x, y) +
∑
x∈X
(c(x) + λm(x))|u(x)|2
= a(u, u) + λ‖u‖2,
❞❡♥♥ ❡s ❣✐❧t
|ui|2δλi ≤
∑
x,y∈Xγ(i)
b(x, y)|u(x)− u(y)|2 +
∑
x∈Xγ(i)
(c(x) + λm(x))|u(x)|2.
✼✻
✺✳✸ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❛✉❢ ●r❛♣❤❡♥
❆❧s♦ ❡r❤ä❧t ♠❛♥✱ ❢❛❧❧sM(Φ) ♣♦s✐t✐✈✲s❡♠✐❞❡✜♥✐t ✐st✱ ✇✐❡ ✐♥ ❞❡♥ ❡rst❡♥ ❜❡✐❞❡♥ ❇❡✐s♣✐❡❧❡♥✱
❞✐❡ ❆❜s❝❤ät③✉♥❣
‖1E e−tA 1F‖ ≤ eλt
n∏
i=1
1
1 + f(Φi)
♠✐t f(x) :=
√
x+ x
2
4
+ x
2
✳
❙✐♥❞ ❞✐❡ δλi ≥ 0✱ 0 ≤ i ≤ n ✉♥❞ ✇ä❤❧t ♠❛♥ Φi := min(δ
λ
i ,δ
λ
i−1)
2bi
❢ür 1 ≤ i ≤ n✱ s♦ ✐st M(Φ)
♦✛❡♥s✐❝❤t❧✐❝❤ ♣♦s✐t✐✈✲s❡♠✐❞❡✜♥✐t ✉♥❞ s♦♠✐t ❣✐❧t
‖1E e−tA 1F‖ ≤ eλt
n∏
i=1
2bi
2bi +min(δλi , δ
λ
i−1)
.
❇❡♠❡r❦✉♥❣ ✺✳✸✳✻✳ ❉✐❡ ❲❡rt❡ δλi ❧❛ss❡♥ s✐❝❤ ❢ür ❦♦♥❦r❡t❡ ❲❛❤❧❡♥ ✈♦♥ X r❡❝❤t ❣✉t ❛♣♣r♦✲
①✐♠❛t✐✈ ❜❡st✐♠♠❡♥✳ ❙✐♥❞ c ≡ 0 ✉♥❞ λ < 0✱ s♦ ❦❛♥♥ tr♦t③❞❡♠ δλi > 0 ❣❡❧t❡♥✳
❇❡♠❡r❦✉♥❣❡♥
❉✐❡ Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶ ❦❛♥♥ ❛❧s ❣❡♥❡r✐s❝❤❡ ❆❜s❝❤ät③✉♥❣ ✈❡rst❛♥❞❡♥ ✇❡r❞❡♥✳ ❉✉r❝❤
❞✐❡ ♣❛ss❡♥❞❡ ❲❛❤❧ ✈♦♥ w ❜③✇✳ Φ ✐♥ ❞❡♥ ❇❡✐s♣✐❡❧❡♥ ✺✳✸✳✸ ✉♥❞ ✺✳✸✳✹ ❧❛ss❡♥ s✐❝❤ ❞✐❡ ❢ür
●r❛♣❤❡♥ ❜✐s❤❡r ❜❡❦❛♥♥t❡♥ ❍❛❧❜❣r✉♣♣❡♥❛❜s❝❤ät③✉♥❣❡♥✱ ❞✐❡ t❡✐❧✇❡✐s❡ ❛✉❢ ❣❛♥③ ❛♥❞❡r❡♠
❲❡❣❡ ❜❡✇✐❡s❡♥ ✇✉r❞❡♥✱ r❡❦♦♥str✉✐❡r❡♥✿
❉❛s ❧❡t③t❡ ❘❡s✉❧t❛t ✐♥ ❇❡✐s♣✐❡❧ ✺✳✸✳✸ ✇✉r❞❡ ❜❡r❡✐ts ✐♥ ❬❉❛✈✾✸❪ ❡❜❡♥❢❛❧❧s ♠✐t ❉❛✈✐❡s✬
▼❡t❤♦❞❡ ❣❡③❡✐❣t✳
❉❛s ❧❡t③t❡ ❘❡s✉❧t❛t ❛✉s ❇❡✐s♣✐❡❧ ✺✳✸✳✹ ✐st ä❤♥❧✐❝❤ ③✉r ♦❜❡r❡♥ ❆❜s❝❤ät③✉♥❣ ✐♥ ❬▼❙✵✵❪✱
✇❡❧❝❤❡ ❧❛✉t❡t
‖1x e−tH 1y‖ ≤ ebmaxC−1t+1
(
e bmaxt
Cdg(x, y)
)dg(x,y)
sup
γ:x y
l(γ)∏
i=1
b(γ(i− 1, i))
bmax
✉♥t❡r ❞❡♥ ❇❡❞✐♥❣✉♥❣❡♥✱ ❞❛ss m ≡ 1 ✉♥❞ b ≤ bmax✳ ❉❛s ❘❡s✉❧t❛t ✐♥ ❬▼❙✵✵❪ ✇✉r❞❡ ♠✐t
st♦❝❤❛st✐s❝❤❡♥ ▼❡t❤♦❞❡♥ ❜❡✇✐❡s❡♥✳
❉✐❡ ❡rst❡♥ ❘❡s✉❧t❛t❡ ✐♥ ❞❡♥ ❇❡✐s♣✐❡❧❡♥ ✺✳✸✳✸ ✉♥❞ ✺✳✸✳✹✱ ❜❡✐ ❞❡♥❡♥ ✐♥s❜❡s♦♥❞❡r❡ ❞❡r
♣♦s✐t✐✈❡ ❊✐♥✢✉ss ❞❡s P♦t❡♥t✐❛❧s c ❛✉❢ ❞❡♥ ❆❜❢❛❧❧ ❞❡r ❍❛❧❜❣r✉♣♣❡ s✐❝❤t❜❛r ✇✐r❞✱ s♦✇✐❡
❞✐❡ ❘❡s✉❧t❛t❡ ❛✉s ❇❡✐s♣✐❡❧ ✺✳✸✳✺ ✇✉r❞❡♥ ✐♥ ❞❡r ▲✐t❡r❛t✉r ♥✐❝❤t ❣❡❢✉♥❞❡♥✳
❉✐❡ ❜❡❦❛♥♥t❡♥ ❍❛❧❜❣r✉♣♣❡♥❛❜s❝❤ät③✉♥❣❡♥ ❜❡❛❝❤t❡♥ ♥✉r ❞✐❡ ❧♦❦❛❧❡ ❙tr✉❦t✉r ✈♦♥ ●r❛✲
♣❤❡♥✱ ❞✐❡ ❣❧♦❜❛❧❡ ❙tr✉❦t✉r ❞❡s ●r❛♣❤❡♥ ✇✐r❞ ✐♥ ❞❡♥ ❜❡❦❛♥♥t❡♥ ❆❜s❝❤ät③✉♥❣❡♥ ❛❧❧❡✐♥❡
❞✉r❝❤ ❡✐♥❡ ✉♥t❡r❡ ❙❝❤r❛♥❦❡ ❛♥ ❞✐❡ ❋♦r♠ a r❡♣räs❡♥t✐❡rt✳ ❇❡✐s♣✐❡❧ ✺✳✸✳✺ ③❡✐❣t✱ ❞❛ss s✐❝❤
♠✐t Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶ ❛✉❝❤ ❆❜s❝❤ät③✉♥❣❡♥ ❡r③✐❡❧❡♥ ❧❛ss❡♥✱ ❞✐❡ ❞✐❡ ❧♦❦❛❧✲❣❧♦❜❛❧❡ ❙tr✉❦✲
t✉r ❜❡❛❝❤t❡♥✱ ❞❡♥♥ ❞✐❡ ❲❡rt❡ δλi r❡♣räs❡♥t✐❡r❡♥ ❡✐♥❡rs❡✐ts ❡✐♥❡ ❣❧♦❜❛❧❡ ❊✐❣❡♥s❝❤❛❢t ❞❡r
❡♥ts♣r❡❝❤❡♥❞❡♥ ❯♥t❡r❣r❛♣❤❡♥✱ ❜❡③✐❡❤❡♥ s✐❝❤ ❛❜❡r ❛♥❞❡r❡rs❡✐ts ♥✐❝❤t ❛✉❢ ❞❡♥ ❣❛♥③❡♥
●r❛♣❤❡♥✱ s♦♥❞❡r♥ ♥✉r ❛✉❢ ❡✐♥❡♥ ③✉♠ ❡♥ts♣r❡❝❤❡♥❞❡♥ ❑♥♦t❡♥ ❣❡❤ör❡♥❞❡♥ ❚❡✐❧❣r❛♣❤❡♥✳
❉✐❡ ❲❡rt❡ δλi ❤ä♥❣❡♥ st❛r❦ ♠✐t st♦❝❤❛st✐s❝❤❡♥ ❊✐❣❡♥s❝❤❛❢t❡♥ ③✉s❛♠♠❡♥✿ ■st c ≡ 0✱
s♦ ❣✐❧t δ0i = 0 ❣❡♥❛✉ ❞❛♥♥✱ ✇❡♥♥ ❞❡r ❡♥ts♣r❡❝❤❡♥❞❡ ❚❡✐❧❣r❛♣❤ r❡❦✉rr❡♥t ✐st✳ ❉✐❡s ❢♦❧❣t
❛✉s ❬✠❖s❤✾✷✱ ❈♦r♦❧❧❛r② ✷✳✹❪✱ ❞❛s ❜❡s❛❣t✱ ❞❛ss X r❡❦✉rr❡♥t ✐st ❣❡♥❛✉ ❞❛♥♥✱ ✇❡♥♥ ❡✐♥❡
❋♦❧❣❡ un ∈ D(a) ❡①✐st✐❡rt ♠✐t limn→∞ a(un, un) = 0 ✉♥❞ un(x)→ 1 ❢ür ❛❧❧❡ x ∈ X✳
✼✼
❑❛♣✐t❡❧ ✺ ❆♥✇❡♥❞✉♥❣❡♥
❆❧❧❡ ✐♠ ❇❡✐s♣✐❡❧ ✺✳✸✳✺ ❛♥❣❡❣❡❜❡♥❡♥ ❆❜s❝❤ät③✉♥❣❡♥ s✐♥❞ s❝❤❛r❢✱ ❞✳❤✳ ✇❡♥♥ ❞✐❡ ❱♦r❛✉s✲
s❡t③✉♥❣ ✈♦♥ Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶ ❡r❢ü❧❧t ✐st✱ s♦ ✐stM(Φ) ♣♦s✐t✐✈✲s❡♠✐❞❡✜♥✐t✳ ❆❧s♦ ❧✐❡❢❡rt ❞✐❡
✐♥ ❞✐❡s❡♠ ❇❡✐s♣✐❡❧ ❛♥❣❡❣❡❜❡♥❡ ❆❜s❝❤ät③✉♥❣ ♦♣t✐♠✐❡rt ü❜❡r M(Φ) ♣♦s✐t✐✈✲s❡♠✐❞❡✜♥✐t
❞✐❡ ❜❡st❡ ❆❜s❝❤ät③✉♥❣✱ ❞✐❡ ♠✐t Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶ ❡r③✐❡❧t ✇❡r❞❡♥ ❦❛♥♥✳ ❙♦♠✐t ③❡✐❣t ❇❡✐✲
s♣✐❡❧ ✺✳✸✳✺ ❛✉❝❤ ❞✐❡ ●r❡♥③❡♥ ✈♦♥ Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶ ❛✉❢✳
●❡♠äß ❬❑▲✵✾❪ ❤❛❜❡♥ ❛❧❧❡ r❡❣✉❧är❡♥ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❛✉❢ ❛❜③ä❤❧❜❛r❡♥ ▼❡♥❣❡♥ ♠✐t
❞❡r ❞✐s❦r❡t❡♥ ❚♦♣♦❧♦❣✐❡ ❞✐❡ ❤✐❡r ❛♥❣❡❣❡❜❡♥❡ ●❡st❛❧t✳
❋ür s②♠♠❡tr✐s❝❤❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❛✉❢ ●r❛♣❤❡♥ ❣✐❜t P❛♥❣ ❬P❛♥✾✸❪ ✉♥t❡r ❣❡✇✐ss❡♥
❘❡❣✉❧❛r✐täts✈♦r❛✉ss❡t③✉♥❣❡♥ ✉♥❞ ❞❡r ❆♥♥❛❤♠❡✱ ❞❛ss ❡✐♥❡ ❧♦❣✲❙♦❜♦❧❡✈✲❯♥❣❧❡✐❝❤✉♥❣ ❡r✲
❢ü❧❧t ✐st✱ ♦❜❡r❡ ❆❜s❝❤ät③✉♥❣❡♥ ❛♥ ❞❡♥ ❲är♠❡❧❡✐t✉♥❣s❦❡r♥ ❛♥✳ ❙♦❧❝❤❡ ❆❜s❝❤ät③✉♥❣❡♥
❧❛ss❡♥ s✐❝❤ ❡❜❡♥❢❛❧❧s ♠✐t ❞❡♥ ❤✐❡r ✈♦r❣❡st❡❧❧t❡♥ ▼❡t❤♦❞❡♥ ❡r③✐❡❧❡♥ ✭s✐❡❤❡ ③✳❇✳ ❞❡r ♥ä❝❤st❡
❆❜s❝❤♥✐tt✮✳
✺✳✹ ❑❡r♥❛❜s❝❤ät③✉♥❣❡♥ ❢ür ❋♦r♠❡♥ ❛✉❢ ❞✐s❦r❡t❡♥
▼❡♥❣❡♥
❙❡✐ X ✇✐❡ ✐♠ ❧❡t③t❡♥ ❇❡✐s♣✐❡❧ ❛❜③ä❤❧❜❛r✳ ❍✐❡r ✇❡r❞❡♥ ♥✉♥ ❛❧❧❣❡♠❡✐♥❡r❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r✲
♠❡♥ ❜❡tr❛❝❤t❡t ✉♥❞ ✕ ✉♥t❡r ❞❡r ❩✉s❛t③✈♦r❛✉ss❡t③✉♥❣ ❡✐♥❡r ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ ✕ ❑❡r♥✲
❛❜s❝❤ät③✉♥❣❡♥ ❣❡③❡✐❣t✳
❊s s❡✐❡♥ c : X → C✱ b : X2 → C ♠✐t b(x, x) = 0 ❢ür ❛❧❧❡ x ∈ X ✉♥❞ D(a) s♦ ❣❡✇ä❤❧t✱
❞❛ss
a(u, v) =
∑
x∈X
c(x)u(x)v(x) +
∑
x,y∈X
b(x, y)u(y)v(x)
❡✐♥❡ ❞✐❝❤t ❞❡✜♥✐❡rt❡✱ s❡❦t♦r✐❡❧❧❡✱ ❛❜❣❡s❝❤❧♦ss❡♥❡ ❋♦r♠ ❞❡✜♥✐❡rt✳ ❊✐♥❡ ❣r♦ß❡ ❑❧❛ss❡ s♦❧❝❤❡r
❋♦r♠❡♥ s✐♥❞ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❛✉❢ ●r❛♣❤❡♥✱ ❞✐❡ ✐♠ ❧❡t③t❡♥ ❆❜s❝❤♥✐tt ❜❡❤❛♥❞❡❧t ✇✉r❞❡♥✳
❍✐❡r ✇✐r❞ ♥✉♥ ❛✉❢ ❊✐❣❡♥s❝❤❛❢t❡♥ ✉♥❞ ❍❛❧❜❣r✉♣♣❡♥❛❜s❝❤ät③✉♥❣❡♥ ❞✐❡s❡r ❛❧❧❣❡♠❡✐♥❡r❡♥
❋♦r♠❡♥ ❡✐♥❣❡❣❛♥❣❡♥✳
❉✐❡ ❇❡❞✐♥❣✉♥❣❡♥ ❢ür P♦s✐t✐✈✐täts❡r❤❛❧t✉♥❣✱ L1✲ ✉♥❞ L∞✲❑♦♥tr❛❦t✐✈✐tät ❧❛ss❡♥ s✐❝❤
❧❡✐❝❤t ♠✐t ❞❡♥ ❈❤❛r❛❦t❡r✐s✐❡r✉♥❣❡♥ ❛✉s ❑❛♣✐t❡❧ ✷ ❛♥❣❡❜❡♥✿
• ■st b ≤ 0✱ c r❡❡❧❧ ✉♥❞ ❢ür u ∈ D(a) ✐st ❛✉❝❤ (ℜu)+ ∈ D(a)✱ s♦ ✐st e−tA ♣♦s✐t✐✈✐täts✲
❡r❤❛❧t❡♥❞✳
• ■st ∑y∈X |b(x, y)| ≤ ℜc(x) ❢ür ❛❧❧❡ x ∈ X✱ ✉♥❞ ❢ür u ∈ D(a) ✐st ❛✉❝❤ u|u|∨1 ∈ D(a)✱
s♦ ✐st e−tA L∞✲❦♦♥tr❛❦t✐✈✳
• ■st ∑x∈X |b(x, y)| ≤ ℜc(y) ❢ür ❛❧❧❡ y ∈ X✱ ✉♥❞ ❢ür u ∈ D(a) ✐st ❛✉❝❤ u|u|∨1 ∈ D(a)✱
s♦ ✐st e−tA L1✲❦♦♥tr❛❦t✐✈✳
❋ür ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❛✉❢ ●r❛♣❤❡♥ s✐♥❞ ❞✐❡s❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ♥❛tür❧✐❝❤ ❛❧❧❡ ❡r❢ü❧❧t✳
❉❡✜♥✐❡r❡ c∞(x) :=
∑
y∈X |b(x, y)| ✉♥❞ c1(y) :=
∑
x∈X |b(x, y)| ✉♥❞ s❡t③❡ ♥✉♥ ✈♦r❛✉s✱
❞❛ss ❢ür ❛❧❧❡ u ∈ D(a) ❛✉❝❤ u|u|∨1 ∈ D(a) ✐st✳ ❲❡❧❝❤❡ ❲❛❤❧❡♥ ✈♦♥ φ ✐♥ ❞❡r ♥ä❝❤st❡♥
Pr♦♣♦s✐t✐♦♥ ❣ü♥st✐❣ s✐♥❞✱ ❤ä♥❣t st❛r❦ ✈♦♥ ❞❡r ❋♦r♠ a ❛❜✱ s♦ ❞❛ss ❞✐❡s ❤✐❡r ♥✐❝❤t ❦♦♥❦r❡✲
t✐s✐❡rt ✇❡r❞❡♥ ❦❛♥♥✳ ❋ür φ ❦♦♥st❛♥t ✭✉♥❞ ω(φ) = 0✮ ❧✐❡❢❡rt ❞✐❡ Pr♦♣♦s✐t✐♦♥ ❞✐❡ ❣❧♦❜❛❧❡
❆❜s❝❤ät③✉♥❣ ❛♥ ❞❡♥ ❑❡r♥ ❞❡r ❍❛❧❜❣r✉♣♣❡✳
✼✽
✺✳✹ ❑❡r♥❛❜s❝❤ät③✉♥❣❡♥ ❢ür ❋♦r♠❡♥ ❛✉❢ ❞✐s❦r❡t❡♥ ▼❡♥❣❡♥
Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✶✳ ❙❡✐ φ ③✉❧äss✐❣✱ max(c∞, c1) ≤ ℜc✱ θ > 0 ✉♥❞ ω(φ) ≥ 0✳ ❋❡r♥❡r ❣❡❧t❡
∑
y∈X
|b(x, y)|
∣∣∣∣φ(y)φ(x) − 1
∣∣∣∣ ≤ ω(φ)m(x) (x ∈ X),
∑
x∈X
|b(x, y)|
∣∣∣∣φ(y)φ(x) − 1
∣∣∣∣ ≤ ω(φ)m(y) (y ∈ X),
✉♥❞
‖u‖2+θ ≤ ℜa(u, u)‖u‖θ1 (u ∈ D(a) ∩ L1(X)).
❉❛♥♥ ❣✐❧t ❢ür ❞❡♥ ❑❡r♥ kt ❞❡r ③✉ a ❛ss♦③✐✐❡rt❡♥ ❍❛❧❜❣r✉♣♣❡
|kt(x, y)| ≤
(
2
θt
) 2
θ
eω(φ)t
φ(x)
φ(y)
❢ür ❛❧❧❡ t > 0✱ x, y ∈ X✳
❇❡✇❡✐s✳ ❊s ❣✐❧t
aφ(u, v) = a(φu, φ
−1v) =
∑
x∈X
c(x)u(x)v(x) +
∑
x,y∈X
b(x, y)
φ(y)
φ(x)
u(y)v(x).
❆✉s ❞❡r ❱♦r❛✉ss❡t③✉♥❣ ❢♦❧❣t
∑
y∈X
|b(x, y)|φ(y)
φ(x)
≤ ω(φ)m(x) + c∞(x) ≤ ω(φ)m(x) + ℜc(x)
✉♥❞ ❛♥❛❧♦❣
∑
x∈X
|b(x, y)|φ(y)
φ(x)
≤ ω(φ)m(y) + c1(y) ≤ ω(φ)m(y) + ℜc(y).
❙♦♠✐t ✐st ‖ e−tAφ |L∞‖∞ ≤ eω(φ)t ✉♥❞ ‖ e−tAφ |L1‖1 ≤ eω(φ)t✳ ❊s ❣✐❧t∣∣∣∣∣
∑
x,y∈X
b(x, y)
(
1− φ(y)
φ(x)
)
u(y)u(x)
∣∣∣∣∣ ≤ 12
∑
x,y∈X
|b(x, y)|
∣∣∣∣φ(y)φ(x) − 1
∣∣∣∣ |u(y)|2
+
1
2
∑
x,y∈X
|b(x, y)|
∣∣∣∣φ(y)φ(x) − 1
∣∣∣∣ |u(x)|2
≤ 1
2
∑
y∈X
ω(φ)m(y)|u(y)|2 + 1
2
∑
x∈X
ω(φ)m(x)|u(x)|2
=
∑
x∈X
ω(φ)m(x)|u(x)|2.
✼✾
❑❛♣✐t❡❧ ✺ ❆♥✇❡♥❞✉♥❣❡♥
❆✉s ❞✐❡s❡r ❯♥❣❧❡✐❝❤✉♥❣ s❝❤❧✉ss❢♦❧❣❡rt ♠❛♥
ℜa(u, u) ≤ ℜaφ(u, u) + ω(φ)‖u‖2,
✉♥❞ ✇❡✐t❡r❤✐♥
‖u‖2+θ ≤ (ℜaφ(u, u) + ω(φ)‖u‖2)‖u‖θ1.
❩✉❧❡t③t ❢♦❧❣t ♠✐t Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺✱ ✉♥t❡r ❆♥✇❡♥❞✉♥❣ ❞❡r ❍❛❧❜❣r✉♣♣❡♥❡✐❣❡♥s❝❤❛❢t ✉♥❞
❞❡r ❆❞❥✉♥❣✐❡rt❡♥ ✭✈❡r❣❧❡✐❝❤❡ ❞✐❡ ❡♥ts♣r❡❝❤❡♥❞❡♥ ❆r❣✉♠❡♥t❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✵✮✱ ❞❛ss
‖ e−tAφ |L1‖1→∞ ≤
(
2
θt
) 2
θ
eω(φ)t
❣✐❧t✱ ✉♥❞ s♦♠✐t ❢♦❧❣t ❛✉❝❤ ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
❇❡♠❡r❦✉♥❣ ✺✳✹✳✷✳ ❉❡r ❆✉s❞r✉❝❦
∑
y∈X b(x, y)
(
φ(y)
φ(x)
− 1
)
✐st ❛❧s ❞✐s❦r❡t❡s ❆♥❛❧♦❣♦♥ ③✉
❞❡♠ ❆✉s❞r✉❝❦ |▽ψ|2 +△ψ ❛✉s Pr♦♣♦s✐t✐♦♥ ✺✳✷✳✷ ③✉ s❡❤❡♥ ✭❞♦rt ❡✐❣❡♥t❧✐❝❤ |▽ψ|2 −△ψ✱
❛❜❡r ❡✐♥ ❱♦r③❡✐❝❤❡♥✇❡❝❤s❡❧ ✈♦♥ ψ ❢ü❤rt ③✉♠ P❧✉s✮✿ ▼✐t φ := eψ ✉♥❞ ❞❡r Pr♦❞✉❦tr❡❣❡❧
✐st
|▽ψ|2 +△ψ = φ−1△φ.
■st ✉♠❣❡❦❡❤rt L ❞❡r ❞✐s❦r❡t❡ ▲❛♣❧❛❝❡✲❖♣❡r❛t♦r ♠✐t ●❡✇✐❝❤t b✱ ❛❧s♦
(Lu)(x) :=
∑
y∈X
b(x, y)(u(y)− u(x)),
s♦ ❣✐❧t
(φ−1Lφ)(x) =
∑
y∈X
b(x, y)
(
φ(y)
φ(x)
− 1
)
.
❉✐❡ ❇❡trä❣❡ ✉♠ ❞✐❡ ❆✉s❞rü❝❦❡ s✐♥❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✹✳✶ ♥♦t✇❡♥❞✐❣✱ ❞❛ ❛✉ß❡r❤❛❧❜ ❞❡s
❑♦♥t❡①t❡s ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡r ❍❛❧❜❣r✉♣♣❡♥ ❞✐❡ ❱♦r③❡✐❝❤❡♥ ♥✐❝❤t ❦❧❛r s✐♥❞✳ ❲är❡ ❞✐❡
❍❛❧❜❣r✉♣♣❡ ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞✱ ❦ö♥♥t❡ ♠❛♥ ✐♠ ❡♥ts♣r❡❝❤❡♥❞❡♥ ❇❡✇❡✐s u ≥ 0 ❛♥♥❡❤✲
♠❡♥✳
✺✳✺ P♦❧②♥♦♠✐❡❧❧ ❢❛❧❧❡♥❞❡ ❙♣r✉♥❣❦❡r♥❡
◆✉♥ ❢♦❧❣t ❡✐♥ ❆♥✇❡♥❞✉♥❣s❜❡✐s♣✐❡❧ ❢ür ❑♦r♦❧❧❛r ✷✳✶✳✶✶✳ ❉✐❡s❡s ❙tör✉♥❣sr❡s✉❧t❛t ✇✐r❞ ❤✐❡r
❛♥❣❡✇❡♥❞❡t ✉♠ aµ ❞✉r❝❤ aτ,µ ❢ür ❡✐♥❡ ❣❡s❝❤✐❝❦t❡ ❲❛❤❧ τ <∞ ❛❜③✉s❝❤ät③❡♥✳ ❉✐❡ ❡r③✐❡❧t❡
❑❡r♥❛❜s❝❤ät③✉♥❣ st❡❤t ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✺✳ ❩✉♥ä❝❤st ❞✐❡ ❉❡✜♥✐t✐♦♥❡♥✿
❙❡✐ X = Rd✱ 0 < α < 2 ✉♥❞
aτ (u, v) :=
∫
|x−y|<τ
(u(x)− u(y))(v(x)− v(y)) dxdy|x− y|d+α ,
D(aτ ) := {u ∈ L2 | aτ (u, u) <∞}.
✽✵
✺✳✺ P♦❧②♥♦♠✐❡❧❧ ❢❛❧❧❡♥❞❡ ❙♣r✉♥❣❦❡r♥❡
❲❡✐t❡r ❞❡✜♥✐❡rt ♠❛♥ ❞✐❡ ❋♦r♠ a ü❜❡r a := a∞ ✉♥❞ D(a) := D(a∞)✳ ❉✐❡ ❋♦r♠❡♥ a ✉♥❞
aτ s✐♥❞ r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥✳
❙❡✐ τ0 > 0 ✉♥❞ s❡✐❡♥ µ+ ✉♥❞ µ− Cap✲st❡t✐❣ ❜❡③ü❣❧✐❝❤ aτ0 ✳ ❉❛♥♥ s✐♥❞ µ
+✱ µ− ❛✉❝❤
Cap✲st❡t✐❣ ❜❡③ü❣❧✐❝❤ aτ ❢ür ❥❡❞❡s τ0 ≤ τ ≤ ∞✳ ❙❡t③❡ ✇❡✐t❡r ✈♦r❛✉s✱ ❞❛ss ❢ür ❛❧❧❡ n ∈ N
µ− ≤ 1
n
aτ0 + β(n),
✇♦❜❡✐ β : N→ [0,∞) ♠✐t ∑n∈N ln(β(2n)∨1)2n <∞ ✐st✳ ❉❡✜♥✐❡r❡ µ := µ+ − µ− ✉♥❞
aτ,µ := aτ + µ, aµ := a+ µ
✇✐❡ ✐♥ ❆❜s❝❤♥✐tt ✸✳✷✳ ❲❡✐t❡r s❡✐ ✈♦r❛✉s❣❡s❡t③t✱ ❞❛ss ③✇❡✐ ❑♦♥st❛♥t❡♥ C, ω ≥ 0 ❡①✐st✐❡r❡♥✱
s♦ ❞❛ss ‖ e−tAµ ‖1 ≤ C eωt ✉♥❞ ‖ e−tAτ,µ ‖∞ ≤ C eωt ❢ür ❛❧❧❡ t > 0 ✉♥❞ ❛❧❧❡ τ ≥ τ0✳
❊s ❢♦❧❣❡♥ ♥✉♥ ❡rst ❡✐♥✐❣❡ ❩✇✐s❝❤❡♥r❡s✉❧t❛t❡✳ ❉❛s ❡rst❡ ✐st ❡✐♥❡ ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ ❢ür
aτ ✳ ■st τ ≥ τ0 s♦ ❢♦❧❣t ❞❛♠✐t ❛✉❝❤ ❡✐♥❡ ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ ❢ür aτ,µ✱ ❞❡♥♥ ❡s ❣✐❧t 12aτ ≤
aτ,µ + β(2)✳
Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✶✳ ❙❡✐ τ > 0 ✉♥❞ u ∈ D(aτ ) ∩ L1✳ ❉❛♥♥ ❣✐❧t
‖u‖2+2αd ≤ Cα,d(aτ (u, u) + Cdτ−α‖u‖2)‖u‖2
α
d
1 .
❇❡✇❡✐s✳ ❙❡✐ Br(x) ❞✐❡ ❑✉❣❡❧ ✉♠ x ♠✐t ❘❛❞✐✉s r✳ ❉❡✜♥✐❡r❡ ❢ür r > 0
ur(x) :=
1
|Br(x)|
∫
Br(x)
u(y) dy.
❉❛♥♥ ❣✐❧t
‖ur‖∞ ≤ 1|Br(x)|‖ur‖1
✉♥❞
‖ur‖1 ≤ ‖u‖1,
❛❧s♦ ❛✉❝❤
‖ur‖22 ≤ ‖ur‖∞‖ur‖1 ≤
1
|Br(x)|‖u‖
2
1.
❩✇❡✐t❡♥s ❣✐❧t ❢ür 0 < r ≤ τ ✉♥❞ Cd ❞❡♠ ❱♦❧✉♠❡♥ ❞❡r ❊✐♥❤❡✐ts❦✉❣❡❧
‖u− ur‖22 =
∫
X
∣∣∣∣∣∣∣
1
|Br(x)|
∫
Br(x)
(u(x)− u(y)) dy
∣∣∣∣∣∣∣
2
dx
≤ 1|Br(x)|
∫
X
∫
Br(x)
|u(x)− u(y)|2 dy dx
≤ 1|Br(x)|r
d+αaτ (u, u)
= C−1d r
αaτ (u, u).
✽✶
❑❛♣✐t❡❧ ✺ ❆♥✇❡♥❞✉♥❣❡♥
◆✉♥ ✐st ❛❜❡r
‖u‖22 ≤ 2‖ur‖22 + 2‖u− ur‖22
✉♥❞ s♦♠✐t
‖u‖22 ≤
2
Cd
r−d‖u‖21 +
2rα
Cd
aτ (u, u)
❢ür ❛❧❧❡ 0 < r ≤ τ ✳ ❉❛♥♥ ❣✐❧t ❛✉❝❤
‖u‖22 ≤
2
Cd
r−d‖u‖21 +
2rα
Cd
(aτ (u, u) +
Cd
2
τ−α‖u‖2)
❢ür ❛❧❧❡ r > 0 ✉♥❞ ♠✐t ▲❡♠♠❛ ✹✳✸✳✼ ❢♦❧❣t ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
▲❡♠♠❛ ✺✳✺✳✷✳ ❋ür 0 < α < 2 ✉♥❞ y > 0 ❣✐❧t
y∫
0
ex+e−x−2
x1+α
dx ≤ 2
2− αy
−α(ey−1).
❇❡✇❡✐s✳ ▼✐t ❍✐❧❢❡ ❞❡r ❚❛②❧♦r✲❘❡✐❤❡ ✉♥❞ ❞❡s ❱❡rt❛✉s❝❤✉♥❣ss❛t③❡s ❡rr❡❝❤♥❡t ♠❛♥
y∫
0
ex+e−x−2
x1+α
dx =
y∫
0
∞∑
n=1
2x2n
x1+α(2n)!
dx =
∞∑
n=1
y∫
0
2x2n−α−1
(2n)!
dx
=
∞∑
n=1
2y2n−α
(2n− α)(2n)!
≤ 2
2− αy
−α
∞∑
n=1
y2n
(2n)!
≤ 2
2− αy
−α(ey − 1).
❉✐❡s❡ Pr♦♣♦s✐t✐♦♥ ❧✐❡❢❡rt ❡✐♥❡ ❆❜s❝❤ät③✉♥❣ ❛♥ ❞❛s ❊♥❡r❣✐❡♠❛ß −dµ(d)<φ,φ−1>✳
Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✸✳ ❙❡✐ ψ ∈ L∞ ♠✐t |ψ(x)−ψ(y)| ≤ λ|x−y|✳ ❊s ❡①✐st✐❡rt ❡✐♥❡ ❑♦♥st❛♥t❡
Cα,d✱ s♦ ❞❛ss φ := e
ψ ③✉❧äss✐❣ ✐st ✉♥❞ ❞❛ss ❣✐❧t
−dµ(d)<φ,φ−1> ≤ Cα,dτ−α(eλτ −1) dx.
❇❡✇❡✐s✳ ▼✐t ❞❡♠ ✈♦r❤❡r✐❣❡♥ ▲❡♠♠❛ ❡rr❡❝❤♥❡t ♠❛♥ ♠✐t Cd ❞❡r ❖❜❡r✢ä❝❤❡ ❞❡r d✲❞✐♠❡♥✲
s✐♦♥❛❧❡♥ ❊✐♥❤❡✐ts❦✉❣❡❧ ❢ür ❞✐❡ ❉✐❝❤t❡ ❞❡s ❊♥❡r❣✐❡♠❛ß❡s µ(d)<φ,φ−1>
− d
dx
µ
(d)
<φ,φ−1> =
∫
|y−x|≤τ
eψ(x)−ψ(y)+eψ(y)−ψ(x)−2
|x− y|d+α dy ≤ Cd
τ∫
0
eλr +e−λr−2
rd+α
rd−1 dr
= Cdλ
α+1
λτ∫
0
er +e−r−2
rα+1
dr
λ
≤ Cd 2
2− ατ
−α(eλτ −1).
✽✷
✺✳✺ P♦❧②♥♦♠✐❡❧❧ ❢❛❧❧❡♥❞❡ ❙♣r✉♥❣❦❡r♥❡
❍✐❡r❛✉s ❡r❣✐❜t s✐❝❤ ❡✐♥❡ ❆❜s❝❤ät③✉♥❣ ❛♥ ❞❡♥ ❑❡r♥ ❞❡r ③✉ aτ,µ ❛ss♦③✐✐❡rt❡♥ ❍❛❧❜❣r✉♣♣❡✳
Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✹✳ ❊s ❡①✐st✐❡rt ❡✐♥❡ ❑♦♥st❛♥t❡ C > 0✱ s♦ ❞❛ss ❢ür ❞❡♥ ❑❡r♥ kτ,µt ❞❡r
③✉ aτ,µ ❛ss♦③✐✐❡rt❡♥ ❍❛❧❜❣r✉♣♣❡
0 ≤ kτ,µt (x, y) ≤ Ct−
d
α max(1, t+ τ−α|x− y|α) dα eCτ−α|x−y|α eβ(1)t
(
t
|x− y|α
) |x−y|
τ
❢✳ü✳
❢ür ❛❧❧❡ x 6= y✱ t > 0 ✉♥❞ τ ≥ τ0 ❣✐❧t✳
❇❡✇❡✐s✳ ❇❡♥✉t③❡ ❇❡✐s♣✐❡❧ ✺✳✶✳✶✸✳ ❊s ✐st aτ,µ ≥ −β(1)✳ ❍✐❡r♠✐t ❡r❤ä❧t ♠❛♥
0 ≤ kτ,µt (x, y) ≤ Ct−
d
α max(1, (1 + γ + δ)t)
d
α eγt eβ(1)t e−λ|x−y| ❢✳ü✳
♠✐t γ = Cτ−α(eλτ−1)✱ δ = β(2)+Cdτ−α ✉♥❞ ❡✐♥❡r ♣❛ss❡♥❞❡♥ ❑♦♥st❛♥t❡♥ C ❣r♦ß ❣❡♥✉❣✳
❲ä❤❧t ♠❛♥ λ :=
ln
( |x−y|α
t
)
τ
✱ s♦ ❡r❤ä❧t ♠❛♥ ❞✐❡ ❇❡❤❛✉♣t✉♥❣✳
◆✉♥ ❢♦❧❣t ❞✐❡ ❆❜s❝❤ät③✉♥❣ ❞❡s ❑❡r♥s ❞❡r ③✉ aµ ❛ss♦③✐✐❡rt❡♥ ❍❛❧❜❣r✉♣♣❡✳
Pr♦♣♦s✐t✐♦♥ ✺✳✺✳✺✳ ❊s ❡①✐st✐❡rt ❡✐♥❡ ❑♦♥st❛♥t❡ C > 0✱ s♦ ❞❛ss ❢ür ❞❡♥ ❑❡r♥ kµt ❞❡r
❍❛❧❜❣r✉♣♣❡ ✈♦♥ aµ ❣✐❧t
0 ≤ kµt (x, y) ≤ C eωt eβ(1)t(1 + t)
d
α
t
|x− y|α+d ❢✳ü✳
❢ür ❛❧❧❡ |x− y| ≥ α+d
α
τ0 ✉♥❞ t > 0✱ ✉♥❞
0 ≤ kµt (x, y) ≤ C
(
1
t
+ ω
) d
α
❢✳ü✳
❢ür ❛❧❧❡ t > 0✳
❇❡✇❡✐s✳ ❋ür ❞✐❡ ❡rst❡ ❯♥❣❧❡✐❝❤✉♥❣ ❜❡♥✉t③❡ ❞✐❡ ✈♦r❤❡r✐❣❡ Pr♦♣♦s✐t✐♦♥ ♠✐t ❞❡r ❲❛❤❧ τ :=
α
α+d
|x − y| ✉♥❞ ❑♦r♦❧❧❛r ✷✳✶✳✶✶ ✭❡✐♥❡ ❘❡❝❤♥✉♥❣ ③❡✐❣t✱ ❞❛ss ❞✐❡ ❇❡❞✐♥❣✉♥❣❡♥ ✐♥ ❞✐❡s❡♠
❑♦r♦❧❧❛r ♠✐t Cb = τ−α−d ❡r❢ü❧❧t s✐♥❞✮✳ ❉✐❡ ③✇❡✐t❡ ❯♥❣❧❡✐❝❤✉♥❣ ❢♦❧❣t ❛✉s Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺✳
❇❡♠❡r❦✉♥❣❡♥
❋ür µ− = 0 ✇✉r❞❡♥ ❞✐❡s❡ ❑❡r♥❛❜s❝❤ät③✉♥❣❡♥ ♠✐t ❞❡♥ ❤✐❡r ✈❡r✇❡♥❞❡t❡♥ ▼❡t❤♦❞❡♥
❜❡r❡✐ts ✐♥ ❬❈❑✵✽❪ ❜❡✇✐❡s❡♥✳ ❉♦rt ✜♥❞❡♥ s✐❝❤ ❛❧❧❡ ❤✐❡r ❣❡♥❛♥♥t❡♥ ❙ät③❡✱ ♠✐t ❆✉s♥❛❤♠❡
❞❡r ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❛✉❢ µ− 6= 0✱ ❢ür ❞✐❡ ❞❛s ❙tör✉♥❣sr❡s✉❧t❛t ❑♦r♦❧❧❛r ✷✳✶✳✶✶ ♥öt✐❣
✐st✳ ❉❡r ❆rt✐❦❡❧ ❬❈❑✵✽❪ ③❡✐❣t ❛✉❝❤✱ ✇✐❡ ❞✐❡s❡ ▼❡t❤♦❞❡♥ ❛✉❢ ✈✐❡❧ ❛❧❧❣❡♠❡✐♥❡r❡ ❋♦r♠❡♥
❛♥❣❡✇❡♥❞❡t ✇❡r❞❡♥ ❦ö♥♥❡♥✳ ❍✐❡r ✇✉r❞❡ ❞❡r ❑ür③❡ ✇❡❣❡♥ ❞✐❡s❡s s❡❤r ❦♦♥❦r❡t❡ ❇❡✐s♣✐❡❧
❣❡♥❛♥♥t✳
❉✐❡ ❤✐❡r ❣❡♥❛♥♥t❡ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ❦❛♥♥ ❛✉❝❤ ❛✉s ❞❡♥ ❆❜s❝❤ät③✉♥❣❡♥ ❢ür µ− = 0
✐♥ ❬❈❑✵✽❪ ✉♥❞ ❞❡♥ ❙tör✉♥❣sr❡s✉❧t❛t❡♥ ✐♥ ❬❙❱✾✻❪ ❡r③✐❡❧t ✇❡r❞❡♥✳ ❉✐❡ ❤✐❡r ❣❡♥❛♥♥t❡
▼❡t❤♦❞❡✱ ✐♥s❜❡s♦♥❞❡r❡ ❑♦r♦❧❧❛r ✷✳✶✳✶✶ ❧ässt s✐❝❤ ❛❜❡r ❛✉❝❤ ❛✉❢ ❋♦r♠❡♥ ❛♥✇❡♥❞❡♥✱ ❞✐❡
♥✐❝❤t ✐♥ ❞❡♥ ❑♦♥t❡①t ✈♦♥ ❬❙❱✾✻❪ ♣❛ss❡♥✱ ③✳❇✳ ♥✐❝❤t s②♠♠❡tr✐s❝❤❡ ❋♦r♠❡♥✳
■♥ ❬❈❑❙✶✵❪ ✇✐r❞ ❢ür µ− = 0 ✉♥❞ ❞❡r ❊✐♥s❝❤rä♥❦✉♥❣ ❞❡r ❋♦r♠ ❛✉❢ ●❡❜✐❡t❡ ❞❡s Rd
❡✐♥❡ ③✇❡✐s❡✐t✐❣❡ ❆❜s❝❤ät③✉♥❣ ♠✐t ♣r♦❜❛❜✐❧✐st✐s❝❤❡♥ ▼❡t❤♦❞❡♥ ❜❡✇✐❡s❡♥✳
✽✸
❑❛♣✐t❡❧ ✺ ❆♥✇❡♥❞✉♥❣❡♥
✺✳✻ ❊✐♥❡ s✐♥❣✉❧är❡ ❉✐✛✉s✐♦♥ ❛✉❢ R
❍✐❡r ✇✐r❞ ♥✉♥ ♥♦❝❤♠❛❧ ❡✐♥❡ s❡❤r ❦♦♥❦r❡t❡ r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t✲❋♦r♠ ❜❡tr❛❝❤t❡t ✉♥❞ ❍❛❧❜✲
❣r✉♣♣❡♥❛❜s❝❤ät③✉♥❣❡♥ ❜❡✇✐❡s❡♥✳ ❉❛s ♥❡✉❡ ❛♥ ❞✐❡s❡♠ ❇❡✐s♣✐❡❧ ✐st✱ ❞❛ss ❞❛s ❊♥❡r❣✐❡♠❛ß
s✐♥❣✉❧är ✐st✳ ❉✐❡s❡s ❇❡✐s♣✐❡❧ ❜❡s❝❤r❡✐❜t ❡✐♥❡ ❉✐✛✉s✐♦♥ ❛✉❢ R✱ ❞✐❡ ▲ö❝❤❡r ❡♥t❤ä❧t✱ ❞❡r❡♥
❊♥❞♣✉♥❦t❡ ♠✐t❡✐♥❛♥❞❡r ✈❡r❦♥ü♣❢t s✐♥❞✳ ❉❡r❛rt✐❣❡ ❋♦r♠❡♥ ✉♥❞ ✐❤r❡ ❖♣❡r❛t♦r❡♥ ✇❡r❞❡♥
✉✳❛✳ ✐♥ ❬❑❑❱❲✵✾✱ ❙❱❪ ❜❡tr❛❝❤t❡t✳ ❊s ✇✐r❞ ❡✐♥❡ ◆♦r♠❛❜s❝❤ät③✉♥❣ ✉♥❞ ❡✐♥❡ ❑❡r♥❛❜✲
s❝❤ät③✉♥❣ ❢ür ❞✐❡ ❡♥ts♣r❡❝❤❡♥❞❡ ❍❛❧❜❣r✉♣♣❡ ❜❡✇✐❡s❡♥✳
❙❡✐ X := ∪n∈Z[2n, 2n+ 1] ♠✐t ❞❡♠ ▲❡❜❡s❣✉❡✲▼❛ß m ✉♥❞ ❞❡✜♥✐❡r❡ ❞✐❡ ❋♦r♠
a(u, v) =
∑
n∈Z
2n+1∫
2n
u′(x)v′(x) dx+
∑
n∈Z
(u(2n− 1)− u(2n))(v(2n− 1)− v(2n)),
D(a) := {u ∈ H1(X) | a(u, u) <∞}.
❲❡❣❡♥ ❞❡♠ ❊✐♥❜❡tt✉♥❣st❤❡♦r❡♠ ✈♦♥ ❙♦❜♦❧❡✈ ✐st ❞✐❡s❡ ❋♦r♠ ✇♦❤❧❞❡✜♥✐❡rt ✉♥❞ ❛❜❣❡✲
s❝❤❧♦ss❡♥✳ ❊s ✐st ❧❡✐❝❤t ③✉ ü❜❡r♣rü❢❡♥✱ ❞❛ss a ❡✐♥❡ r❡❣✉❧är❡ ❉✐r✐❝❤❧❡t✲❋♦r♠ ✐st✳ ❙❡✐ A ❞❡r
❛ss♦③✐✐❡rt❡ ❖♣❡r❛t♦r✳
❙❡✐ γ1, γ2 ≥ 0 ✉♥❞ s❡t③❡
ψ(x) :=
{
γ1m([0, x] ∩X) + γ2#(X1 ∩ [0, x]) x ≥ 0
−γ1m([x, 0] ∩X)− γ2#(X1 ∩ [x, 0]) x < 0
,
♠✐t X1 := 2Z − 1/2✳ ❖✛❡♥s✐❝❤t❧✐❝❤ ❣✐❧t ψ ∈ Dloc(a)✳ ❉✐❡ ③✇❡✐ ❑♦♠♣♦♥❡♥t❡♥ ✈♦♥ ψ
❦♦rr❡s♣♦♥❞✐❡r❡♥ ♠✐t ❞❡♥ ▼❡tr✐❦❡♥ ✭❜③✇✳ ❞❡r ❍❛❧❜♠❡tr✐❦✮
d1(x, y) := m([min(x, y),max(x, y)] ∩X)
✉♥❞
d2(x, y) := #(X1 ∩ [min(x, y),max(x, y)]),
❞✐❡ ❞❡♥ ❉✐✛✉s✐♦♥s❛❜st❛♥❞ ♠✐sst ❜③✇✳ ❞✐❡ ❆♥③❛❤❧ ❞❡r ✒▲ö❝❤❡r✏ ③✇✐s❝❤❡♥ x ✉♥❞ y ③ä❤❧t✳
❉❛s ❊♥❡r❣✐❡♠❛ß −Γ<e−ψ ,eψ> s❡t③t s✐❝❤ ❢ür ❞✐❡s❡ ❋♦r♠ ❛✉s ③✇❡✐ ❑♦♠♣♦♥❡♥t❡♥ ③✉s❛♠✲
♠❡♥✳ ❆✉❢ ❞❡r ❉✐❛❣♦♥❛❧❡♥ ❡♥ts♣r✐❝❤t ❡s ❞❡♠ ❆✉s❞r✉❝❦ γ21 dm✳ ❉✐❡ ③✇❡✐t❡ ❑♦♠♣♦♥❡♥t❡
✇✐r❞ ❛✉❢ ❞❡♥ P✉♥❦t❡♥ ❞❡r ❋♦r♠ (2n − 1, 2n) ✉♥❞ (2n, 2n − 1) ❢ür n ∈ Z ❣❡tr❛❣❡♥ ✉♥❞
❤❛t ❞♦rt ❞❡♥ ❲❡rt e
γ2 +e−γ2 −2
2
✱ ✐st ❛❧s♦ s✐♥❣✉❧är ❜❡③ü❣❧✐❝❤ ❞❡s ▼❛ß❡s m2✱ ❢❛❧❧s γ2 > 0 ✐st✳
▼✐t ❞✐❡s❡r ❱♦r❜❡r❡✐t✉♥❣ ❧ässt s✐❝❤ ❞✐❡ ◆♦r♠✲❆❜s❝❤ät③✉♥❣ ❞❡r ❍❛❧❜❣r✉♣♣❡ ❢♦r♠✉❧✐❡r❡♥
✉♥❞ ❜❡✇❡✐s❡♥✳
Pr♦♣♦s✐t✐♦♥ ✺✳✻✳✶✳ ❙❡✐❡♥ A,B ⊂ X ♠❡ss❜❛r✳ ❉❛♥♥ ❣✐❧t
‖1A e−tA 1B‖ ≤ e−
d1(A,B)
2
4t e
√
d2(A,B)
2+t2−t
2
(
t
d2(A,B)+
√
d2(A,B)2+t2
) d2(A,B)
2
≤ e− d1(A,B)
2
4t
(
e t
d2(A,B)+t
) d2(A,B)
2
.
✽✹
✺✳✻ ❊✐♥❡ s✐♥❣✉❧är❡ ❉✐✛✉s✐♦♥ ❛✉❢ R
❇❡✇❡✐s✳ ▼✐t ❍✐❧❢❡ ❞❡r ❱❛r✐❛t✐♦♥sr❡❝❤♥✉♥❣ ③❡✐❣t ♠❛♥ ❢ür ❛❧❧❡ ξ, ζ > 0 ✉♥❞ ❛❧❧❡ f ∈
H1([0, 1]) ❞✐❡ ❯♥❣❧❡✐❝❤✉♥❣
ξ(f(0)2 + f(1)2) ≤ 1
ζ
1∫
0
f ′(x)2 dx+ (2ξ + ξ2ζ)
1∫
0
f(x)2 dx. ✭✺✳✻✮
▼✐t ❞✐❡s❡r ❯♥❣❧❡✐❝❤✉♥❣ ✉♥❞ ❈❛✉❝❤②✲❙❝❤✇❛r③ ❡rr❡❝❤♥❡t ♠❛♥ ♥✉♥ ❢ür 0 ≤ u ∈ D(a)
−
∫
X×X
u(x)u(y) dΓ<e−ψ ,eψ> ≤ −
∫
X×X
u(x)2 dΓ<e−ψ ,eψ>
= γ21
∫
X
u(x)2 dx+
eγ2 +e−γ2 −2
2
∑
n∈Z
u(n)2
✭✺✳✻✮
≤
∫
X
u′(x)2 dx+
(
γ21 +
1
4
(eγ2 − e−γ2)2) ∫
X
u(x)2 dx
≤ a(u, u) + γ‖u‖2
♠✐t γ = γ21 + sinh(γ2)
2✳ Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✷ ❧✐❡❢❡rt ♥✉♥
‖1A e−tA 1B‖ ≤ eγt e−γ1d1(A,B)−γ2d2(A,B) .
❲ä❤❧t ♠❛♥ γ1 =
d1(A,B)
2t
✉♥❞ γ2 = 12 ln
(
d2(A,B)+
√
d2(A,B)2+t2
t
)
✱ s♦ ❡r❤ä❧t ♠❛♥ ❞✐❡ ❜❡❤❛✉♣✲
t❡t❡ ❯♥❣❧❡✐❝❤✉♥❣✳
❉❛s ♥ä❝❤st❡ ③✇❡✐ ▲❡♠♠❛t❛ ✇❡r❞❡♥ ❤❡❧❢❡♥✱ ❡✐♥❡ ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ ❢ür a ③✉ ③❡✐❣❡♥✳
▲❡♠♠❛ ✺✳✻✳✷✳ ❙❡✐ θ > 0 ✉♥❞ s❡✐❡♥ an, bn, cn ≥ 0 ♠✐t a1+θ/2n ≤ bncθn ❢ür ❛❧❧❡ n ∈ N✳
❉❛♥♥ ❣✐❧t
(
∑
n∈N
an)
1+θ/2 ≤ (
∑
n∈N
bn)(
∑
n∈N
cn)
θ.
❇❡✇❡✐s✳ ❊s ✐st
(
∑
n∈N
an)
1+θ/2 ≤ (
∑
n∈N
b
2
2+θ
n c
2θ
2+θ
n )
1+θ/2
✉♥❞ ♠✐t ❍ö❧❞❡r s❝❤ät③t ♠❛♥ ✇❡✐t❡r ❛❜
≤
(
(
∑
n∈N
bn)
2
2+θ (
∑
n∈N
c2n)
θ
2+θ
) 2+θ
2
= (
∑
n∈N
bn)(
∑
n∈N
c2n)
θ
2
≤ (
∑
n∈N
bn)(
∑
n∈N
cn)
θ.
✽✺
❑❛♣✐t❡❧ ✺ ❆♥✇❡♥❞✉♥❣❡♥
▲❡♠♠❛ ✺✳✻✳✸✳ ❙❡✐
‖u‖2∞ ≤ sa(u, u) +
1
s
‖u‖2
❢ür ❛❧❧❡ s > 0 ✉♥❞ u ∈ D(a) ❡r❢ü❧❧t✳ ❉❛♥♥ ❡①✐st✐❡rt ❡✐♥❡ ❑♦♥st❛♥t❡ C > 0✱ s♦ ❞❛ss
‖u‖6 ≤ Ca(u, u)‖u‖41
❢ür ❛❧❧❡ u ∈ D(a) ∩ L1(X) ❣✐❧t✳
❇❡✇❡✐s✳ ❙❡✐ r > 0 ❜❡❧✐❡❜✐❣✳ ❉❛♥♥ ❣✐❧t ❢ür 0 6= u ∈ D(a) ∩ L1
‖u‖2 =
∫
|u|2 dx =
∫
|u|≥r
|u|2 dx+
∫
|u|<r
|u|2 dx
≤ ‖u‖2∞|{|u| ≥ r}|+ r
∫
|u|<r
|u| dx
≤ 1
r2
‖u‖2∞‖u‖2 + r‖u‖1
≤ s
r2
a(u, u)‖u‖2 + 1
sr2
‖u‖4 + r‖u‖1.
▼✐t ❞❡r ❲❛❤❧ s = 2
r2
‖u‖2 ❢♦❧❣t ♥✉♥♠❡❤r
‖u‖2 ≤ 2
r4
a(u, u)‖u‖4 + 1
2
‖u‖2 + r‖u‖1
≤ 4
r4
a(u, u)‖u‖4 + 2r‖u‖1.
❉❛s ▲❡♠♠❛ ✹✳✸✳✼ ❧✐❡❢❡rt ❛❧s♦
‖u‖10 ≤ Ca(u, u)‖u‖41‖u‖4
✉♥❞ s♦♠✐t
‖u‖6 ≤ Ca(u, u)‖u‖41
❢ür ❡✐♥❡ ♣❛ss❡♥❞❡ ❑♦♥st❛♥t❡ C > 0✳
▼✐t ❍✐❧❢❡ ❞✐❡s❡r ▲❡♠♠❛t❛ ❦❛♥♥ ♥✉♥ ❡✐♥❡ ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ ❢ür ❞✐❡ ❋♦r♠ a ❣❡③❡✐❣t
✇❡r❞❡♥✳
Pr♦♣♦s✐t✐♦♥ ✺✳✻✳✹✳ ❊s ❡①✐st✐❡rt ❡✐♥❡ ❑♦♥st❛♥t❡ C > 0✱ s♦ ❞❛ss ❢ür ❛❧❧❡ u ∈ D(a)∩L1(X)
❣✐❧t
‖u‖6 ≤ Ca(u, u)‖u‖41.
✽✻
✺✳✻ ❊✐♥❡ s✐♥❣✉❧är❡ ❉✐✛✉s✐♦♥ ❛✉❢ R
❇❡✇❡✐s✳ ❊s ✐st ❜❡❦❛♥♥t✱ ❞❛ss ❡✐♥ C > 0 ❡①✐st✐❡rt✱ s♦ ❞❛ss ❢ür ❛❧❧❡ u ∈ H1([0, 1])
‖u‖6‖u‖−41 ≤ C(‖u′‖2 + ‖u‖2).
❉✐❡s ❢♦❧❣t ③✳❇✳ ❛✉s ❬❉❛✈✾✵✱ ❚❤❡♦r❡♠ ✷✳✹✳✹✳❪✳ ▼✐t ▲❡♠♠❛ ✺✳✻✳✷ ❢♦❧❣t ❞❛♥♥ ❛✉❝❤
‖u‖6 ≤ Ca1(u, u)‖u‖41
❢ür ❛❧❧❡ u ∈ D(a)✳ ❋ür ❞✐❡ ❣❡✇ü♥s❝❤t❡ ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ ♠✉ss ❛❜❡r ❡t✇❛s ♠❡❤r ❣❡❛r❜❡✐✲
t❡t ✇❡r❞❡♥✿ ❖✛❡♥s✐❝❤t❧✐❝❤ ❣✐❧t ❢ür ❛❧❧❡ u ∈ D(a) ✉♥❞ x, y ∈ X✱ I := [x, y] ∪ [y, x]
|u(x)| ≤ |u(y)|+
∫
X∩I
|u′(z)| dz +
∑
n∈Z,[2n−1,2n]⊂I
|u(2n)− u(2n− 1)|.
◗✉❛❞r✐❡r❡♥ ❧✐❡❢❡rt
|u(x)|2 ≤ 3|u(y)|2 + 3m(X ∩ I)
∫
X∩I
|u′(z)|2 dz + . . .
· · ·+ 3#{n ∈ Z | [2n− 1, 2n] ⊂ I}
∑
n∈Z,[2n−1,2n]⊂I
|u(2n)− u(2n− 1)|2.
■st |x− y| ≤ r✱ s♦ ❣✐❧t
|u(x)|2 ≤ 3|u(y)|2 + 3r
∫
X∩I
|u′(z)|2 dz + 3r
∑
n∈Z,[2n−1,2n]⊂I
|u(2n)− u(2n− 1)|2
≤ 3|u(y)|2 + 3ra(u, u).
■♥t❡❣r✐❡rt ♠❛♥ ❞✐❡s❡ ❯♥❣❧❡✐❝❤✉♥❣ ❜❡③ü❣❧✐❝❤ y ü❜❡r [x− r, x+ r] ∩X✱ s♦ ❢♦❧❣t
r|u(x)|2 ≤ 3‖u‖2 + 6r2a(u, u).
❉❡r ❘❡st ❢♦❧❣t ♥✉♥ ♠✐t ▲❡♠♠❛ ✺✳✻✳✸✳
❲✐❡ ❣❡❤❛❜t ❡r❤ä❧t ♠❛♥ ♥✉♥ ❞✐❡ ❑❡r♥❛❜s❝❤ät③✉♥❣✳
Pr♦♣♦s✐t✐♦♥ ✺✳✻✳✺✳ ❊s ❡①✐st✐❡rt ❡✐♥❡ ❑♦♥st❛♥t❡ C > 0✱ s♦ ❞❛ss ❢ür ❞❡♥ ❑❡r♥ kt ❞❡r ③✉
a ❛ss♦③✐✐❡rt❡♥ ❍❛❧❜❣r✉♣♣❡ e−tA ❣✐❧t
0 ≤ kt(x, y) ≤ C t−1/2pt,x,y e−
d1(x,y)
2
4t
(
e t
d2(A,B)+t
) d2(A,B)
2
❢✳ü✳,
♠✐t ❞❡r ❙tör✉♥❣ ♥✐❡❞r✐❣❡r❡r ❖r❞♥✉♥❣
pt,x,y :=
(
1 + d1(x,y)
2
4t
+ (2d2(x, y) + t)
(
ln
(
2d2(x,y)+t
t
))2)1/2
.
✽✼
❑❛♣✐t❡❧ ✺ ❆♥✇❡♥❞✉♥❣❡♥
❇❡✇❡✐s✳ ❆✉s ❞❡r ✈♦r❤❡r✐❣❡♥ Pr♦♣♦s✐t✐♦♥ ❡r❤ä❧t ♠❛♥ ❞✐❡ ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣
‖u‖2+4 ≤ Ca(u, u)‖u‖41
❢ür ❛❧❧❡ u ∈ D(a) ∩ L1✳ ❲✐❡ s❝❤♦♥ ❣❡③❡✐❣t ❣✐❧t
−Γ<e−ψ ,eψ> ≤ a+ γ
♠✐t γ = γ21 + sinh(γ2)
2✳ ❊❜❡♥s♦ ❡rr❡❝❤♥❡t ♠❛♥ ♠✐t ❯♥❣❧❡✐❝❤✉♥❣ ✭✺✳✻✮✱ ❞❛ss ❢ür 0 ≤ u ∈
D(a) ✉♥❞ n ∈ N
−n2
∫
X×X
u(x)2 dµ
(d)
<e−ψ ,eψ> ≤
1
2
a(u, u) + (n2γ21 + 2s+ 2s
2)‖u‖2
♠✐t s := n2 e
γ2 +e−γ2 −2
2
❣✐❧t✳ ■♥s❜❡s♦♥❞❡r❡ ❣✐❧t ❛✉❝❤
−n2
∫
X×X
u(x)2 dµ
(d)
<e−ψ ,eψ> ≤
1
2
a(u, u) + (n2γ21 + n
2γ22 e
γ2 +n4γ42 e
2γ2)‖u‖2
≤ 1
2
a(u, u) + λ ec(n) n‖u‖2
❢ür λ := γ21 + γ
2
2 e
γ2 +γ22 e
2γ2 ✉♥❞ c(n) := ln(2n3)✳ ▼✐t Pr♦♣♦s✐t✐♦♥ ✺✳✶✳✶✵ ❢♦❧❣t ❞❛♥♥ ❢ür
❞❡♥ ❑❡r♥
0 ≤ kt(x, y) ≤ Ct−1/2max(1, (γ21 + γ22 e2γ2)t)1/2 eγt e−γ1d1(x,y)−γ2d2(x,y) ❢✳ü✳
❲ä❤❧t ♠❛♥ γ1 =
d1(x,y)
2t
✉♥❞ γ2 = 12 ln
(
d2(A,B)+
√
d2(A,B)2+t2
t
)
✱ s♦ ❡r❤ä❧t ♠❛♥ ❞✐❡ ❣❡✲
✇ü♥s❝❤t❡ ❆❜s❝❤ät③✉♥❣✳
❇❡♠❡r❦✉♥❣❡♥
❉✐❡ ❆❜s❝❤ät③✉♥❣❡♥ ✐♥ ❞✐❡s❡♠ ❆❜s❝❤♥✐tt ❧❛ss❡♥ s✐❝❤ ❡❜❡♥s♦ ❛✉❢ ❞❛s ❛❧❧❣❡♠❡✐♥❡r❡
❑♦♥③❡♣t ✐♥ ❞❡♥ ❆rt✐❦❡❧♥ ❬❑❑❱❲✵✾✱ ❙❱❪ ü❜❡rtr❛❣❡♥✳ ❉❛ ❞✐❡s❡ ❆❜s❝❤ät③✉♥❣❡♥ ♥❡✉ s✐♥❞✱
✇✉r❞❡ ❤✐❡r ❞❡r ❊✐♥❢❛❝❤❤❡✐t ❤❛❧❜❡r ❞✐❡s❡s ❡✐♥❢❛❝❤❡ ❇❡✐s♣✐❡❧ ❣❡✇ä❤❧t✳
❉✐❡ ❤✐❡r ❜❡✇✐❡s❡♥❡♥ ❆❜s❝❤ät③✉♥❣❡♥ ❦ö♥♥❡♥ ♥✐❝❤t ♠✐t ❞❡♥ ❜❡❦❛♥♥t❡♥ ▼❡t❤♦❞❡♥ ❛✉s
❬❈❑❙✽✼❪ ❡r③✐❡❧t ✇❡r❞❡♥✱ ❞❛ ❞♦rt ✈♦r❛✉s❣❡s❡t③t ✇✐r❞✱ ❞❛ss ❞❛s ❊♥❡r❣✐❡♠❛ß ❜❡③ü❣❧✐❝❤
eψ ✭✐♥ ❧❡✐❝❤t ✈❡rä♥❞❡rt❡r ❋♦r♠✮ ❞✉r❝❤ γm ❜❡s❝❤rä♥❦t ✐st✳ ❲♦❤❧ ✐st ❡s ❛❜❡r ♠ö❣❧✐❝❤✱
❡♥ts♣r❡❝❤❡♥❞ s❝❤✇ä❝❤❡r❡ ❆❜s❝❤ät③✉♥❣❡♥ ③✉ ❡r③✐❡❧❡♥✱ ❞✐❡ ❞✐❡ ▲ü❝❦❡♥ ✉♥❞ ❞❡♥ ❞❛♠✐t
✈❡r❜✉♥❞❡♥❡♥ ❆❜❢❛❧❧ ❞❡r ❍❛❧❜❣r✉♣♣❡ ✐❣♥♦r✐❡r❡♥✳
✽✽
❑❛♣✐t❡❧ ✻
❆✉s❜❧✐❝❦
✻✳✶ Ü❜❡r L1✲❆❜s❝❤ät③✉♥❣❡♥ ❞❡r ❍❛❧❜❣r✉♣♣❡
❖❜❡r❡ ❆❜s❝❤ät③✉♥❣❡♥ ❛♥ ❞❡♥ ❑❡r♥ ❞❡r ❍❛❧❜❣r✉♣♣❡ ❡✐♥❡s ❉✐✛❡r❡♥t✐❛❧♦♣❡r❛t♦rs ③✇❡✐t❡r
❖r❞♥✉♥❣ ✐♠ Rd ❤❛❜❡♥ ✐♥ ❞❡r ▲✐t❡r❛t✉r t②♣✐s❝❤❡r✇❡✐s❡ ❞✐❡ ❋♦r♠
kt(x, y) ≤ Cδt−d/2 e−
d✐♥tr(x,y)
2
4(1+δ)t
✇♦❜❡✐ δ > 0 ✉♥❞ Cδ ❡✐♥❡ ✈♦♥ δ ❛❜❤ä♥❣❡♥❞❡ ❑♦♥st❛♥t❡ ✐st ✭③✳❇✳ ❬❉❛✈✾✵✱ ❚❤❡♦r❡♠ ✸✳✷✳✼✳❪
✉♥❞ ❬❉❛✈✽✼❪✮ ✉♥❞ d✐♥tr ❞✐❡ ✐♥tr✐♥s✐s❝❤❡ ▼❡tr✐❦ ✐st ✭s✐❡❤❡ ❇❡✐s♣✐❡❧ ✺✳✶✳✶✷✮✳ ■♥ ❞✐❡s❡r ❆r❜❡✐t
✇✉r❞❡ ❡✐♥❡ ❜❡ss❡r❡ ❆❜s❝❤ät③✉♥❣ ❞❡r ❋♦r♠
kt(x, y) ≤ Ct−d/2max
(
1,
d✐♥tr(x, y)
2
4t
)
e−
d✐♥tr(x,y)
2
4t
❜❡✇✐❡s❡♥✳✶ ❊r✇❛rt❡♥ ✇ür❞❡ ♠❛♥ ❤✐♥❣❡❣❡♥ ❡✐♥❡ ❆❜s❝❤ät③✉♥❣ ❞❡r ❋♦r♠
kt(x, y) ≤ Ct−d/2 e−
d✐♥tr(x,y)
2
4t .
❉✐❡ ❡rst❡ ❆❜s❝❤ät③✉♥❣ ✇✉r❞❡ ❞✉r❝❤ ❡✐♥❡ ✐t❡r✐❡rt❡ ❆♥✇❡♥❞✉♥❣ ❞❡r ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ ✐♥
Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✶ ❡r③✐❡❧t✳ ❉❡r ❆✉t♦r ✐st ❞❡r ❆♥s✐❝❤t✱ ❞❛ss ❞✐❡ ❡r✇❛rt❡t❡ ❆❜s❝❤ät③✉♥❣
❡rr❡✐❝❤t ✇❡r❞❡♥ ❦❛♥♥✱ ✇❡♥♥ ♠❛♥ st❛tt❞❡ss❡♥ ❞✐❡ ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ ♥✉r ❡✐♥♠❛❧ ❛♥✇❡♥❞❡t
✭Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺✮✳ ❉✐❡s ✇✐r❞ ✐♥ ❆❜s❝❤♥✐tt ✺✳✷ ✈❡r❞❡✉t❧✐❝❤t✳ ❩✉r ❆♥✇❡♥❞✉♥❣ ❞✐❡s❡r ▼❡✲
t❤♦❞❡ ✐st ❡s ❛❜❡r ♥♦t✇❡♥❞✐❣✱ ❡✐♥❡ ❣✉t❡ L1✲❙❝❤r❛♥❦❡ ❛♥ ❞✐❡ ✈❡rä♥❞❡rt❡ ❍❛❧❜❣r✉♣♣❡ e−tAφ
③✉ ❦❡♥♥❡♥✳ ❙♦❧❝❤❡ ❙❝❤r❛♥❦❡♥ ❧❛ss❡♥ s✐❝❤ ✐♠ ❤♦♠♦❣❡♥❡♥ ✭♦❞❡r ❤♦♠♦❣❡♥✐s✐❡r❜❛r❡♥✮ ❘❛✉♠
✉♥❞ ❜❡✐ ♥❛❝❤ ✉♥t❡♥ ❜❡s❝❤rä♥❦t❡♠ P♦t❡♥t✐❛❧ ❡✐♥❢❛❝❤ ♥❛❝❤✇❡✐s❡♥✳ ❙✐♥❞ ❞✐❡s❡ ❇❡❞✐♥❣✉♥❣❡♥
♥✐❝❤t ❡r❢ü❧❧t✱ ✐st ❡✐♥ ◆❛❝❤✇❡✐s ❡✐♥❡r s♦❧❝❤❡♥ ❙❝❤r❛♥❦❡ ✇❡s❡♥t❧✐❝❤ s❝❤✇✐❡r✐❣❡r✱ ❞❛ ❞❛♥♥
✐♠ ❆❧❧❣❡♠❡✐♥❡♥ ❦❡✐♥❡ ❙❝❤r❛♥❦❡ ❞❡r ❋♦r♠ ‖ e−tAφ ‖1 ≤ eωt ❡①✐st✐❡rt✳ ❙❛t③ ✷✳✷✳✽ ❧✐❡❢❡rt ❡✐♥
❑r✐t❡r✐✉♠ ❢ür ❛❧❧❣❡♠❡✐♥❡r❡ ❙❝❤r❛♥❦❡♥ ❛♥ ❞✐❡ L1✲◆♦r♠ ❡✐♥❡r ❍❛❧❜❣r✉♣♣❡✱ ❛❧❧❡r❞✐♥❣s ✐st
❡s ❞❡♠ ❆✉t♦r ♥✐❝❤t ❣❡❧✉♥❣❡♥✱ ❞❛r❛✉s ❡✐♥ ❛♥✇❡♥❞❜❛r❡s ❑r✐t❡r✐✉♠ ③✉ ❢♦r♠✉❧✐❡r❡♥✳ ❍✐❡r
❜✐❡t❡♥ s✐❝❤ ✇❡✐t❡r❡ ❋♦rs❝❤✉♥❣s♠ö❣❧✐❝❤❦❡✐t❡♥✳
✶❉❛✈✐❡s ❡r✇ä❤♥t❡ ✐♥ ❬❉❛✈✾✵✱ ◆♦t❡ ✸✳✷✳✶✵✳❪✱ ❞❛ss ❡✐♥❡ ❜❡ss❡r❡ ❆❜s❝❤ät③✉♥❣ ♠ö❣❧✐❝❤ ✐st ❞✉r❝❤ ❡✐♥❡
❣❡♥❛✉❡ ❇❡tr❛❝❤t✉♥❣ ❞❡s ❩✉s❛♠♠❡♥❤❛♥❣s ③✇✐s❝❤❡♥ Cδ ✉♥❞ δ✳ ❉❛ss ❞✐❡s ♥✐❝❤t ♥♦t✇❡♥❞✐❣ ✐st✱ ③❡✐❣t
❞❡r ❡♥ts♣r❡❝❤❡♥❞❡ ❇❡✇❡✐s ✐♥ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✶✳
✽✾
❑❛♣✐t❡❧ ✻ ❆✉s❜❧✐❝❦
✻✳✷ ❱❡r❛❧❧❣❡♠❡✐♥❡r✉♥❣ ✈♦♥ ❉❛✈✐❡s✬ ▼❡t❤♦❞❡
❆♥st❡❧❧❡ ✈♦♥ φ−1 e−tA φ ❦❛♥♥ ♠❛♥ ❛✉❝❤ ❞❡♥ ❆✉s❞r✉❝❦ φ1 e−tA φ2 ❜❡tr❛❝❤t❡♥ ✭♠✐t φ1, φ2 ∈
L∞✱ s♦ ❞❛ss φ−11 , φ
−1
2 ∈ L∞ ✉♥❞ φ1 6= φ−12 ❣✐❧t✮✳ ❙♦❧❝❤ ❡✐♥ ❆✉s❞r✉❝❦ ❜❡s✐t③t ❦❡✐♥❡ ❍❛❧❜✲
❣r✉♣♣❡♥str✉❦t✉r✱ ❞✐❡ ▼❡t❤♦❞❡♥ ③✉♠ ◆❛❝❤✇❡✐s ✈♦♥ ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät ❜❛s✐❡r❡♥ ❛❜❡r
✇❡s❡♥t❧✐❝❤ ❛✉❢ ❞✐❡s❡r✳ ❊s ❣✐❧t ❛❧❧❡r❞✐♥❣s
‖φ1 e−tA φ2‖1→∞ = sup
f∈L1,f 6=0
‖φ1 e−tA φ2f‖∞
‖f‖1
= sup
f∈L1,f 6=0
‖φ1 e−tA φ2φ−11 φ−12 f‖∞
‖φ−11 φ−12 f‖1
= sup
f∈L1,f 6=0
‖φ1 e−tA φ−11 f‖∞,m′
‖f‖1,m′
= ‖φ1 e−tA φ−11 ‖1→∞,m′ .
❉❛❜❡✐ ❜❡③❡✐❝❤♥❡t ‖ · ‖1,m′ ❞✐❡ ◆♦r♠ ✐♥ L1(X,m′) ♠✐t m′ := φ−11 φ−12 m ✉♥❞ ❡♥ts♣r❡❝❤❡♥❞
‖ · ‖1→∞,m′ ✳ ❉✐❡s ❜❡❞❡✉t❡t✱ ❞❛ss φ1 e−tA φ2 ❞✐❡ s❡❧❜❡ ❯❧tr❛❦♦♥tr❛❦t✐✈✐täts♥♦r♠ ❜❡s✐t③t
✇✐❡ φ1 e−tA φ−11 ❜❡③ü❣❧✐❝❤ ❞❡s ▼❛ß❡s m
′✳ ❉❛ φ1 e−tA φ−11 ❡✐♥❡ ❍❛❧❜❣r✉♣♣❡ ✐st✱ ❧❛ss❡♥ s✐❝❤
❞✐❡ ❜❡❦❛♥♥t❡♥ ❚❡❝❤♥✐❦❡♥ ❞❛r❛✉❢ ❛♥✇❡♥❞❡♥✳ ❉❡r ❛ss♦③✐✐❡rt❡ ❖♣❡r❛t♦r ✐st φ1Aφ
−1
1 ✉♥❞ ❞✐❡
③✉❣❡❤ör✐❣❡ ❋♦r♠ ✭✐♥ L2(X,m′)✮ ✐st ✭❡rst♠❛❧ r❡✐♥ s②♠❜♦❧✐s❝❤✮
(φ1Aφ
−1
1 u, v)m′ = (Aφ
−1
1 u, φ
−1
2 v)m = a(φ
−1
1 u, φ
−1
2 v) =: aφ1,φ2(u, v).
❉✐❡ ❡♥ts♣r❡❝❤❡♥❞ ❜❡♥öt✐❣t❡ ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ ❧❛✉t❡t ❞❛♥♥ ✭❜✐s ❛✉❢ ❑♦♥st❛♥t❡♥✮
‖u‖2+θ2,m′ ≤ ℜaφ1,φ2(u, u)‖u‖θ1,m′
♦❞❡r ❛♥❞❡rs ❢♦r♠✉❧✐❡rt
‖u‖2+θ ≤ ℜa(φ−1/21 φ1/22 u, φ1/21 φ−1/22 u)‖(φ1φ2)−1/2u‖1.
❊✐♥ ❙♣❡③✐❛❧❢❛❧❧ ❤✐❡r✈♦♥ ✐st φ1 = φ2 =: φ✳ ■♥ ❞✐❡s❡♠ ❋❛❧❧ ✈❡r❡✐♥❢❛❝❤t s✐❝❤ ❞✐❡ ❜❡♥öt✐❣t❡
◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣ ③✉
‖u‖2+θ ≤ ℜa(u, u)‖φ−1u‖1.
■♥ ❞❡r ❚❛t ✇✐r❞ ❢ür ▼❛r❦♦✈✲❍❛❧❜❣r✉♣♣❡♥ ✉♥t❡r ❡✐♥❡r ③✉sät③❧✐❝❤❡♥ ❇❡❞✐♥❣✉♥❣ ❛♥ φ ✐♥
❬❇❇●▼✶✵❪ ❡✐♥❡ ❆❜s❝❤ät③✉♥❣ ❛♥ ❞❡♥ ❑❡r♥ ❞❡r ❍❛❧❜❣r✉♣♣❡ ❞❡r ❋♦r♠
kt(x, y) ≤ c(t)φ−1(x)φ−1(y)
❜❡✇✐❡s❡♥✳ ❆✉❝❤ ❬❉❛✈✾✵✱ ❑❛♣✐t❡❧ ✹❪ ❜❡s❝❤ä❢t✐❣t s✐❝❤ ♠✐t ❞❡r❛rt✐❣❡♥ ❍❛❧❜❣r✉♣♣❡♥✳
❇❡tr❛❝❤t❡t ♠❛♥ ♥✉♥ ❞❡♥ ❛❧❧❣❡♠❡✐♥❡r❡♥ ❆♥s❛t③✱ s♦ ❡r❣❡❜❡♥ s✐❝❤ s✐❝❤❡r ✈✐❡❧❢ä❧t✐❣❡ ▼ö❣✲
❧✐❝❤❦❡✐t❡♥ ♥❡✉❡ ❆❜s❝❤ät③✉♥❣❡♥ ❛♥ ❞✐❡ ❑❡r♥❡ ✈♦♥ ❍❛❧❜❣r✉♣♣❡♥ ③✉ ❡r③✐❡❧❡♥✳
✾✵
✻✳✸ ❩✉❧äss✐❣❦❡✐t ✈♦♥ φ
✻✳✸ ❩✉❧äss✐❣❦❡✐t ✈♦♥ φ
❉✐❡ ❇❡❞✐♥❣✉♥❣ ❞❡r ❩✉❧äss✐❣❦❡✐t ❛♥ φ ❢ür ❞✐❡ ❆♥✇❡♥❞✉♥❣ ✈♦♥ ❉❛✈✐❡s✬ ▼❡t❤♦❞❡ ③✐❡❧t ❞❛r✲
❛✉❢ ❛❜✱ ❞❛ss ❞✐❡ ❣❡stört❡ ❋♦r♠ aφ(u, v) s✐❝❤ ❛❧s a(φu, φ−1v) ❡r❣✐❜t✳ ❉✐❡s ✐st ♥♦t✇❡♥❞✐❣✱
✉♠ ❣✉t ♠✐t ❞❡r ❣❡stört❡♥ ❋♦r♠ r❡❝❤♥❡♥ ③✉ ❦ö♥♥❡♥✳ ◆♦t✇❡♥❞✐❣ ❢ür ❞✐❡ ❆♥✇❡♥❞✉♥❣ ✈♦♥
❉❛✈✐❡s✬ ▼❡t❤♦❞❡ ❛♥ s✐❝❤✱ ✐st ❞✐❡ ❩✉❧äss✐❣❦❡✐t ♥✐❝❤t✳ ❙✐♥❞ φ ✉♥❞ φ−1 ③✇❡✐ st❡t✐❣❡ ▼✉❧t✐✲
♣❧✐❦❛t✐♦♥s♦♣❡r❛t♦r❡♥✱ s♦ ❜✐❧❞❡t φ−1 e−tA φ ❡✐♥❡ st❛r❦ st❡t✐❣❡ ❍❛❧❜❣r✉♣♣❡ ✉♥❞ ❡s ❡①✐st✐❡rt
❞❡r ❞❛③✉ ❛ss♦③✐✐❡rt❡ ❖♣❡r❛t♦r Aφ = φ−1Aφ ✉♥❞ ❡❜❡♥❢❛❧❧s ❡✐♥❡ ❞❛③✉ ❛ss♦③✐✐❡rt❡ ❙❡sq✉✐✲
❧✐♥❡❛r❢♦r♠ aφ✳ ❉✐❡ ③✉sät③❧✐❝❤❡♥ ❇❡❞✐♥❣✉♥❣❡♥ st❡❧❧❡♥ ✈♦r ❛❧❧❡♠ s✐❝❤❡r✱ ❞❛ss aφ s❡❦t♦r✐❡❧❧
✐st ✉♥❞ ❞❡♥ ❣❧❡✐❝❤❡♥ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ✇✐❡ a ❤❛t✳
■♥s❜❡s♦♥❞❡r❡ ❞✐❡ ❇❡❞✐♥❣✉♥❣ φ > 0 ✐st ♥✐❝❤t ♥öt✐❣✱ ❛✉❝❤ ✇❡♥♥ s✐❡ ❢ür ❛❧❧❡ ✐♥ ❞✐❡s❡r
❆r❜❡✐t ❣❡♥❛♥♥t❡♥ ❇❡✐s♣✐❡❧❡ ♥❛tür❧✐❝❤ ✐st✳ ❉❛ss ❡✐♥ ❦♦♠♣❧❡①❡s φ ❤✐❧❢r❡✐❝❤ s❡✐♥ ❦❛♥♥✱ ③❡✐❣t
❞✐❡s❡s ❇❡✐s♣✐❡❧✿ ❙❡✐ X := R ♠✐t ❞❡♠ ▲❡❜❡s❣✉❡✲▼❛ß m ✉♥❞ 0 6= α ∈ C✳ ▼❛♥ ❜❡tr❛❝❤t❡
✐♠ L2(X,m) ❞✐❡ ❋♦r♠
a(u, v) :=
∫
R\{0}
u′(x)v′(x) dx
♠✐t ❞❡♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤
D(a) := {u ∈ L2(X) | u ∈ H1(−∞, 0), u ∈ H1(0,∞), u(0−) = αu(0+)}.
❉❡✜♥✐❡r❡
φ(x) :=
{
α : x < 0
1 : x ≥ 0 .
❉❛♥♥ ✐st φ−1 e−tA φ ❞✐❡ s❡❤r ❣✉t ❜❡❦❛♥♥t❡ ❍❛❧❜❣r✉♣♣❡ et△✳
✾✶

❆♥❤❛♥❣ ❆
❑♦♠♣❧❡①❡ ▼❛ß❡
❑♦♠♣❧❡①❡ ▼❛ß❡ s♣✐❡❧❡♥ ❢ür ✈✐❡❧❡ ❆♥✇❡♥❞✉♥❣s❣❡❜✐❡t❡ ❡✐♥❡ ✇✐❝❤t✐❣❡ ❘♦❧❧❡✳ ❆✉❝❤ ✐♥ ❞✐❡s❡r
❆r❜❡✐t st❡❧❧t ❞✐❡s❡r ❇❡❣r✐✛ ❡✐♥ ✇✐❝❤t✐❣❡s ▼✐tt❡❧ ❞❛r✱ ✉♥t❡r ❛♥❞❡r❡♠ ✉♠ ❡✐♥❡♥ ❇❡❣r✐✛ ❞❡s
❊♥❡r❣✐❡♠❛ß❡s ✈♦♥ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ③✉ ❞❡✜♥✐❡r❡♥ ✉♥❞ ✐♠ ❇❡✇❡✐s ❞❛❢ür✱ ❞❛ss ✉❧tr❛❦♦♥✲
tr❛❦t✐✈❡ ❖♣❡r❛t♦r❡♥ ❡✐♥❡♥ ❑❡r♥ ❜❡s✐t③❡♥✳
■♥ ❞❡r ▲✐t❡r❛t✉r ✇❡r❞❡♥ s✐❣♥✐❡rt❡ ▼❛ß❡ ✭❛❧s ❙♣❡③✐❛❧❢❛❧❧ ❞❡r ❦♦♠♣❧❡①❡♥ ▼❛ß❡✮ ♥✉r ❛❧s
❤❛❧❜❜❡s❝❤rä♥❦t❡ ▼❛ß❡ ❜❡❤❛♥❞❡❧t ✉♥❞ ❦♦♠♣❧❡①❡ ▼❛ß❡ ♠❡✐st ♥✉r ❛❧s ❡♥❞❧✐❝❤❡ ▼❛ß❡ ✭s✐❡✲
❤❡ ③✳❇✳ ❬❘✉❞✾✾❪✮✱ ✉♠ ❞❡♥ Pr♦❜❧❡♠❡♥ ✐♥ ❩✉s❛♠♠❡♥❤❛♥❣ ♠✐t ✉♥❡♥❞❧✐❝❤❡♥ ❙✉♠♠❡♥ ❛✉s
❞❡♠ ❲❡❣❡ ③✉ ❣❡❤❡♥✳ ❉❛ ✐♥ ❞❡♥ ❆♥✇❡♥❞✉♥❣❡♥✱ ✇✐❡ ❛✉❝❤ ✐♥ ❞✐❡s❡r ❆r❜❡✐t✱ ❛❜❡r ✉♥❡♥❞✲
❧✐❝❤❡ ❦♦♠♣❧❡①❡ ▼❛ß❡ ❜❡♥öt✐❣t ✇❡r❞❡♥✱ s♦❧❧ ❤✐❡r ❡✐♥ ♥❡✉❡r ❇❡❣r✐✛ ❞❡s ❦♦♠♣❧❡①❡♥ ▼❛ß❡s
❞❡✜♥✐❡rt ✇❡r❞❡♥✱ ❞❡r ❦♦❤är❡♥t ♠✐t ❞❡♠ ❦❧❛ss✐s❝❤❡♥ ▼❛ß❜❡❣r✐✛ ✐st✳
❉✐❡s❡r ❇❡❣r✐✛ ❞❡s ❦♦♠♣❧❡①❡♥ ▼❛ß❡s ✐st ♠♦t✐✈✐❡rt ❞✉r❝❤ ❆✉s❞rü❝❦❡ ❞❡r ❋♦r♠ fν✱ ✇♦❜❡✐
f ❡✐♥❡ ♠❡ss❜❛r❡ ❦♦♠♣❧❡①❡ ❋✉♥❦t✐♦♥ ✐st ✉♥❞ ν ❡✐♥ ✭♣♦s✐t✐✈❡s✮ ▼❛ß✳ ❯♠ ❞❛r❛✉❢ ❛✉❢❜❛✉❡♥❞
❞❡♥ ❇❡❣r✐✛ ❞❡s ❦♦♠♣❧❡①❡♥ ▼❛ß❡s ③✉ ❞❡✜♥✐❡r❡♥✱ ✇✐r❞ ❞❡♠ ❙②♠❜♦❧ ✒∞✏ ❞✐❡ ♥❡✉❡ ❇❡❞❡✉✲
t✉♥❣ ✒♥✐❝❤t ❛❜s♦❧✉t s✉♠♠✐❡r❜❛r✏ ❣❡❣❡❜❡♥ ✉♥❞ ❞❡r ❇❡❣r✐✛ ❞❡r σ✲❆❞❞✐t✐✈✐tät ❡♥ts♣r❡❝❤❡♥❞
❛♥❣❡♣❛sst✳ ◆❛❝❤ ❞❡♥ ❉❡✜♥✐t✐♦♥❡♥ ✉♥❞ ❞✐❡s❡♠ ❣r✉♥❞❧❡❣❡♥❞❡♥ ❇❡✐s♣✐❡❧ ❢♦❧❣❡♥ ❆✉ss❛❣❡♥
ü❜❡r ❞✐❡ ❱❛r✐❛t✐♦♥ ❡✐♥❡s ▼❛ß❡s✱ ❞✐❡ P♦❧❛r❞❛rst❡❧❧✉♥❣ ✉♥❞ ❞✐❡ ❙✉♠♠❡ ③✇❡✐❡r ❦♦♠♣❧❡①❡r
▼❛ß❡✳ ❩✉❧❡t③t ✇✐r❞ ♥♦❝❤ ❡✐♥ ❊r✇❡✐t❡r✉♥❣ss❛t③ ❢ür ❦♦♠♣❧❡①❡ ■♥❤❛❧t❡ ❜❡✇✐❡s❡♥✳
❙❡✐ A ❡✐♥❡ σ✲❆❧❣❡❜r❛ ü❜❡r X✳ ❊✐♥ ❦♦♠♣❧❡①❡s ▼❛ß ✐st ❡✐♥❡ ▼❡♥❣❡♥❢✉♥❦t✐♦♥ µ : A →
C ∪ {∞}✱ ❞✐❡ ❢♦❧❣❡♥❞❡ ❊✐❣❡♥s❝❤❛❢t❡♥ ❡r❢ü❧❧t✿
• µ(∅) = 0✱
• σ✲❆❞❞✐t✐✈✐tät✿ µ( ·∪∞n=1En) =
{∑∞
n=1 µ(En) :
∑∞
n=1 |µ|(En) <∞
∞ : s♦♥st.
❉❛❜❡✐ ✐st
|µ|(E) := sup
E= ·∪ni=1Ei
n∑
i=1
|µ(Ei)|,
✇♦❜❡✐ ❞❛s ❙✉♣r❡♠✉♠ ü❜❡r ❛❧❧❡ ✭♠❡ss❜❛r❡♥✮ ❡♥❞❧✐❝❤❡♥ P❛rt✐t✐♦♥❡♥ ✈♦♥ E ❣❡❜✐❧❞❡t ✇✐r❞✳
µ ❤❡✐ßt σ✲❡♥❞❧✐❝❤✱ ❢❛❧❧s |µ| σ✲❡♥❞❧✐❝❤ ✐st✳
❇❡✐s♣✐❡❧ ❆✳✶✳ ❙❡✐ ν ❡✐♥ ▼❛ß ❛✉❢ A ✉♥❞ f : X → C ♠❡ss❜❛r✳ ❉❛♥♥ ✐st fν ❡✐♥ ❦♦♠♣❧❡①❡s
▼❛ß✱
(fν)(E) :=
{∫
E
f dν : ■♥t❡❣r❛❧ ❡①✐st✐❡rt ✉♥❞ ✐st ❡♥❞❧✐❝❤
∞ : s♦♥st✳
✾✸
❆♥❤❛♥❣ ❆ ❑♦♠♣❧❡①❡ ▼❛ß❡
❇❡✇❡✐s✳ ❉✐❡s ❢♦❧❣t ❛✉s ❞❡r σ✲❆❞❞✐t✐✈✐tät ❞❡s ■♥t❡❣r❛❧s✳
❊✐♥❡ ♠❡ss❜❛r❡ ❋✉♥❦t✐♦♥ u : X → C ❤❡✐ßt ✐♥t❡❣r✐❡r❜❛r ❜❡③ü❣❧✐❝❤ ❡✐♥❡s ❦♦♠♣❧❡①❡♥
▼❛ß❡s µ = fν ♠✐t ❡✐♥❡r ♠❡ss❜❛r❡♥ ❋✉♥❦t✐♦♥ f ✉♥❞ ❡✐♥❡♠ ▼❛ß ν✱ ❢❛❧❧s uf ❜❡③ü❣❧✐❝❤ ν
✐♥t❡❣r✐❡r❜❛r ✐st✳ ❉❡✜♥✐❡r❡ ❞❛s ■♥t❡❣r❛❧∫
X
u dfν :=
∫
X
uf dν.
❉❛s ■♥t❡❣r❛❧ ✐st ✉♥❛❜❤ä♥❣✐❣ ✈♦♥ ❞❡r ❉❛rst❡❧❧✉♥❣✿ ❙❡✐❡♥ ν1 ✉♥❞ ν2 ③✇❡✐ ▼❛ß❡ ❛✉❢ A✱
f1 ✉♥❞ f2 ③✇❡✐ ♠❡ss❜❛r❡ ❦♦♠♣❧❡①✇❡rt✐❣❡ ❋✉♥❦t✐♦♥❡♥ ❛✉❢ X ✉♥❞ f1ν1 = f2ν2✳ ❉❛♥♥ ❣✐❧t∫
X
uf1 dν1 =
∫
X
uf2 dν2
❢ür ❛❧❧❡ f1ν1✲ ♦❞❡r f2ν2✲✐♥t❡❣r✐❡r❜❛r❡♥ ♠❡ss❜❛r❡♥ ❋✉♥❦t✐♦♥❡♥ u✳
❇❡✇❡✐s✳ ❖✳❇✳❞✳❆✳ s✐♥❞ u, f1, f2 6= 0✱ s♦♥st s❝❤rä♥❦t ♠❛♥ s✐❝❤ ❛✉❢ ❞❛s ❡♥ts♣r❡❝❤❡♥❞❡
●❡❜✐❡t ❡✐♥ ✭✐st E ♠❡ss❜❛r ✉♥❞ f1 = 0 ❛✉❢ E✱ s♦ ❣✐❧t ν2({x ∈ E | f2(x) 6= 0}) = 0✮✳
❙❡✐ u ❜❡③ü❣❧✐❝❤ f1ν1 ✐♥t❡❣r✐❡r❜❛r✱ ❞✳❤✳ uf1 ✐st ❜❡③ü❣❧✐❝❤ ν1 ✐♥t❡❣r✐❡r❜❛r✳ ❆❧s♦ ✐st ν1
σ✲❡♥❞❧✐❝❤✳ ❲❡✐t❡r❤✐♥ ✐st ν2 ❛❜s♦❧✉tst❡t✐❣ ❜❡③ü❣❧✐❝❤ ν1 ✉♥❞ s♦♠✐t ❜❡s✐t③t ν2 ❡✐♥❡ ❉✐❝❤t❡
n2 ❜❡③ü❣❧✐❝❤ ν1✳ ❊s ❣✐❧t ❢ür ❛❧❧❡ ♠❡ss❜❛r❡♥ ▼❡♥❣❡♥ E ⊂ X✱ ❛✉❢ ❞❡♥❡♥ f1 ❜❡③ü❣❧✐❝❤ ν1
✐♥t❡❣r✐❡r❜❛r ✐st ∫
E
f1 dν1 =
∫
E
f2 dν2 =
∫
E
f2n1 dν1.
❆❧s♦ ✐st f2n1 = f1✱ ν1✲❢✳ü✳ ❯♥t❡r ❆♥✇❡♥❞✉♥❣ ❞❡r ❉❡✜♥✐t✐♦♥❡♥ ❢♦❧❣t ♥✉♥✱ ❞❛ss u ❜❡③ü❣❧✐❝❤
f2ν2 ✐♥t❡❣r✐❡r❜❛r ✐st✱ ✉♥❞ ❞✐❡ ●❧❡✐❝❤❤❡✐t ❞❡r ■♥t❡❣r❛❧❡✳
Pr♦♣♦s✐t✐♦♥ ❆✳✷✳ ❙❡✐ µ ❡✐♥ ❦♦♠♣❧❡①❡s ▼❛ß✳ ❉❛♥♥ ✐st |µ| : A → [0,∞] ❡✐♥ ▼❛ß✳
❇❡✇❡✐s✳ ❲✐❡ ♠❛♥ s❝❤♥❡❧❧ s✐❡❤t✱ ❣✐❧t ❢ür ❛❧❧❡ E ∈ A
|µ|(E) = sup
E= ·∪∞i=1Ei
∞∑
i=1
|µ(Ei)|.
❙❡✐ F = ·∪∞n=1Fn✱ Fn ∈ A✳ ❖✛❡♥s✐❝❤t❧✐❝❤ ❣✐❧t
|µ|(F ) ≥
∞∑
n=1
|µ|(Fn).
❯♠❣❡❦❡❤rt ❡rr❡❝❤♥❡t ♠❛♥
|µ|(F ) = sup
F= ·∪ni=1Ei
n∑
i=1
|µ(Ei)| ≤ sup
F= ·∪ni=1Ei
n∑
i=1
∞∑
j=1
|µ|(Ei ∩ Fj),
✾✹
❞❡♥♥ ♠✐t ❞❡r σ✲❆❞❞✐t✐✈✐tät ✐st ❢ür ❡✐♥ i ∈ N
∞∑
j=1
|µ|(Ei ∩ Fj) =∞
♦❞❡r ❢ür ❛❧❧❡ i ∈ N
µ(Ei) =
∞∑
j=1
µ(Ei ∩ Fj).
❙♦♠✐t ❣✐❧t ✇❡✐t❡r
|µ|(F ) ≤ sup
F= ·∪ni=1Ei
∞∑
j=1
n∑
i=1
|µ|(Ei ∩ Fj) ≤
∞∑
j=1
|µ|(Fj).
❙♦♠✐t ✐st |µ| σ✲❛❞❞✐t✐✈✱ ✇♦r❛✉s ❞✐❡ ❇❡❤❛✉♣t✉♥❣ ❢♦❧❣t✳
Pr♦♣♦s✐t✐♦♥ ❆✳✸✳ ❙❡✐ µ ❡✐♥ ❦♦♠♣❧❡①❡s✱ σ✲❡♥❞❧✐❝❤❡s ▼❛ß✳ ❉❛♥♥ ❡①✐st✐❡rt ❡✐♥❡ ♠❡ss❜❛r❡
❋✉♥❦t✐♦♥ f : X → C ♠✐t |f | = 1✱ s♦ ❞❛ss µ = f |µ| ❣✐❧t✳✶
❇❡✇❡✐s✳ ❉❡✜♥✐❡r❡ ❢ür α ∈ C✱ E ∈ A ♠✐t |µ|(E) <∞
µα(E) := sup
E= ·∪ni=1Ei
n∑
i=1
(ℜαµ(Ei))+ = sup
E⊃ ·∪ni=1Ei
n∑
i=1
ℜαµ(Ei).
µα ✐st σ✲❛❞❞✐t✐✈✿ ❙❡✐ F = ·∪∞j=1Fj ✉♥❞ |µ|(F ) <∞✳ ❉❛♥♥ ❣✐❧t
∞∑
j=1
µα(Fj) =
∞∑
j=1
sup
Fj⊃ ·∪ni=1Eji
n∑
i=1
ℜαµ(Eji ) = sup
Fj⊃ ·∪ni=1Eji
∞∑
j=1
n∑
i=1
ℜαµ(Eji )
= sup
Fj⊃ ·∪ni=1Eji
n∑
i=1
ℜαµ(∪jEji ) = sup
F⊃ ·∪ni=1Ei
n∑
i=1
ℜαµ(Ei).
❲❡❣❡♥ ❞❡s ❙✉♣r❡♠✉♠s ❦ö♥♥❡♥ ❛❧❧❡ ❙✉♠♠❛♥❞❡♥ ❛❧s ♣♦s✐t✐✈ ❛♥❣❡s❡❤❡♥ ✇❡r❞❡♥ ✭✉♥❞ ❞✐❡
❙✉♠♠❡♥ s♦♠✐t ❛❧s ❛❜s♦❧✉t s✉♠♠✐❡r❜❛r✮✳
▼✐t ❞❡r σ✲❊♥❞❧✐❝❤❦❡✐t ✈♦♥ |µ| ❧ässt s✐❝❤ µα ❡✐♥❞❡✉t✐❣ ❛✉❢ A ❢♦rts❡t③❡♥✳ ◆✉♥ ❣✐❧t ❢ür
E ∈ A✿ ■st ❡✐♥❡r ❞❡r ❲❡rt❡ µ1(E)✱ µ−1(E)✱ µi(E) ♦❞❡r µ−i(E) ✉♥❡♥❞❧✐❝❤✱ s♦ ✐st |µ|(E)
✉♥❡♥❞❧✐❝❤ ✉♥❞ ❞❛♠✐t µ(E) = ∞✳ ❙✐♥❞ ❛❧❧❡ ❲❡rt❡ µ1(E)✱ µ−1(E)✱ µi(E) ✉♥❞ µ−i(E)
❡♥❞❧✐❝❤✱ s♦ ✐st ❛✉❝❤ |µ|(E) ❡♥❞❧✐❝❤ ✉♥❞ ❡s ❣✐❧t
µ(E) = µ1(E)− µ−1(E)− iµi(E) + iµ−i(E).
✭❉✐❡ ❆✉❢t❡✐❧✉♥❣ ✐♥ ❘❡❛❧✲ ✉♥❞ ■♠❛❣✐♥ärt❡✐❧ ✐st s✐♠♣❡❧✱ ❞✐❡ ❆✉❢s♣❛❧t✉♥❣ ❞✐❡s❡r ❚❡✐❧❡ ✐♥
P♦s✐t✐✈✲ ✉♥❞ ◆❡❣❛t✐✈t❡✐❧ ❢♦❧❣t ❛✉s ❞❡r ❜❡❦❛♥♥t❡♥ ❚❤❡♦r✐❡ ❡♥❞❧✐❝❤❡r s✐❣♥✐❡rt❡r ▼❛ß❡✳✮ ❉❛
✶❊r❣ä♥③✉♥❣✿ ■♥s❜❡s♦♥❞❡r❡ ❜❡s✐t③❡♥ ❛❧❧❡ ♣♦s✐t✐✈❡♥ ▼❛ß❡✱ ❛❧❧❡ ❤❛❧❜✲❜❡s❝❤rä♥❦t❡♥ s✐❣♥✐❡rt❡♥ ▼❛ß❡ ✉♥❞
❛❧❧❡ ❜❡s❝❤rä♥❦t❡♥ ❦♦♠♣❧❡①❡♥ ▼❛ß❡ ❡✐♥❡ s♦❧❝❤❡ ❉❛rst❡❧❧✉♥❣✳
✾✺
❆♥❤❛♥❣ ❆ ❑♦♠♣❧❡①❡ ▼❛ß❡
❞✐❡ µα ❛❜s♦❧✉tst❡t✐❣ ❜❡③ü❣❧✐❝❤ |µ| s✐♥❞ ✉♥❞ |µ| σ✲❡♥❞❧✐❝❤ ✐st✱ ❜❡s✐t③❡♥ ❞✐❡ µα ❡✐♥❡ ❉✐❝❤t❡
✉♥❞ ❡s ❣✐❧t
µ = f |µ|
❢ür ❡✐♥❡ ♠❡ss❜❛r❡ ❋✉♥❦t✐♦♥ f : X → C✳ ❊✐♥ ❡✐♥❢❛❝❤❡r ❇❡✇❡✐s ③❡✐❣t✱ ❞❛ss ❢ür ❛❧❧❡ ♠❡ss✲
❜❛r❡♥ ▼❡♥❣❡♥ E ⊂ X
|µ|(E) =
∫
E
|f | d|µ|
❣✐❧t✳ ❆❧s♦ ✐st |f | = 1 ❢✳ü✳
Pr♦♣♦s✐t✐♦♥ ❆✳✹✳ ❙❡✐❡♥ µ1 ✉♥❞ µ2 ③✇❡✐ ❦♦♠♣❧❡①❡✱ σ✲❡♥❞❧✐❝❤❡ ▼❛ß❡✳ ❉❛♥♥ ❡①✐st✐❡rt
❣❡♥❛✉ ❡✐♥ ❦♦♠♣❧❡①❡s ▼❛ß µ ♠✐t
µ(E) =
{
µ1(E) + µ2(E) : µ1(E) 6=∞ ✉♥❞ µ2(E) 6=∞
∞ : ❡♥t✇❡❞❡r µ1(E) =∞ ♦❞❡r µ2(E) =∞.
✭❋ür µ1(E) = µ2(E) =∞ ✐st ❞❡r ❲❡rt µ(E) ♥✐❝❤t ❛♥❣❡❣❡❜❡♥✳✮
❇❡✇❡✐s✳ ❩✉❡rst ✇✐r❞ ❞✐❡ ❊①✐st❡♥③ ❣❡③❡✐❣t✿ ❊s ❡①✐st✐❡r❡♥ ③✇❡✐ ♠❡ss❜❛r❡ ❋✉♥❦t✐♦♥❡♥ f1 ✉♥❞
f2 ♠✐t µ1 = f1|µ1| ✉♥❞ µ2 = f2|µ2|✳ ❉❡✜♥✐❡r❡ ν := |µ1| + |µ2|✳ ❉❛s ▼❛ß ν ✐st σ✲❡♥❞❧✐❝❤
✉♥❞ |µ1| ✉♥❞ |µ2| s✐♥❞ ❛❜s♦❧✉tst❡t✐❣ ❜❡③ü❣❧✐❝❤ ν✳ ❙♦♠✐t ❜❡s✐t③❡♥ s✐❡ ❉✐❝❤t❡♥ g1 ✉♥❞ g2✳
❉❛s ▼❛ß µ := (f1g1 + f2g2)ν ❡r❢ü❧❧t ❞❛s ●❡❢♦r❞❡rt❡✳
❉✐❡ ❊✐♥❞❡✉t✐❣❦❡✐t ❢♦❧❣t ❛✉s ❞❡r σ✲❊♥❞❧✐❝❤❦❡✐t✿ ❊s ❡①✐st✐❡rt ❡✐♥❡ ❛❜③ä❤❧❜❛r❡ ❩❡r❧❡❣✉♥❣
X = ∪n∈NXn ♠✐t Xn ∈ A ✉♥❞ |µ1|(Xn)+ |µ2|(Xn) <∞ ❢ür ❛❧❧❡ n ∈ N✳ ❆✉❢ ❞❡♥ ▼❡♥❣❡♥
Xn ✐st ✇❡❣❡♥ ❞❡r ❊♥❞❧✐❝❤❦❡✐t µ ❜❡r❡✐ts ❞✉r❝❤ ❞✐❡ ●❧❡✐❝❤✉♥❣ µ(E) = µ1(E) + µ2(E)
❜❡st✐♠♠t✳
❉✐❡ ♥ä❝❤st❡ Pr♦♣♦s✐t✐♦♥ ❜❡s❝❤r❡✐❜t ❞✐❡ ▼❛ß❡r✇❡✐t❡r✉♥❣❡♥ ❦♦♠♣❧❡①❡r ■♥❤❛❧t❡✳ ❊✐♥ ❦♦♠✲
♣❧❡①❡r ■♥❤❛❧t ✐st ❡✐♥❡ ❛❞❞✐t✐✈❡ ▼❡♥❣❡♥❢✉♥❦t✐♦♥ µ : R → C ❛✉❢ ❡✐♥❡♠ ❘✐♥❣ R ♠✐t
µ(∅) = 0✳ ❋ür ❡✐♥❡♥ ❦♦♠♣❧❡①❡♥ ■♥❤❛❧t µ ❛✉❢ ❡✐♥❡♠ ❘✐♥❣ R ✇✐r❞ |µ| ❞❡✜♥✐❡rt ❛❧s
|µ|(E) := sup
E= ·∪ni=1Ei
n∑
i=1
|µ(Ei)| (E,Ei ∈ R).
▲❡♠♠❛ ❆✳✺✳ ❙❡✐ R ❡✐♥ ❘✐♥❣ ❛✉❢ ❡✐♥❡r ▼❡♥❣❡ X✳ ❙❡✐ ν ❡✐♥ ▼❛ß ❛✉❢ σ(R)✱ ν ❡♥❞❧✐❝❤ ❛✉❢
R ✉♥❞ ❜❡③ü❣❧✐❝❤ R σ✲❡♥❞❧✐❝❤✱ ❞✳❤✳ ❡s ❡①✐st✐❡r❡♥ ▼❡♥❣❡♥ Mi ∈ R✱ s♦ ❞❛ss X = ∪∞i=1Mi✳
❲❡✐t❡r s❡✐ µ ❡✐♥ ❦♦♠♣❧❡①❡r ■♥❤❛❧t ❛✉❢ R ♠✐t |µ| ≤ ν ❛✉❢ R✳
❉❛♥♥ ✐st µ ❡✐♥❞❡✉t✐❣ ❢♦rts❡t③❜❛r ❛✉❢ ❡✐♥ ▼❛ß µ˜ ♠✐t |µ| = |µ˜| ❛✉❢ R ✉♥❞ |µ˜| ≤ ν✳
❇❡✇❡✐s✳ ❉❡✜♥✐❡r❡ ❢ür α ∈ C
µα(E) := sup
E= ·∪ni=1Ei
n∑
i=1
(ℜαµ(Ei))+ = sup
E⊃ ·∪ni=1Ei
∞∑
i=1
ℜαµ(Ei) (E,Ei ∈ R).
✾✻
❉❛ |µ| ≤ ν ✐st✱ ❣✐❧t ❛✉❝❤ µα ≤ |α|ν ✉♥❞ s♦♠✐t ❞✐❡ ❙t❡t✐❣❦❡✐t ✈♦♥ µα ✐♥ ∅✳ ❉❛ ✇❡✐t❡r❤✐♥
ν(M) < ∞ ❢ür ❛❧❧❡ M ∈ R ✐st✱ s✐♥❞ ❞✐❡ µα σ✲❛❞❞✐t✐✈ ✭❬❇❛✉✾✷✱ ❙❛t③ ✸✳✷❪✮✳ ▼✐t ❞❡♠
❊r✇❡✐t❡r✉♥❣ss❛t③ ✈♦♥ ❈❛r❛t❤é♦❞♦r② ❡①✐st✐❡r❡♥ ♥✉♥ ▼❛ß❡r✇❡✐t❡r✉♥❣❡♥ µ˜α ❞❡r µα✳ ❙❡t③❡
µ˜ := µ˜1 − ˜µ−1 − iµ˜i + iµ˜−i.
❊s ❣✐❧t µ˜ = µ ❛✉❢ R✳
❩✉ ③❡✐❣❡♥ ✐st ♥✉♥ |µ| = |µ˜| ❛✉❢ R✳ ❖✛❡♥s✐❝❤t❧✐❝❤ ❣✐❧t |µ| ≤ |µ˜| ≤ 4|µ|✳ ❙❡✐ E ∈ R✱ ǫ > 0
❜❡❧✐❡❜✐❣ ✉♥❞ f ∈ L1(E, |µ˜|) ♠✐t |f | = 1 ✉♥❞ |µ˜|(E) = (fµ˜)(E)✳ L := lin{1F | F ∈ R}
✐st ❞✐❝❤t ✐♥ L1(E, |µ˜|) ✭s✐❡❤❡ ❬❑üt✵✾✱ ❙❛t③ ✶✳✺❪ ♦❞❡r ❛❧s ❡✐♥❢❛❝❤❡ ❋♦❧❣❡r✉♥❣ ✈♦♥ ❬❇❛✉✾✷✱
❆♣♣r♦①✐♠❛t✐♦♥s❡✐❣❡♥s❝❤❛❢t ✭❙❛t③ ✺✳✼✮❪✮✳ ❙♦♠✐t ❡①✐st✐❡rt ❡✐♥ g ∈ L ♠✐t ‖f − g‖1 ≤ ǫ ✉♥❞
|g| ≤ 1✳ ❆❧s♦ ✐st
|µ˜|(E) =
∫
E
f dµ˜ ≤
∣∣∣ ∫
E
g dµ˜
∣∣∣+ ǫ ≤ |µ|(E) + ǫ.
❉✐❡ ❧❡t③t❡ ❯♥❣❧❡✐❝❤✉♥❣ ❢♦❧❣t✱ ❞❛ s✐❝❤ ❞❛s ■♥t❡❣r❛❧ ü❜❡r g ∈ L ♠✐tt❡❧s µ ❞❛rst❡❧❧❡♥ ❧ässt✳
❆❧s ♥ä❝❤st❡s ③❡✐❣t ♠❛♥✿ ♠✐t |µ˜| ≤ ν ❛✉❢ R ❢♦❧❣t ❛✉❝❤ |µ˜| ≤ ν ❛✉❢ σ(R)✿ ❙❡✐ E ∈ σ(R)✳
❉❛ ν ❜③❣❧✳ R σ✲❡♥❞❧✐❝❤ ✐st ❡①✐st✐❡rt ❡✐♥❡ ♠♦♥♦t♦♥ ❢❛❧❧❡♥❞❡ ❋♦❧❣❡ (En) ⊂ R∞✱ R∞ :=
{∪∞n=1Fn | Fn ∈ R} ♠✐t En ⊃ E ✉♥❞ ν(En) →
n→∞
ν(E) ✭s✐❡❤❡ ❬❇❛✉✾✷✱ ❑❛♣✐t❡❧ ✺❪✮✳ ❙♦♠✐t
❣✐❧t
|µ˜|(E) ≤ |µ˜|(En) ≤ ν(En) →
n→∞
ν(E).
◆✉♥ ③✉r ❊✐♥❞❡✉t✐❣❦❡✐t✿ ❙❡✐ µ = 0✳ ❊s ✐st ③✉ ③❡✐❣❡♥✱ ❞❛ss ❢ür ❥❡❞❡ ❦♦♠♣❧❡①❡ ▼❛ß❡r✇❡✐✲
t❡r✉♥❣ ❛✉❝❤ µ˜ = 0✳ ❙❡✐ ♦❤♥❡ ❊✐♥s❝❤rä♥❦t✉♥❣ µ˜ r❡❡❧❧✳ ❉❛♥♥ ❣✐❧t µ˜1 = µ˜−1 < ∞ ❛✉❢ R
✉♥❞ s♦♠✐t ❞✐❡ ●❧❡✐❝❤❤❡✐t ✈♦♥ µ˜1 ✉♥❞ µ˜−1✳ ❙♦♠✐t ✐st µ˜ = 0 ❣❡③❡✐❣t✳
✾✼

❆♥❤❛♥❣ ❇
◆♦t❛t✐♦♥
❘❡❡❧❧❡ ✉♥❞ ❦♦♠♣❧❡①❡ ❩❛❤❧❡♥
x+ max(x, 0)
x− max(−x, 0)
x ∧ y min(x, y)
x ∨ y max(x, y)
ℜx ❘❡❛❧t❡✐❧ ✈♦♥ x
ℑx ■♠❛❣✐♥ärt❡✐❧ ✈♦♥ x
x ❞❛s ❦♦♠♣❧❡① ❑♦♥❥✉❣✐❡rt❡ ✈♦♥ x
❙❡sq✉✐❧✐♥❡❛r❢♦r♠❡♥
x✱ y ③✇❡✐ ❊❧❡♠❡♥t❡ ❡✐♥❡s ❍✐❧❜❡rt✲❘❛✉♠s
ℜa ℜa(x, x)
ℑa ℑa(x, x)
▼❛ßt❤❡♦r❡t✐s❝❤❡ ❇❡③❡✐❝❤♥✉♥❣❡♥
σ(F) ❞✐❡ ✈♦♥ F ❡r③❡✉❣t❡ σ✲❆❧❣❡❜r❛
r(F) ❞❡r ✈♦♥ F ❡r③❡✉❣t❡ ❘✐♥❣
A ❡✐♥❡ σ✲❆❧❣❡❜r❛
R ❡✐♥ ❘✐♥❣
m ❡✐♥ ▼❛ß
m2 ❞❛s Pr♦❞✉❦t♠❛ß ✈♦♥ ▼✫▼
Afin ❞✐❡ ❊❧❡♠❡♥t❡ ❞❡r σ✲❆❧❣❡❜r❛ A ♠✐t ❡♥❞❧✐❝❤❡♠ ▼❛ß
▼❡♥❣❡♥
E✱ F ③✇❡✐ ♠❡ss❜❛r❡ ▼❡♥❣❡♥
K ❡✐♥❡ ❦♦♠♣❛❦t❡ ▼❡♥❣❡
G ❡✐♥❡ ♦✛❡♥❡✱ r❡❧❛t✐✈ ❦♦♠♣❛❦t❡ ▼❡♥❣❡
U ❡✐♥❡ ♦✛❡♥❡ ▼❡♥❣❡
·∪i∈IMi ❞✐❡ ❞✐s❥✉♥❦t❡ ❱❡r❡✐♥✐❣✉♥❣ ❞❡r (Mi)i∈I
X2 ∩ d ❞✐❡ ❉✐❛❣♦♥❛❧❡ ✐♥ X2
X2 \ d X2 \ (X2 ∩ d)
✾✾
❆♥❤❛♥❣ ❇ ◆♦t❛t✐♦♥
❋✉♥❦t✐♦♥❡♥
1M ❞✐❡ ❝❤❛r❛❦t❡r✐st✐s❝❤❡ ❋✉♥❦t✐♦♥ ✈♦♥ M
u✱ v ③✇❡✐ ❊❧❡♠❡♥t❡ ❛✉s ❡✐♥❡♠ ❋✉♥❦t✐♦♥❡♥r❛✉♠
u˜ ❡✐♥❡ q✉❛s✐st❡t✐❣❡ ❱❡rs✐♦♥ ✈♦♥ u
supp u ❞❡r ❚rä❣❡r ✈♦♥ u
❋✉♥❦t✐♦♥❡♥rä✉♠❡ ✉♥❞ ◆♦r♠❡♥
Lp = Lp(X) ❞✐❡ ➘q✉✐✈❛❧❡♥③❦❧❛ss❡♥ p✲✐♥t❡❣r✐❡r❜❛r❡r ✭❜③✇✳ ❡ss❡♥t✐❡❧❧
= Lp(X,A,m) ❜❡s❝❤rä♥❦t❡r✮ ❋✉♥❦t✐♦♥❡♥
‖ · ‖ ❞✐❡ L2✲◆♦r♠ ♦❞❡r L2✲❖♣❡r❛t♦r♥♦r♠
‖ · ‖p ❞✐❡ Lp✲◆♦r♠ ♦❞❡r Lp✲❖♣❡r❛t♦r♥♦r♠
‖ · ‖p→q ❞✐❡ Lp ♥❛❝❤ Lq✲❖♣❡r❛t♦r♥♦r♠
D ❡✐♥ ❋✉♥❦t✐♦♥❡♥r❛✉♠
Dc ❞✐❡ ❋✉♥❦t✐♦♥❡♥ ❛✉s D ♠✐t ❦♦♠♣❛❦t❡♠ ❚rä❣❡r
Dloc ❞✐❡ ❋✉♥❦t✐♦♥❡♥✱ ❞✐❡ ❛✉❢ ❑♦♠♣❛❦t❛ ♠✐t ❊❧❡♠❡♥t❡♥ ✐♥ D
ü❜❡r❡✐♥st✐♠♠❡♥
C(X) ❞✐❡ st❡t✐❣❡♥ ❋✉♥❦t✐♦♥❡♥ ✐♥ X
C1(X) ❞✐❡ ❡✐♥♠❛❧ st❡t✐❣ ❞✐✛❡r❡♥③✐❡r❜❛r❡♥ ❋✉♥❦t✐♦♥❡♥ f : X → C
❉✐✛❡r❡♥t✐❛❧❡ ✉♥❞ ❱❡❦t♦r❡♥
▽ ❞❡r ●r❛❞✐❡♥t
div ❞✐❡ ❉✐✈❡r❣❡♥③ ✭❡✐♥❡s ❱❡❦t♦r❢❡❧❞❡s✮
△ ❞❡r ▲❛♣❧❛❝❡♦♣❡r❛t♦r
〈·, ·〉 ❞❛s ❙❦❛❧❛r♣r♦❞✉❦t ③✇❡✐❡r ❱❡❦t♦r❡♥ ❛✉s Cn
❉✐r✐❝❤❧❡t✲❋♦r♠❡♥
Cap ❞✐❡ ❑❛♣❛③✐tät
✶✵✵
❆♥❤❛♥❣ ❈
▲✐t❡r❛t✉r✈❡r③❡✐❝❤♥✐s
❬❆▼✾✶❪ ❆❧❜❡✈❡r✐♦✱ ❙❡r❣✐♦ ❀ ▼❛✱ ❩❤✐ ▼✳✿ P❡rt✉r❜❛t✐♦♥ ♦❢ ❉✐r✐❝❤❧❡t ❢♦r♠s✖❧♦✇❡r
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❬❩❤❛✾✼❪ ❩❤❛♥❣✱ ◗✐ ❙✳✿ ●❛✉ss✐❛♥ ❜♦✉♥❞s ❢♦r t❤❡ ❢✉♥❞❛♠❡♥t❛❧ s♦❧✉t✐♦♥s ♦❢∇(A∇u)+
B∇u− ut = 0✳ ■♥✿ ▼❛♥✉s❝r✐♣t❛ ▼❛t❤✳ ✾✸ ✭✶✾✾✼✮✱ ◆r✳ ✸✱ ❙✳ ✸✽✶✕✸✾✵
✶✵✻
❚❤❡s❡♥
✶✳ ❉✐❡ ③✉ ❡✐♥❡♠ ♠✲s❡❦t♦r✐❡❧❧❡♥ ❖♣❡r❛t♦r A ❛ss♦③✐✐❡rt❡ ❍❛❧❜❣r✉♣♣❡ (e−tA)t≥0 s♣✐❡❧t ✐♥
❞❡r ❚❤❡♦r✐❡ ♣❛rt✐❡❧❧❡r ❉✐✛❡r❡♥t✐❛❧❣❧❡✐❝❤✉♥❣❡♥ ❡✐♥❡ ✇✐❝❤t✐❣❡ ❘♦❧❧❡✱ ❞❛ s✐❡ ❞✐❡ ▲ö✲
s✉♥❣❡♥ ❞❡s ❆♥❢❛♥❣s✇❡rt♣r♦❜❧❡♠s ❞❡r ❡♥ts♣r❡❝❤❡♥❞❡♥ ❊✈♦❧✉t✐♦♥s❣❧❡✐❝❤✉♥❣ d
dt
ut =
−Aut ❜❡s❝❤r❡✐❜t✳ ❆✉❝❤ ❢ür ❞✐❡ ❙t♦❝❤❛st✐❦ ✐st ❞✐❡s❡ ❍❛❧❜❣r✉♣♣❡ ❤✐❧❢r❡✐❝❤✱ ❞❛ s✐❡ ✉♥✲
t❡r ❣❡✇✐ss❡♥ ❩✉s❛t③✈♦r❛✉ss❡t③✉♥❣❡♥ ♠✐t ▼❛r❦♦✈✲Pr♦③❡ss❡♥ ❛ss♦③✐✐❡rt ✇❡r❞❡♥ ❦❛♥♥✱
✉♥❞ ❞♦rt ❞✐❡ ③❡✐t❧✐❝❤❡ ❊♥t✇✐❝❦❧✉♥❣ ❞❡r ❲❛❤rs❝❤❡✐♥❧✐❝❤❦❡✐ts✈❡rt❡✐❧✉♥❣ ✉♥t❡r ❡✐♥❡r
❣❡❣❡❜❡♥❡♥ ❆♥❢❛♥❣s✈❡rt❡✐❧✉♥❣ ❜❡s❝❤r❡✐❜t✳
✷✳ ❏❡❞❡r ✐♥ ❡✐♥❡♠ ❍✐❧❜❡rt✲❘❛✉♠ ❞✐❝❤t ❞❡✜♥✐❡rt❡ ♠✲s❡❦t♦r✐❡❧❧❡ ❖♣❡r❛t♦r A ✐st ❛ss♦✲
③✐✐❡rt ③✉ ❡✐♥❡r ❞✐❝❤t ❞❡✜♥✐❡rt❡♥✱ s❡❦t♦r✐❡❧❧❡♥✱ ❛❜❣❡s❝❤❧♦ss❡♥❡♥ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ a✳
❉✐❡s❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ ✐st s❡❤r ❤✐❧❢r❡✐❝❤ ❜❡✐ ❞❡r ❇❡tr❛❝❤t✉♥❣ ✈♦♥ ❊✐❣❡♥s❝❤❛❢t❡♥
❞❡r ❛ss♦③✐✐❡rt❡♥ ❍❛❧❜❣r✉♣♣❡✳ ■st ❞✐❡ ❍❛❧❜❣r✉♣♣❡ ③✉ ❡✐♥❡♠ s②♠♠❡tr✐s❝❤❡♥ ▼❛r❦♦✈✲
Pr♦③❡ss ❛ss♦③✐✐❡rt✱ s♦ ✐st ❞✐❡ ❡♥ts♣r❡❝❤❡♥❞❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ ❡✐♥❡ s②♠♠❡tr✐s❝❤❡
❉✐r✐❝❤❧❡t✲❋♦r♠✳
✸✳ ❊✐♥❡ ❞✐❝❤t ❞❡✜♥✐❡rt❡✱ s❡❦t♦r✐❡❧❧❡✱ ❛❜❣❡s❝❤❧♦ss❡♥❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠ a ❧ässt s✐❝❤ ❣❡✲
❡✐❣♥❡t ❞✉r❝❤ st❡t✐❣❡ ❙❡sq✉✐❧✐♥❡❛r❢♦r♠❡♥ ❛♣♣r♦①✐♠✐❡r❡♥✱ ❞✐❡ s♦ ❣❡♥❛♥♥t❡ ❛♣♣r♦①✐✲
♠✐❡r❡♥❞❡ ❋♦r♠✳
✹✳ ❉✐❡ ■♥✈❛r✐❛♥③ ❜❡st✐♠♠t❡r ❦♦♥✈❡①❡r ❚❡✐❧♠❡♥❣❡♥ ✉♥t❡r ❆♥✇❡♥❞✉♥❣ ❞❡r ❍❛❧❜❣r✉♣♣❡
❧ässt s✐❝❤ ❛♥❤❛♥❞ ❣❡✇✐ss❡r ❯♥❣❧❡✐❝❤✉♥❣❡♥ ✉♥❞ ■♥✈❛r✐❛♥③❡✐❣❡♥s❝❤❛❢t❡♥ ❞❡s ❉❡✜♥✐t✐✲
♦♥s❜❡r❡✐❝❤s ❞❡r ❋♦r♠ ❝❤❛r❛❦t❡r✐s✐❡r❡♥ ✭❬❖✉❤✵✺❪✮✳ ❊s ✇✐r❞ ❜❡✇✐❡s❡♥✱ ❞❛ss s✐❝❤ ❞✐❡s❡
❡❜❡♥❢❛❧❧s ❛♥❤❛♥❞ ❞❡r ❛♣♣r♦①✐♠✐❡r❡♥❞❡♥ ❋♦r♠ ❝❤❛r❛❦t❡r✐s✐❡r❡♥ ❧❛ss❡♥✳ ■♥s❜❡s♦♥❞❡r❡
❡r❢ü❧❧t ❛✉❝❤ ❞✐❡ ❛♣♣r♦①✐♠✐❡r❡♥❞❡ ❋♦r♠ ❞✐❡s❡❧❜❡♥ ❯♥❣❧❡✐❝❤✉♥❣❡♥✳
✺✳ ❉✉r❝❤ ✈❡rs❝❤✐❡❞❡♥❡ ❲❛❤❧❡♥ ❞❡r ❦♦♥✈❡①❡♥ ❚❡✐❧♠❡♥❣❡♥ ❛❧s ❯♥t❡rr❛✉♠ ❞❡s ❍✐❧❜❡rt✲
❘❛✉♠❡s L2(X) ❡r❣❡❜❡♥ s✐❝❤ ❈❤❛r❛❦t❡r✐s✐❡r✉♥❣❡♥ ❢ür ❞✐❡ P♦s✐t✐✈✐täts❡r❤❛❧t✉♥❣ ❞❡r
❍❛❧❜❣r✉♣♣❡ ✉♥❞ ❞❡r L∞✲❑♦♥tr❛❦t✐✈✐tät✳ ❉✉r❝❤ ❆❞❥✉♥❣✐❡r❡♥ ❡r❤ä❧t ♠❛♥ ❡❜❡♥❢❛❧❧s
❡✐♥❡ ❈❤❛r❛❦t❡r✐s✐❡r✉♥❣ ❞❡r L1✲❑♦♥tr❛❦t✐✈✐tät✳ ❉✉r❝❤ ❱❡rs❝❤✐❡❜❡♥ ❦♦♠♠t ♠❛♥ ③✉
❈❤❛r❛❦t❡r✐s✐❡r✉♥❣❡♥ ❢ür ❞✐❡ ❡①♣♦♥❡♥t✐❡❧❧❡ L1✲ ♦❞❡r L∞✲❇❡s❝❤rä♥❦t❤❡✐t ❞❡r ❍❛❧❜✲
❣r✉♣♣❡✳
✻✳ ❉✐❡ ③✉ ❡✐♥❡r ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡♥ ❍❛❧❜❣r✉♣♣❡ ❣❡❤ör❡♥❞❡ ❛♣♣r♦①✐♠✐❡r❡♥❞❡ ❋♦r♠
❜❡s✐t③t ✉♥t❡r ❣❡✇✐ss❡♥ ❩✉s❛t③✈♦r❛✉ss❡t③✉♥❣❡♥ ❛♥ X ❡✐♥❡ ■♥t❡❣r❛❧❞❛rst❡❧❧✉♥❣ ♠✐t
r❡❡❧❧❡♥ ▼❛ß❡♥✱ ❞✐❡ ❛✉ß❡r❤❛❧❜ ❞❡r ❉✐❛❣♦♥❛❧❡♥ ♥❡❣❛t✐✈ s✐♥❞✳ ▼✐tt❡❧s ❞❡r ✐♥ ✹✳ ❡r✇ä❤♥✲
t❡♥ ❯♥❣❧❡✐❝❤✉♥❣❡♥ ✇✐r❞ ❜❡✇✐❡s❡♥✱ ❞❛ss ❡❜❡♥❢❛❧❧s ❞✐❡ ③✉ L1✲ ✉♥❞ L∞✲❦♦♥tr❛❦t✐✈❡♥
❍❛❧❜❣r✉♣♣❡♥ ❣❡❤ör❡♥❞❡♥ ❛♣♣r♦①✐♠✐❡r❡♥❞❡♥ ❋♦r♠❡♥ ❡✐♥❡ ■♥t❡❣r❛❧❞❛rst❡❧❧✉♥❣ ❜❡s✐t✲
③❡♥✱ ✇♦❜❡✐ ❞✐❡ ▼❛ß❡ ❞✐❛❣♦♥❛❧❞♦♠✐♥❛♥t s✐♥❞✳
✶✵✼
✼✳ ❉✐❡ ❍❛❧❜❣r✉♣♣❡ ❡✐♥❡r ❉✐r✐❝❤❧❡t✲❋♦r♠ ❦❛♥♥ ❞✉r❝❤ ❞✐❡ ❍❛❧❜❣r✉♣♣❡ ❡✐♥❡r ❛♥❞❡r❡♥
❉✐r✐❝❤❧❡t✲❋♦r♠ ❛❜❣❡s❝❤ät③t ✇❡r❞❡♥✱ ✇❡♥♥ ❞✐❡s❡ ❛✉s ❞❡r ❡rst❡♥ ❞✉r❝❤ ❜❡st✐♠♠t❡
❦❧❡✐♥❡ ♥❡❣❛t✐✈❡ ❙tör✉♥❣❡♥ ❤❡r✈♦r❣❡❤t ✭❬❇●❑✵✾❪✮✳ ❊s ✇✐r❞ ❜❡✇✐❡s❡♥✱ ❞❛ss s♦❧❝❤❡
❆❜s❝❤ät③✉♥❣❡♥ ❛✉❝❤ ❢ür ❞✐❡ ❋♦r♠❡♥ ♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡r ❍❛❧❜❣r✉♣♣❡♥ ✉♥❞ ❛❧❧✲
❣❡♠❡✐♥❡r ❙tör✉♥❣❡♥ ❣✐❧t✳ ■♥s❜❡s♦♥❞❡r❡ ❣❡❤t ❛✉s ❞✐❡s❡♠ ❇❡✇❡✐s ❤❡r✈♦r✱ ✇❡❧❝❤❡ ❘♦❧❧❡
❞✐❡ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤❡ ❞❡r ③✇❡✐ ❋♦r♠❡♥ ❢ür ❞✐❡ ❆❜s❝❤ät③✉♥❣❡♥ ❤❛❜❡♥✳ ❉❛rü❜❡r
❤✐♥❛✉s ✇✐r❞ ❞❛s ❜❡❦❛♥♥t❡ ❘❡s✉❧t❛t✱ ❞❛ss ③✉ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❛ss♦③✐✐❡rt❡ ❍❛❧❜✲
❣r✉♣♣❡♥ ❞✉r❝❤ ❙tör✉♥❣❡♥ ❞❡r ❋♦r♠ ♠✐t ♣♦s✐t✐✈❡♥ ▼❛ß❡♥ ♥✐❝❤t ❣röß❡r ✇❡r❞❡♥✱ ❛✉❢
♣♦s✐t✐✈✐täts❡r❤❛❧t❡♥❞❡ ❍❛❧❜❣r✉♣♣❡♥ ✉♥❞ ♣♦s✐t✐✈❡ ❙tör✉♥❣❡♥ ✈❡r❛❧❧❣❡♠❡✐♥❡rt✳ ❊✐♥❡
❯♠❦❡❤r✉♥❣ ❞❡r ❆✉ss❛❣❡ ✇✐r❞ ❡❜❡♥❢❛❧❧s ❜❡✇✐❡s❡♥✳
✽✳ ❉✐❡ Lp✲◆♦r♠❡♥ ✈♦♥ ❍❛❧❜❣r✉♣♣❡♥ ♠üss❡♥ ♥✐❝❤t ❡①♣♦♥❡♥t✐❡❧❧ ❜❡s❝❤rä♥❦t s❡✐♥✳ ❆❧❧✲
❣❡♠❡✐♥❡r❡ ❙❝❤r❛♥❦❡♥ ❦ö♥♥❡♥ ♠✐t ❍✐❧❢❡ ❞❡s ❙tör✉♥❣sr❡s✉❧t❛t❡s ✈♦♥ ▼✐②❛❞❡r❛ ♥❛❝❤✲
❣❡✇✐❡s❡♥ ✇❡r❞❡♥ ✭❬❱♦✐✼✼❪✮✳
✾✳ ❉✐❡ ③✉ ❡✐♥❡r s②♠♠❡tr✐s❝❤❡♥ ❉✐r✐❝❤❧❡t✲❋♦r♠ ❛ss♦③✐✐❡rt❡ ❍❛❧❜❣r✉♣♣❡ ✐st s♦✇♦❤❧ ♣♦s✐✲
t✐✈✐täts❡r❤❛❧t❡♥❞✱ ❛❧s ❛✉❝❤ L1✲ ✉♥❞ L∞✲❦♦♥tr❛❦t✐✈✳ ❙♦♠✐t ❜❡s✐t③t ❛✉❝❤ ❞✐❡ ❛♣♣r♦①✐✲
♠✐❡r❡♥❞❡ ❋♦r♠ ❡✐♥❡r ❉✐r✐❝❤❧❡t✲❋♦r♠ ❡✐♥❡ ■♥t❡❣r❛❧❞❛rst❡❧❧✉♥❣✳ ■st ❞✐❡ ❉✐r✐❝❤❧❡t✲❋♦r♠
③✉sät③❧✐❝❤ r❡❣✉❧är✱ ❜❡s✐t③t ❛✉❝❤ s✐❡ ❡✐♥❡ ■♥t❡❣r❛❧❞❛rst❡❧❧✉♥❣✱ ❞✐❡ ❉❛rst❡❧❧✉♥❣s❢♦r♠❡❧
✈♦♥ ❇❡✉r❧✐♥❣✲❉❡♥②✳
✶✵✳ ❆✉s ❞❡♥ ✈❡rs❝❤✐❡❞❡♥❡♥ ❚❡✐❧❡♥ ❞❡r ❉❛rst❡❧❧✉♥❣s❢♦r♠❡❧ ✈♦♥ ❇❡✉r❧✐♥❣✲❉❡♥② ❧❛ss❡♥
s✐❝❤ ✈❡rs❝❤✐❡❞❡♥❡ ❊♥❡r❣✐❡♠❛ß❡ ❡✐♥❡r ❉✐r✐❝❤❧❡t✲❋♦r♠ ❞❡✜♥✐❡r❡♥✳ ❊s ✇❡r❞❡♥ ❜❡❦❛♥♥t❡
❆✉ss❛❣❡♥ ü❜❡r ❞❛s st❛r❦✲❧♦❦❛❧❡ ❊♥❡r❣✐❡♠❛ß✱ ✇✐❡ ❞✐❡ Pr♦❞✉❦t✲ ✉♥❞ ❞✐❡ ❑❡tt❡♥r❡❣❡❧✱
✈❡r❛❧❧❣❡♠❡✐♥❡rt✳
✶✶✳ ▲✐❡❣t ❡✐♥❡ ❋✉♥❦t✐♦♥ u ✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ❡✐♥❡r ❉✐r✐❝❤❧❡t✲❋♦r♠ ✉♥❞ ❧✐❡❣t v ❧♦❦❛❧
✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤ ✉♥❞ ✐st ❛✉❢ ❣❡❡✐❣♥❡t❡ ❲❡✐s❡ ❜❡s❝❤rä♥❦t✱ s♦ ❧✐❡❣t ❛✉❝❤ ❞❛s
Pr♦❞✉❦t uv ✐♠ ❉❡✜♥✐t✐♦♥s❜❡r❡✐❝❤✳
✶✷✳ ❇❡tr❛❝❤t❡t ♠❛♥ ❛♥st❡❧❧❡ ❞❡r ❍❛❧❜❣r✉♣♣❡ (e−tA)t≥0 ❞✐❡ ❍❛❧❜❣r✉♣♣❡ (φ−1 e−tA φ)t≥0
♠✐t ❡✐♥❡♠ ❣❡❡✐❣♥❡t❡♥ ▼✉❧t✐♣❧✐❦❛t✐♦♥s♦♣❡r❛t♦r φ✱ s♦ ❧❛ss❡♥ s✐❝❤ ❛✉s ❣❧♦❜❛❧❡♥ ❆❜✲
s❝❤ät③✉♥❣❡♥ ❛♥ ❞✐❡ L2✲◆♦r♠ ❜③✇✳ ❛♥ ❞❡♥ ❑❡r♥ ❞❡r ♠♦❞✐✜③✐❡rt❡♥ ❍❛❧❜❣r✉♣♣❡ ❧♦✲
❦❛❧❡ ❆❜s❝❤ät③✉♥❣❡♥ ❛♥ ❞✐❡ ◆♦r♠ ❜③✇✳ ❞❡♥ ❑❡r♥ ❞❡r ✉rs♣rü♥❣❧✐❝❤❡♥ ❍❛❧❜❣r✉♣♣❡
❛❜❧❡✐t❡♥✳ ■st φ ③✉❧äss✐❣✱ s♦ ✐st ❞✐❡ ③✉r ♠♦❞✐✜③✐❡rt❡♥ ❍❛❧❜❣r✉♣♣❡ ❛ss♦③✐✐❡rt❡ ❋♦r♠
aφ(·, ·) = a(φ·, φ−1·)✳
✶✸✳ ❊✐♥❡ L2✲◆♦r♠s❝❤r❛♥❦❡ ❛♥ ❡✐♥❡ ❍❛❧❜❣r✉♣♣❡ ✐st äq✉✐✈❛❧❡♥t ③✉ ❡✐♥❡r ✉♥t❡r❡♥ ❙❝❤r❛♥❦❡
❛♥ ❞✐❡ ❛ss♦③✐✐❡rt❡ ❋♦r♠✳ ❊✐♥❡ ❣❧♦❜❛❧❡ ❙❝❤r❛♥❦❡ ❛♥ ❞❡♥ ❑❡r♥ ❡✐♥❡r ❍❛❧❜❣r✉♣♣❡✱
♦❞❡r äq✉✐✈❛❧❡♥t ❯❧tr❛❦♦♥tr❛❦t✐✈✐tät✱ ❧ässt s✐❝❤ ✉♥t❡r ❛♥❞❡r❡♠ ♠✐t ❍✐❧❢❡ ❡✐♥❡r L1✲
❙❝❤r❛♥❦❡ ❛♥ ❞✐❡ ❍❛❧❜❣r✉♣♣❡ ✉♥❞ ✐❤r❡r ❆❞❥✉♥❣✐❡rt❡♥ ✉♥❞ ❡✐♥❡r ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣
♦❞❡r ♠✐t ❡✐♥❡r L2✲❙❝❤r❛♥❦❡ ✉♥❞ ❞❡r ✐t❡r✐❡rt❡♥ ❆♥✇❡♥❞✉♥❣ ❡✐♥❡r ◆❛s❤✲❯♥❣❧❡✐❝❤✉♥❣
♥❛❝❤✇❡✐s❡♥✳ ❉✐❡ ❞r❡✐ ❛✉s ❞✐❡s❡♥ ▼ö❣❧✐❝❤❦❡✐t❡♥ r❡s✉❧t✐❡r❡♥❞❡♥ ❱❛r✐❛♥t❡♥✱ ❙❝❤r❛♥❦❡♥
❛♥ ❞✐❡ ❍❛❧❜❣r✉♣♣❡ ♥❛❝❤③✉✇❡✐s❡♥✱ ✇❡r❞❡♥ ✐♥ ❞✐❡s❡r ❆r❜❡✐t ❛♥❤❛♥❞ ✈♦♥ ❇❡✐s♣✐❡❧❡♥
♣räs❡♥t✐❡rt✳
✶✵✽
✶✹✳ ❉✐❡ ❆♥✇❡♥❞✉♥❣ ❞❡r ❡rst❡♥ ✉♥❞ ❞r✐tt❡♥ ❱❛r✐❛♥t❡ ❛✉❢ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ✐st ✐♥ ❞❡r
▲✐t❡r❛t✉r ❜❡r❡✐ts ❡t❛❜❧✐❡rt✳ ❉❛❜❡✐ ✇✐r❞ t②♣✐s❝❤❡r✇❡✐s❡ ✈♦r❛✉s❣❡s❡t③t✱ ❞❛ss |a − aφ|
❞✉r❝❤ ❡✐♥❡ ❑♦♥st❛♥t❡ λ ❜❡s❝❤rä♥❦t ✐st✱ ✉♥❞ ❞❛ss φ ❞✉r❝❤ ❡✐♥❡ ❣❡❡✐❣♥❡t❡ ▼❡tr✐❦
❣❡♥❡r✐❡rt ✐st✳ ❆✉s♥❛❤♠❡ ❤✐❡r✈♦♥ ✐st ❞❡r ❆rt✐❦❡❧ ❬❉❛✈✾✺❪✱ ✐♥ ❞❡♠ |a− aφ| ≤ 14a+ λ
✈♦r❛✉s❣❡s❡t③t ✇✐r❞✱ ✉♥❞ a ③✉ ❡✐♥❡♠ ❉✐✛❡r❡♥t✐❛❧♦♣❡r❛t♦r 2n✲t❡r ❖r❞♥✉♥❣ ❛ss♦③✐✐❡rt
✐st✳ ❉♦rt ✇❡r❞❡♥ ❢ür n ❣r♦ß ❣❡♥✉❣ ❑❡r♥❛❜s❝❤ät③✉♥❣❡♥ ü❜❡r ❡✐♥❡ L∞✲❊✐♥❜❡tt✉♥❣
❜❡✇✐❡s❡♥✳ ▲öst ♠❛♥ s✐❝❤ ✈♦♥ ❞❡♥ ③✇❡✐ ❣❡♥❛♥♥t❡♥ ❆♥♥❛❤♠❡♥✱ s♦ ❦ö♥♥❡♥ ♥❡✉❡ ❆❜✲
s❝❤ät③✉♥❣❡♥ ❛♥ ❞✐❡ ❍❛❧❜❣r✉♣♣❡♥ ❡r③✐❡❧t ✇❡r❞❡♥✳
✶✺✳ ❯♠ L2✲❆❜s❝❤ät③✉♥❣❡♥ ❢ür ❞✐❡ ❍❛❧❜❣r✉♣♣❡♥ ✈♦♥ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ♥❛❝❤③✉✇❡✐s❡♥✱
❣❡♥ü❣t ❞✐❡ ❇❡❞✐♥❣✉♥❣ ℜ(a − aφ) ≤ a + λ✳ ❋ür ❞✐❡ ❑❡r♥❛❜s❝❤ät③✉♥❣❡♥ ❣❡♥ü❣t ❞✐❡
❇❡❞✐♥❣✉♥❣ −µ(d)<φ,φ−1> ≤ 1na + c(n) ❢ür ❛❧❧❡ n ∈ N✱ ✇♦❜❡✐ c(n) s✉❜✲❡①♣♦♥❡♥t✐❡❧❧
✇❛❝❤s❡♥❞ ✐st ✉♥❞ −µ(d)<φ,φ−1> ✐♠ ✇❡s❡♥t❧✐❝❤❡♥ ❞❡♠ ❆✉s❞r✉❝❦ ℜ(a− aφ) ❡♥ts♣r✐❝❤t✳
❉✐❡ ❇❡❞✐♥❣✉♥❣✱ ❞❛ss φ ❞✉r❝❤ ❡✐♥❡ ♣❛ss❡♥❞❡ ▼❡tr✐❦ ❣❡♥❡r✐❡rt ✐st✱ ✇✐r❞ ♥✐❝❤t ❜❡♥ö✲
t✐❣t✱ ✐st ❛❜❡r ❢ür ❞✐❡ ❋♦r♠✉❧✐❡r✉♥❣ ❞❡r ❡♥ts♣r❡❝❤❡♥❞❡♥ ❆❜s❝❤ät③✉♥❣❡♥ ♠❛♥❝❤♠❛❧
❤✐❧❢r❡✐❝❤✳
✶✻✳ ❆♥❤❛♥❞ ✉♥t❡rs❝❤✐❡❞❧✐❝❤❡r ❇❡✐s♣✐❡❧❡ ✇✐r❞ ❣❡③❡✐❣t✱ ❞❛ss s✐❝❤ ♠✐t ❞✐❡s❡♥ ▼❡t❤♦❞❡♥
♥❡✉❡ ♦❞❡r ❜❡ss❡r❡ ❆❜s❝❤ät③✉♥❣❡♥ ❛♥ ❞✐❡ ❍❛❧❜❣r✉♣♣❡♥ ✈♦♥ ❋♦r♠❡♥ ❡r③✐❡❧❡♥ ❧❛ss❡♥✳
■♥ ✈❡rs❝❤✐❡❞❡♥❡♥ ❑♦♥t❡①t❡♥ ✇✐r❞ ❣❡③❡✐❣t✱ ✇✐❡ ❡✐♥ ✈♦r❤❛♥❞❡♥❡s P♦t❡♥t✐❛❧ ✈❡r❜❡ss❡rt❡
❆❜s❝❤ät③✉♥❣❡♥ ❧✐❡❢❡rt✳ ❋ür ❞❡♥ ❑❡r♥ ❞❡r ❍❛❧❜❣r✉♣♣❡ ③✉ ❡✐♥❡♠ ▲❛♣❧❛❝❡✲❖♣❡r❛t♦r
♠✐t ❉r✐❢t ✇❡r❞❡♥ ❆❜s❝❤ät③✉♥❣❡♥ ♠✐t ❞❡r ❡①❛❦t❡♥ ❑♦♥st❛♥t❡ ✐♠ ❊①♣♦♥❡♥t❡♥✱ ❞✐❡
❞❡♥ ❉r✐❢tt❡r♠ ❜❡rü❝❦s✐❝❤t✐❣❡♥✱ ❜❡✇✐❡s❡♥✳ ❋ür ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥ ❛✉❢ ❇ä✉♠❡♥ ✇✐r❞
❡✐♥❡ ❆❜s❝❤ät③✉♥❣ ❣❡③❡✐❣t✱ ❞✐❡ ❞✐❡ ❧♦❦❛❧✲❣❧♦❜❛❧❡ ❙tr✉❦t✉r ❞❡s ❇❛✉♠❡s ❜❡❛❝❤t❡t✳ ❋ür
❡✐♥❡ s✐♥❣✉❧är❡ ❉✐✛✉s✐♦♥✱ ❢ür ❞✐❡ ❜✐s❤❡r ❦❡✐♥❡ ❑❡r♥❛❜s❝❤ät③✉♥❣❡♥ ❜❡❦❛♥♥t ✇❛r❡♥✱
✇✐r❞ ❡✐♥❡ ❑❡r♥❛❜s❝❤ät③✉♥❣ ❜❡✇✐❡s❡♥✱ ❞✐❡ s♦✇♦❤❧ ❞❡♥ st❡t✐❣❡♥✱ ❛❧s ❛✉❝❤ ❞❡♥ s✐♥✲
❣✉❧är❡♥ ❆♥t❡✐❧ r❡s♣❡❦t✐❡rt✳ ❊s ✇✐r❞ ❡✐♥❡ ❑❡r♥❛❜s❝❤ät③✉♥❣ ❢ür ❛❧❧❣❡♠❡✐♥❡ ❋♦r♠❡♥
✭♥✐❝❤t ♥♦t✇❡♥❞✐❣❡r✇❡✐s❡ ❉✐r✐❝❤❧❡t✲❋♦r♠❡♥✮ ❛✉❢ ❞✐s❦r❡t❡♥ ▼❡♥❣❡♥ ❜❡✇✐❡s❡♥✳ ❉✐❡s❡
❇❡✐s♣✐❡❧❡ st❡❤❡♥ ❡①❡♠♣❧❛r✐s❝❤ ❢ür ❞✐❡ ✈✐❡❧❡♥ ▼ö❣❧✐❝❤❦❡✐t❡♥ ♠✐t ❞❡♥ ✐♥ ❞✐❡s❡r ❆r❜❡✐t
✈❡r❜❡ss❡rt❡♥ ▼❡t❤♦❞❡♥ ♥❡✉❡ ❆❜s❝❤ät③✉♥❣❡♥ ③✉ ❡r③✐❡❧❡♥✳
✶✼✳ ❑♦♠♣❧❡①❡ ▼❛ß❡ ✇❡r❞❡♥ ✐♥ ❞❡r ▲✐t❡r❛t✉r ü❜❧✐❝❤❡r✇❡✐s❡ ❛❧s ❡♥❞❧✐❝❤❡ ❦♦♠♣❧❡①❡ ▼❛ß❡
❞❡✜♥✐❡rt✳ ❉❛ ✐♥ ❞✐❡s❡r ❆r❜❡✐t ❛♥ ✈❡rs❝❤✐❡❞❡♥❡♥ ❙t❡❧❧❡♥ ✭✉♥❜❡s❝❤rä♥❦t❡✮ ❦♦♠♣❧❡①❡
▼❛ß❡ ❜❡tr❛❝❤t❡t ✇❡r❞❡♥✱ ✇✐r❞✱ ✐♥s♣✐r✐❡rt ✈♦♥ ❆✉s❞rü❝❦❡♥ ❞❡r ❋♦r♠ fν ♠✐t ❡✐♥❡r
❦♦♠♣❧❡①❡♥ ♠❡ss❜❛r❡♥ ❋✉♥❦t✐♦♥ f ✉♥❞ ❡✐♥❡♠ ▼❛ß ν✱ ❞❡r ❇❡❣r✐✛ ❞❡s ❦♦♠♣❧❡①❡♥
▼❛ß❡s ♥❡✉ ❞❡✜♥✐❡rt✳ ❯♠ ❞❡♠ Pr♦❜❧❡♠ ✐♠ ❩✉s❛♠♠❡♥❤❛♥❣ ♠✐t ♥✐❝❤t ❛❜s♦❧✉t s✉♠✲
♠✐❡r❜❛r❡♥ ❘❡✐❤❡♥ ③✉ ❜❡❣❡❣♥❡♥✱ ✇✐r❞ ❞❡r ❇❡❣r✐✛ ❞❡r σ✲❆❞❞✐t✐✈✐tät ❡♥ts♣r❡❝❤❡♥❞
❛♥❣❡♣❛sst✳ ❋ür ▼❛ß❡ ✐st ❞✐❡s❡r ❯♥t❡rs❝❤✐❡❞ r❡✐♥ ❢♦r♠❛❧ ✉♥❞ ❞✐❡s❡r ♥❡✉❡ ❇❡❣r✐✛ ❞❡s
❦♦♠♣❧❡①❡♥ ▼❛ß❡s ✐st s♦♠✐t ❦♦♥❢♦r♠ ③✉r ▼❛ßt❤❡♦r✐❡✳
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✶✽✳ ❋ür ❞✐❡s❡ ❦♦♠♣❧❡①❡♥ ▼❛ß❡ ✇✐r❞ ❢♦❧❣❡♥❞❡s ❜❡✇✐❡s❡♥✿ ❉✐❡ ❚♦t❛❧✈❛r✐❛t✐♦♥ ❡✐♥❡s ❦♦♠✲
♣❧❡①❡♥ ▼❛ß❡s ✐st ❡✐♥ ▼❛ß✳ ❊✐♥ σ✲❡♥❞❧✐❝❤❡s ❦♦♠♣❧❡①❡s ▼❛ß ❜❡s✐t③t ❡✐♥❡ P♦❧❛r❞❛r✲
st❡❧❧✉♥❣✳ ❉✐❡ ❙✉♠♠❡ ③✇❡✐❡r σ✲❡♥❞❧✐❝❤❡r ❦♦♠♣❧❡①❡r ▼❛ß❡ ❡①✐st✐❡rt ✉♥❞ ✐st ❡✐♥❞❡✉t✐❣✳
❊✐♥ ❣❡❡✐❣♥❡t ❜❡s❝❤rä♥❦t❡r ❦♦♠♣❧❡①❡r ■♥❤❛❧t ❦❛♥♥ ❡✐♥❞❡✉t✐❣ ③✉ ❡✐♥❡♠ ❦♦♠♣❧❡①❡♥
▼❛ß ❢♦rt❣❡s❡t③t ✇❡r❞❡♥✳ ❲❡✐t❡r❤✐♥ ✇✐r❞ ❢ür ❡✐♥ ❦♦♠♣❧❡①❡s ▼❛ß ♠✐t ❉❛rst❡❧❧✉♥❣
fν ❦♦♥❢♦r♠ ③✉r ▼❛ßt❤❡♦r✐❡ ❡✐♥ ■♥t❡❣r❛❧ ❞❡✜♥✐❡rt✱ ❞❛s ✉♥❛❜❤ä♥❣✐❣ ✈♦♥ ❞❡r ❡♥ts♣r❡✲
❝❤❡♥❞❡♥ ❉❛rst❡❧❧✉♥❣ ✐st✳
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❙❡❧❜ststä♥❞✐❣❦❡✐ts❡r❦❧är✉♥❣
■❝❤ ✈❡rs✐❝❤❡r❡ ❛♥ ❊✐❞❡s st❛tt✱ ❞❛ss ✐❝❤ ❞✐❡ ✈♦r❧✐❡❣❡♥❞❡ ❆r❜❡✐t s❡❧❜ststä♥❞✐❣ ✉♥❞ ♥✉r ✉♥t❡r
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